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BIOMETRIKA 

A W'rUDY OF YTIF NAGA SKULL, 

Hv liIJSAHETIi KI'l’SON, B.A., M.Sc. 

Witlt the ftBHistftncc of 0. M(JRANT, B.iSc. 

In 1920 on expeilitioii orgnniHcd by tlie Qovemtnenfc of Burma woa eont into 
the Noga Hills for the lairposo of Kuppresaing the prnctico of human sacrifico thero. 
A collection of Bkulla and other bones of the victims of sacrificial rites was made 
and llioae roinaina wrere dcsiwtehed to the Indian Musciim, Calcutta, in 1028. They 
were studied there by B. S. Quha and l\ 0. Ihuiu and their report has recently 
been published*, It is said (p. i) that: "Including amail fragments the total 
number of bones svas 217, of wliicli 21 wore whole or iKirbions of arm and log bones, 
81 small pieces and 117 and -19 fronted and occipital parts roapoclively of skulls. 
Only five of the skulls had the cranial vaults complete, though oven in these the 
in fra-occipital region and the greater part of the boaia oranii have been removed.’’ 
Of these cranial speeimona 65 wore loaned to the Biomobric Laboratory by the 
eourtesy of the India Office and the Qovornment of Burma, and they form the 
subject of the proHcnt paper t. On account of the very iucoraploto nature of nearly 
all the 8p«ciJnon», tho ituinb«frs for which tho majority of t)io usual fnoJisuromonts 
can bo found are considerably legs than tho oomplement of 66. Owing to tlie 
kindness of Sir Arthur Keibli, I wna able to aupplomonl my original ineaguroments 
of Naga skulls by those of seven spccinions in the Museum of tho Royal Oolloge 
of Surgeons. In calculating moans it was also iJosaiblo to use some of the 
iudividiiat moaauromonts given by Ouha and Baau for tho crania collected in 1927 
which were not sent to the Biometric Ijaboratory and sorao of their raetisurementa 
of three Naga skulls in the Indiair Museum, Calcutta ('lable XV of the R^poH). 
Measuromonta provided in tho following sources wore also includod: 

(a) Sir William 'J'umer! "Contributions to tho Craniology of tho Beoplo of 
the Empito of India. Bart I. The Hill Tribes of live North-East Frontier and tho 
People of Burma,” ^tVansacliont of the liopal Rooiely of Edinhnrgh, Vol. xxxix, 
Part III, No. 28 (1899), pp. 708—747, Individual moasuromonts are given on 
p. 720 of one fopialo and sovon male Naga akulla. 

‘ " A Pflporl on llio HxtmAn Helioii rfiDovDriMl by Vho Nnga HiSla (Butmo) ExpofliUon for ibo AboBUon 
otnuman BneriDoo daring 97." Anlhropalogleal BuUtiint from Ihi Hoologkal Purvey of Indta, 
No. 1 {July, 19811. 

t A kiaIo Inoomrloto oalvaria—oonalBling of ooraplola rronUI, right and left parietal and toft lomporal 
boiips togtitlior wltb tliQ groalor part of tlio oooipltal~waB bbiiI to tho Biotnalrio Laboratory with tho 
Nosa romaiiia. U'hia boro no nunibor or innoriplion on arrival and it waa aubsequontly numhorod 18. It 
dooa not appear in tho report oiled and it la of a different type, and presumably of a different raos, trora 
the ocauln dsaoribed (here. 
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A Study of (he, Nacjii fihtll 

(b) Prof, (afterwards Sir) aeorRo 1). Tlmiie; "Oil eonio Nngn .Skiilta" The 
Jownal of the Anthropological Institute, Vol, xi (1892), j>p. 21fj -'-2]!l, Individual 
meosuroroenlB are given of four Nnga akidls in bhc Musoiim of ihc Uoyiil Oollege of 
SurgeonsTvhich I have ro-iiieaaiircd and of onn other ajHreimen mt in that (nvumum. 

The Naga Hills are in the province of KuBtem Bengal and Ajmin ctoan to the 
north-west finnticr of Burma. Alt the cmnin collected in 1927 were Utken from 
villages in Burma lying in an area, known ns tho Triangle, within which human 
sacrifice was piacUaed hoforo that date. This is shown on the map in tho Rep&ri 
and its position is indicated on the tnap (Fig. 1) on p.’ 3. Littlo reliahle informalitui 
regarding the origin of the victims could bo obtained. It was ascortnined that tliny 
did not belong to tho tribes living witliin tho socrifloial area, but that they jirolwibly 
came from adjoining districts to the west and soulh-wost. According to one chief 
the victims belonged to tho Singpa, Wakka, Hitnhku, Nukpa, Yaugngaw and 
Kyetsan tribes. It is sirfe to assume that tho majority of tho romuins mpresont 
head-hunting Naga tribesmen, but thoao of a fow captives or stray foroigners from 
other parts may bo included. It ia said in the lieporl that one or more holes had 
been drilled through each of tho fragmontary skulls so that a string might bo 
passed through in order to suspend tho i‘olic (sco Plato I). At least two of tho 
specimens (numbered in the Biometric Laboratory 44, tho anterior lialf of o ctunium, 
and 6C, a supro-occipital) have no such holes, however. Thn thre.o Hkiills in the 
Indian Museum, for which moasiiromonts aro imjvidod by Giilm and Btwii, nro 
supposed to be those of Angami Nagas and those wore oolleoted near Kohima 
which is one hundred and thirty miles south-west of the Triangle. 

I am indebted to Miss M, L. Tildesley, Curator of tho Bopartmont of Hitninn 
Osteology, for the following particulars of tho Naga skulls in tho Miisoum of tho 
Boyal College of Surgeons, No. 6’621 (Flower’s 1907 Catalogue No. 652^) was takoit 
from Ninu (96° 18’ E., 20° 47' N.), a Konyak Naga village thirty miles to llio west 
of the Triangle, It was decorated with twelve rings of wire attached to the sygomnlio 
aiehes, orbits and nasal cavity. It is complete with the lower jaw and it has not 
been pierced for suspension. This is probably the skull of a member of the Konyak 
tribe and nob that of a sacrificial victim*. Nos, 6‘6221 and (1'6222 wore taken Ihim 
the Konyak Naga village of Ghongvi (94® 49' E., 2fl" 32' N.) fifty miles to the west 
of the Triangle, They wore decorated with horns and tassels and the former still 
has these ornaments attaohed, Tho posterior parts of the calvarioo are missing ami 
No. 6'6222 has a hole pierced through the frontal bene and its mandible is rasteoml 
I"' ’ on with strips of bamboo. The two individuals roprcsenlod hod ocrwiiuly been 
saorifioial victims and it is believed that they wore probably Konyak Nagas. No. 

No, 798 “No, 773 in Barnard Davis's Theacou/nu CTrofu'oruiuf} is the 
complete skull of a fveebooter who was shot on a plundering expedition about tho 
inidiilc ,il I 111! oiikitoonrh cenbury. The tribe to which tho individual belonged is 

* IV11. Ilii'.ion lull (jivim his opinion tegonJlng lbs origin ol Uia Nsgs ikolli bi the Bojsl OoUe^ie 
of ;ii 0 ■i-vi-rnl ul (lie remarkg quoted hero era on hie authority. 

li ir t1.iyNi'.iii„gi:uthAt the "oaolpitnl, etUe and denuta” u« ell oaeifled together. Bowevef, 

ilir iLiliu: cf li’v .-L-iciniCii, ee I'tofeesor Thane has proviomly holed, was navei loaod to tho oooipnt. 



Elibauktii Kitson and G. M. Mohant 


3 



BURMA &ADJOINnMG COUNTRIES SHOWING THE NA^TERRITCRy 

Fra I 


1—a 












4 


A Study oj the N(t^(i Skull 

not known, but he is most likely to hnve been nii Angami Nftga. No. G'(i2;i2 (lUtl 
No. 794 = No. 774 in ttio Thesmrua Ciwiiorum) in the coniploU- I'min’iiin (vvitlioiit 
the mandible) of ft youth who Iiiwl been a servant to Colonel llainiey. He is wd to 
have been about eighluen years of ago at the lime of his death niul (he (rihe to which 
ho belonged is not known. No. 0 (123:1 (Ikd No. 705 « No. ITfiO in the Supjyhm^n 
lo Thesaurus Cmm'eritin) is the complek cranitira without tlui itiaiidiblo of a Nn.gn 
named Lcntee. "Ho was inunlered. it w«v« aupiiMwtnl. by his wioiniti." Tin* trilh- to 
wliich this individual beloiigotl is not known hut lainUm is fwiid t<» be f* tattiiiiiuri 
name among the Ao Nngas. while it is aoldoin, if ever, inel with uinong other IrilH'S- 
The Ao Nagaa live to the south-west of the Kouyak Nagas. Non. fi (12'.14ftnd IVflgllS 
are two almost complete crania, without luandihles, presented hy ].1r J. H. Hutton. 
They were taken from the cemetery of the Ao Naga village of Mangmuiiyimti (an 
94° 45' E„ 2(3° 27' N.) in 1928. This is approximately (30 inihfs west of the Boiitheni 
corner of the Tiianglo, 

I'lie skull E in Professor Thane’s [wpor is the only ctno he dr-scribes which is 
not in tboKoyal College of Surgeons, »iul it ia wrid to have hoeti gbUinotl fi\jin tin* 
same neighbourhood as No 6'62i in the miisciiin there. Honca it is proUnbly llmtof a 
Konyak Nago. The eight skulls dealt with by Sir William Turner were taken from 
the bouBO of a Tonkal Nagaiii the upper village of Hwining whicii io some forty iniloa 
north-oaat of Manipur. This is approximately one hnnilrod and fifty niilcj) wmlh-WMt 
of tho 'rrianglo. 'The custom there is to bury the dead, «o these apeciuunis wen*, 
evidently trophies although they arc almost oomplctc crania. They arc believed to 
bo those of Tonkal Nagas from other villages. It is probable that the vast niajority 
of these crania, for which mensuromonts are now available, are tht*«e of Kugiw of 
various tribes who lived in an area some ono hundred and fifty loilc.i long and 
eighty broad extending north-east from a point twenty-five miles north of Manipur 
and lying parallel to, and possibly across, tho frontier between Burma and Assam 
(see map,Fig. 1). A few individuals from outside this area, ntui jawaibly some wln» 
were not Nagas, may have been included. 'The sample is loo small, and tho (Wirtieulara 
regarding the origin of tho apeoimone are too iirdefimto, k make any cum(H(ritKm« 
between different groups of Nagas possible. As far as I could judge fmin the skiillH 
I was able to handle, tho group is a racially homogeneous one and tlie mensuiuirmiitH 
of the total samplo appear bo suggest tho samo conclusion. All the matorial was 
pooled for tho purpose of providing moan measurements, 

The seleotod group of tho skulls oolloolod in 1927 which was sent l« llm Biomnlrin 
Laboratory boro no numbora or inscriptions by which they could bo identified on 
arrival, They wore numbered aerially (1—06) there, and nothing further vvasdoims 
with No. 18 for the reasons stated above (p. 1, footnote). From the piiatogmplm 
provided in Quha and Basu's Hepot'i I was able to identify twelve of the aj^Knoimena 
with certainty*, and wlmt may bo called the corresponding London and Calcutta 

^ * Vli. the Rkfllla BnuibMcd 2, 8, B, U, 32, *4, BB, 80, 87. it, 51 wul BO Ja lbeniouj6triolrtl»rt«tory. 
Our NO. 61 oQtreapondB to No. N. 4 of Gulin nod Bnuu and it dosB nol apiwar lu our tnlilo of indlvMtiAl 
peasuromentfl ne ii Is an nnsoxed fragmont. Thoy also giro photograph* of skull* wliioh llioy mrWb«red 
' 06, Ns 170 flnd N, 102, and theae mxe aol aant to tho Biomotria I^borAVotys 
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immljCTR for these will be fovmtl in 'L'ftble VII of individual incasiwcments given til 
bhti end of tliiH iiioinoir. Hy comparing mciuuironioiitH ib was also possible In idciilify 
twonty addilioiuvl npociinons willi ti suliicicnb dogvec of probiibiUty. 'I'lie majority of 
Lho r<!iiifiining lliirby-lhrce ernuia sotil to tlio Bioiiiolric Jjulioraiory, for which ftnlia 
nnd Hium's inutibors ctiniiol Vttt foimd, arc those of juvenile individiiids mid iiicaaiiro- 
nioiitHof those are not given in the Itepoii, The technique of inoasuretnent followed 
there is ihatnf the Monaco Congrons*, with a few modihcivtiona and additionu, and fcho 
majority of the doflnitioim used may bo Hupposed identically the saim?, for practical 
purposes, ns those i^f the biometric schouu' which I followed. We are thus given an 
opportunity of comiKiring the measureiiKints taken hy diH'oreiit observers on Olio same 
thirtyt skulls, though nearly all these are, unfoitiniately. very incomplete. The 
dislribiitions of the ilill'ereiiceH hetween flulia and Hasii's moasorements nnd onrs are 
given in Tnhle I for fniirteen clmnieters and it can be Hoeii at onee that there is a 
deplorably batl corroapondoivco in nearly every case. It is known from laboratory 
prnclico that if inefumreincnts on the wune skulls nro repeated hy asiiiglo ob.server, 
or if they are lakon by two dilTore.nt observei-H, then the ma.'ciimim dillmmcos found 
should never exceed 2 nnna. in the esise of the characters coimidored. 'I'liis will only 
bo 80 , of course, if the, workers have been adequately trained and if lUuy interpret tlio 
defiiiitioiiB of the meosuronionta in precisely fcho same ways. It is evident that these 
conditions do not hold in tha present instance since only three of the distributions 
of differences lie within the limits - 2'05 and + 2 05. My queried inemmreiiionts 
wore omitted in compiling the table and there are none sucli given by Ouba and 
Basil. Where my reading differed from theirs liy more than Ifi nims, it was taken 
indopondonfcly hy Dr 0. M. Monnit and those comparisons confirmed the fact tlnib 
my measurements had been taken in accordance with the customary biometric 
technique. Some of the larger differoneea in Tablo .1, particularly in tbo case of 
Lli nnd iSi, are almost certainly duo to errora of 5 or 10 inms. in rending a acale, 
but ofcbor largo ones can only bo attributed to the fact that Quliaand Ihusii had 
radically different conceptions of the ways in which the moafliirements were to ho 
taken from ours. The diBcordunco is most marked in the cuso of the palatal length 
and wo oannot imagine what doHnition can have boon applied wliicli would give 
oonsistontly smaller readings than the iMonaco iofiffueiir do la voUte pnlu^no which 
ia our Qi and Martin’s cliorti from ataphylion to eralo. It would clearly ho unsafe 
to accept all Guhn and Basil’s moaauromonts of the Naga crania coHected in 11)27 
wliich wore not sent to the Biometrie Laboratory. For the purposes of computing 
moane I uaed the vatuoa of B\ Lli, J, »S'i, G'JI, NB, Oi'L, L, B, Ht, Si, 8t\/nil 
and fnib given for these skulls and thoir values for tho first seven of these moaauro- 

* (1, PapillnuU: "Entonlo Intoruatlonalo pour I'Unlfioalion (loaUaBurDnoran'ionUilrliiiiDK cl(;)!))hiilo> 
mdlrlitiiDB." Gongrit InttrnaHoiial d'Anihropohgit it d‘Arck4ologU Priliiitorlque, Cmpte Kitidii tU la 
ireUiitnt Momeo 1900- TomoTI (1008), pp. 877—894. 

t Thoro nra lliirly4wo sltuha sent to UioBiomoltio Lnbomlory for whioh Uio numbori) in Guiia nnA 
BiUiti’a can to foand. Onoof ttiOBo (hondou No. 51) is an oaoipital {ragmcnlonwbiohno sulliointitly 
aoourAte moaBnremonla onn bo Ukon nUbough Stand 8% aroeivon in tbo Jleporl: anolbor (No. 3) In n 
juvonllo Bpooltttou (or wblob no meaBuromoQta aro aiven lliam. Anolbor juvonile (No. 14=:CaIautt« N. 176) 
is iiioludod in Iba InbluB of (omnlo adult moanuramoDla in llio Jlepari. 
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ments were also used iu computing standard deviations and coefficients of varinlion *. 
The comparisons between Quha and Basu’s readings for B\ LB and Q'Jf are not 
altogether satisfaetory, but it may bo assumed that the inclusion of their values of 
these tneoeuroraents for the additional sku Us will not ulToot the oorisUinta appreciably. 

The sexing of tho Naga skulls collootod iu 1927 is particularly difiloult owing 
to the fact that most of them are very defootivo. Tho soxual oharactera ap^xMM* to 
be as well marked os for most lucos, however, Among the sample sctvt to Ihft 
Biomotrio Laboratory wo distinguished niuotoon male adultsi sixteen of these vrerc 
supposed male by Quha and Bosu and they give no sox far tho other threo which 
are occipital fragments. Of our fourteen female adults five were supposed male 
and five female by Quha and Basu, while tho tamaining four cannot bo idontided 
with their numbers. They distinguished sixty-one male and twenty-four females , 
ip tbeiti total sample though there was probably no such clear prepondcranoe df 

! are also ipeonly weaenreinents (aVan by auha and Ba«c on Uio UiroeKasa akoUa in lha 
' Indian Mua«iim vibhh 1 UaTO oaed, 
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JiliMiu'ldku.Vol.XXV, Parl.srimil FI 
I'.li'idtii'lli Kiimiii, ■! Shiilii'if llii' Xnijii 


Typical Male Naga Skull. Norma laieralis. (R.C.S. 6'6231.) 








lUoini'ti'lkii, Vitl. XXV, Tiiris I iiiitl II 

l"ll l\,l vriJi, 1 Sfn'hf iif tit' X'lji/il >7, ,r// 


A. Typical Male Najik Skull. Narnia verilcalis. (R.C.S. <i'6231.) 


C. Male Naga Skull (1927 secies, B.k. No, 4'!) 
skowiug unorupted tilled left riiolnc 
hoi'lzoncal and preventing die second molar 
from erupting. 


B. Male Naga Skull (R.C.S. 6'6232) with 
wormian bones in pl.nce of nasal bones. 
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one 80 X over the other if our aexiiig is more correct. The remcindov of the sample 
of the 1927 skulls sont to the Eiotnetric Laboratory is made up by twenty-ono 
apecimnna reprcmJnting immature individuals and eleven fragrnonta which probably 
represent whilts and for wliicb no soxca can bo given. The immature charaotor of 
a few of the skulls placed in the juvenile group ia somewhat uncortaiu owing to 
thoir incomplete nature, but one (London No. 14 « Calcutta No. N. 176) with a 
eoinploto imlato which was undoubtedly juvcnilo is included in Quha nud Boau’s 
tables of female adult meaoxjrcmonts. Our iixdividual mensuromenta of all theao 
skulls whioh ware sent to London, with the excispiion of tho adult unaoxed fragments, 
are given in Table VII at the end of this paper together with those of all the Naga 
skulls in the Iloynl College of Surgeons. Ono of the last is immature: tho sexes of five 
others were either known, or they were cHtimated by Barnard Davis, Flower and 
Thane and their consistent determinations wore accepted; the romnining two wore 
collocted in 1928 and I have supposed that one of these (No. 6'6235) ia male and 
tho other (No, 6'02:}4) female. I accepted tho H(ixos given for tho skulls for which 
1 have used previously pubUshed measurements and these include those in Quha 
and Basu's lUpoH which wore not sent to Loudon. 

Bomarks on sutures, for adult skulls, and on teeth for all t was able to oxamino 
are given in Table VII. Unless otherwise stated, tho coronal, sagittal and 
Inmbdoid sutures of tho adult specimens are all open. There appears to bo a clear 
preponderance of young adulte over fully mature individuals in tho cose of both 
sexes and only one (No. t)'G236)*, which is a male, can be called ageing. Turner 
found erne aged Tonkal Nnga skull among the eight sacrificial specimens ho oxainincd. 
No. fl’6285 came from a comolery so tborc is a suggestion that young adults and 
children wore preferred as victims by tlio Naga head-hunters. Tho raetopio 
specimens are throe (Noa 31, 0‘0232 and fi'6233) out of twenty possible male 
crania, throe (Nos. 4, 40 and 47) out of sixteen pooaiblo female and two (Nos. 43 
and 49) out of twenty possible juvtmilo specimens. Quha and Bnsn say for their 
total sample that the motopic suturo is present "in fifteon specimens in vorious 
proportiona” The number which they could examine for this anomaly is not 
stated, but it was probably about ono hundred. It sooras rettsonablo to conclude 
that, judging from the Naga crania known, tho metopic suture occurs in more than 
ten per cent, of cases without regard to sex or ago, no speoimons so young that the 
suturo would not normally havo closed being inoludod. Tho froquonoyis unusually 
high for n non-Europoan race. It is possible that it is inooourato owing to tho fact 
that tho collectors of the crania favoured those whioh wore motopic. One male 
cranium with interparietal bones was found among five male, four female and two 
juvenile specimens whioh it was possible to oxamino for this anomaly: this (No. 60) 
has the ossa iriangulai'ia, only soparatof. Wormian bonos wore found in more 

' Tho numbora boglnniug 0* oro ihoM ol the shulU lu Uio Itoyol Oolloge o( Suryeone. Othori from 
1 to OS given In the text ue Uie Biaiu^trla Laboratory nambert of tho akulU oclleoted In 1927 whioh wore 
aent there. 

+ Quha and Baan give a photograph ot an aoeexod ooolpltal fragment (No. N. 96) having the oomplste 
form of Interparietal bones (Plate IV, Fig. 7)i this was not sent to the Blomotria Laboratory. 
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than fifty por cent, (if each sox and of the juv(!nil(;«, whili; epiploric Iioih r l^po^Im‘<^ 
^vith the like pcrcontugi^. The region of the pterion could hi; exainiiii'd ori bith 
bkIgs in the cane of acveiitcen male sknlla and liicvo ia no exiviophj of frouto- 
temporal articulfttiun, though one sjH'citncii (No. 31) hIiows n close approach Hiis 
condition on both aides: the same region could bo examined for sevpiiUM'ii fi-nial« 
on the rigivt and aixtcuu on the left, whUe there is etie ciune (No. 'W) of fronio- 
temporal articulation on the loft and the right pterion of the w^no skull is normal; 
for the juveniles the crania which it was possible to cxninine rinmli(*r fourWeii on ibe 
right and seventeen on the left, while there is one case (No. 17) of front*i4<'ni|Ktml 
articulation on the left and the right pterion of the aiinicskull is defcclive. Turner 
found two cases of fronto-tompond urlicidatioii on tbo loft side only anujiig llio 
eight Nagn skulls ho e.xamined. There arc examples of single or innlli[dit lyinpnic 
perforation in ail the groups, A foinulo specimen (No, 0 (5234) shows of ihe 
Buturea between the ex- and aupra-eccipilnlB on both sides. Most of iht? tooth «>r the 
adults preserved are considorahly worn hut in a good sUUe of prwcrration. There 
are eighteen male skulls on which the palates arc almost complete and for fiflei'ti of 
these no teeth had been lost before death. Molars were the only teeth lost in (he 
COSO of the other three and no carious teeth other than nuilani were found for (ho 
same group, Owing to their failure to orupl, two of the eigliteen sjiecirnons had no 
third melai's on either side and one other liad no third iimhir on the right. Them 
arc several examples of ‘shovel-slmped* incisors (see Figs. 3 and 4, I'lale V, in 
Guha and Basu's Report). One male fNo. 44) htw the nncruptol third midw on 
the loft side horizontal and its crown is in contact with the second molar W’hich lia« 
thus been prevented from erupting (seo Plato IV Gbolow). AmahsaknlKNo. (3(5232) 
has wormian bones in place of the nasal bones and llio ethmoid i« oxiamtsl behnv 
them (see Plato IV B). Tlio absence of the nasal bones ajjjjcnrs to be ii very rnrt? 
anomaly. Three examples of it wore dcBcribed by the present wriUsr in n juijwr on 
a series ofToita skulls from Kenya Colony*. A few healed wounds were found on 
the Naga skulls. None of these is large except that on a strong male B[)«simftn 
(No. 97) which had a bovovo awovd-cub on the right side of the frontal Vmnn (Siic 
Plate VI, Fig. 1 in Qnha and Boau's and Plate I below), 

No geographical divisions of tho Naga crania for which mensureinouw arc 
available can be made, but it is of iutereat to compare the means of tlins<‘ 
groups (pbtainod in different ways. This comparison is mode in Table II for the 
characters which can bo measured on the largest numbers of Hpucimona, Tho 
groups are; 


(а) the crania coltootod in 1027 measured by the present writer, 

(б) tho crania collected in 1927 measured by Quhn and Basil but not by tlm 
present writer, 

(o) the crania measured by Turner (seven male and one female), the fcmahi 
measured by Thane, two male and one female crania in the Indian MustniuJi 


, .''AStudy 61 (he Negro Skull with epeoinlBeroroDcoto tlieOrntila from Konyu Colony." 
yol, xim (1981), jp. 27;_814, Seo pp, 264—286 und Pl&to IV A, a ana (j, 


tUomitrika, 
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CalcuUn. f(ir wiiich iiuiasarcmouts arc provided l>y (hilia and Bnan, and tlu! Rrtvnia 
ill Uie Unyiil (lollnge nf .Snr^'conn iiiHWiirod by llic iircueiiL writer. 

TInw lliree prnn|w ore iiki'Io up nf mindl miiiibera and ci)ii.sideriiblu diUbrericeH 
litilwei'ii ibo ineuiiK may be ex|H‘(ste(l if only eii ueeouiil, of nnidom Hninpliiig. There) 
iiovorlliclaHw. a Tiurly giHiit enmfaiwHdeija! throughout wliilo, thoro io a remarkably 
clow' Olio hiitwoini gronjw (it) and (e), The iinmiiH for the {b) group solely difl’er 
appriicjablv from (hoHcfor the other two by having .Hintillenualo values of (rJf 
and J. Only n small part, if any, of tlicse dilTeronees cun be attributed to the fact 
tlmt dilTeiDtices woiilil be found between tiuhti mid Dasii's mciusureinoiits for these, 
ehiimclcrH and nnrs taken mi iln> mine enuiiu. The male, incnm eoinputiHl from 
tlieir ineAHiireinenla for the enuiia whieli we measured are: }i‘ = 9/5'K (10), 
l2Hi (J2), f/'/rra yt)',’ (f.S) mid J^ i3T7 (14). All tlieso differ by less than 
one. mill, from the. tornjsp<»ndiiig memm of imrs given in Table 1[. It is probable 

'i’AHldO ir. 

Afcmi Mciwyamaits fur Clrmjix of Naga iHiculls. 
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that the npprociable iliOferDiicoa fouiul botwoon the innlo meana of the two samples 
of akullfl eollected In 1927 are duo to soxing. lb has boon seon that Oulm luid Basil 
were inclined to ausign n ltti|[or proprligii to the male gorios than wo wore and 
Imnw. their mnlo mnwia xwiuld lend Ui be smaller than ouw. Tho floxoti of three of 
the skulls in Group (e) wore known and those of the othom wore assigned by Turner, 
Flower, Quhn and Biwu (throe) and Kiteon (two), The close ngrooincnt nf the 
meaiiH for this group with oura for the 1927 Borics encourages film belief that our 
aoxing of tlio 1027 series is subBtantially correct and, if this is so, Qulia and Baaii's 
is probably in error. It can bo ahown that the box ratioa given by their means 
are particularly smatl. Tho samples ore too atiiall to inako it possible to decide 
those cjuestiona at all dellnitoly. The means for the three groups wore pooled to 
give the boat moon values which it is possible to obtain for Naga skulk at present 
and it U unlikely that these figures differ appreciably from tho true means of the 
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TABLE III. 


C’onstanis 0 / Fanaiiod for Naga and Sgifplian fikult4*. 



Btauditrd (taTlatloiiB 

Ooefflelnau of nulellon 
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Hagee 

KgypliAitw N j 


Malo 

I'omale 

kfalo 

Female 

Mule 

Female > 
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LB 

5, 

O'E 

m' 

IfB 
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Ol'L 

Q%L 

4'97±'39 
4-01 ±'34 
6-2e±’3B 
4‘78±'2D 
2'B5±-23 

1- 041-10 
6'8a±-41 
1'70±'13 

2- ia±'t0 

4‘27±‘33 

4'18±'30 

I'BOi'lD 

1'08±'18 

6s70d;'3l 
4‘02f34 
4‘tC±'30 
V23±'46 
4'00±-44 
0‘IS±'37 
4-43 ±'32 
4'04±‘33 
fl‘2Tf07 

. 

4-80±‘3« 

0'S4±*M 

018ir'6S 

6-101-48 

d'SWfa? 

a-wiftw 

4‘8SfOft 

O'OOfHI 

7-271; -13 

4-00*-071 

fl-Mfoa 

d-nt-M i 

3-83 ±-07 
4‘«j±i>a 
0-84±-n 
.i-aififM 1 

a-twf (» 
a-»7i-(»} 
6'82±*ll 


* Tha number* o( akulli on wbloh Iho Neg* oon*(Aiil4 lira bwed win be oeen from Teble IV 1 Ibe 
emnlleet le HI, 

t Tliasa ar* lor iho FrAnkluti oaonl liolghl iJJl, T, In plAoe ol Nit', 

X Thwe we tot othlUl btoedlUa louad by PawocII’* eurvaiuio molhod la pUeo ot deorytil breorllh*. 

avai]al>le sample owing to errors of soxing, The pooled mtuuui for all the ehAmeUtra 
considered ate in Table IV, There ie a very aatiafactory agt<eetnenl bolweesH bhe 
corresponding male and female Kaga indices and angles^ allowing for tlie fneb Uiftt 
the aamplea are very small. It is genetnlly found, oa in the prcaont c&»o, that the 
female ocoipital {Oo, X.) and orbital indices are greater than the male while the 
mala simetio (100 SSjSO) and palatal height-breadth indicea (100 SXXIOt) are 
greater than the female. The measurements suggest that tho series for the two 
sexes represent the same racial typo and a direot comparison of the sltiiHs wo were 
able to examine bad suggested the same conclusion. The following moan indlcoa we 
found for the immature crania: 100 Q'fffQB = 6'f-6 (16), mNS/SIf, H ^ 64*2 (18). 
lOOOyOi, b = 86*6 (20) and 100 fifiS/W» 24'2 (18), As far as can b® soen the 
juvenile specimens roprosonb tbo same racial typo os the atlull, 

The standard deviations and coefflovonts of vnmtion are given in Table IH for 
all the oharooters which can bo measured on 27 or more crania. No signiflcaul 
differences in varinbilit.y are found between the two sexes. Comparison is made in 
the table wii-h tho coeflieionU) of variation given for the long Egyptian S series of 
20tli-:-3Ptih Dynaacy skulls^. It is known that this series, which oamo ftt>» a ainglu 
cemetery, is less variable than nearly all that have been obtained from European 
sites. The constants for nine characters can be compared in the case of the males, 
the Nags value being greater for six and less for the other three. Tho diffotoaco 

g Karl P«atwn and idulMd* Q. T3ft.)ini '<On the Plometrio OonslanU of the Boasn BlralL" 
KfoswtWka, VoU xn (1834), pp, 838—88$. 




• tMiBlViOM of moMurtwonU donolod by <b* (BdeK‘lo««ti will bfl fonod in Biovuirfka, Vol. Wi 

V;,+ ^0 (oUowln« oddlMoao) >n«Mx« o*n be for the Bortnew from Ineeln Priwn i <7»1404'0 (90). 
dl«b«UMr OmOOO'b (98), Broe*’* Q'wBtH'B (99). Bleelerlonlq flwl07-0 (90). IiMrymrt (7i°9»’B (99), 
lot) OeffiMr/Mwl 0|is^98'9 (99). 

t Vhie t» l)(o«»'a aoMl ImAbM from (tie pm(o>i to tbo ‘-bMe" of lh« Mterior u««»l ■pine, 
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between the cocflicicnt-s of varintien exeerfln 2-5 tiiiioK \{$ j.rebalili' erinr i« '*b“ 
ease of /J'(A/p.c. A = 3-4) W'/f (2'9), ,/ (2-7) .ukI iV/i(21J), wliiU* 
is greatof timn the figyptiau for the fimt tlin-e of these elinrnetors-^ *nim> -5 
the four female constants which can he compjroit are gniaUiv f<»r the than 

for the Egyptians, hut the tlifturoiuie is only signilicaiit in tlie cas'* of (•il, 

The Naga aeries is rafciier inore rariable than llie higyptian, 1ml, w far iw r^m Iv 
aeon, it is not morn lieterogeueouH than must which luivo to he nm.'pt4”<i an 
senting a single racial type. 

Cmnpaviaoua bctwooii tlw! male Naga ajul other Asiatic cmnial JSjrics wrr« nw‘le 
by the method of the coefficient of cueiiil |ikeiuu««. These crntfliciciita hare recently 
been given between all paira of 20 Asiatic series* nnd wern'lecUsl nine from lhw«' 
either on account of the fact that they vepresent neighlwuring ]«»ptea, or Imrauw’ 
a rough compavisou of the means suggeated that they might ho ttlH'ni On* Nagas. 
The series chosen rcjtfoaont Tagals, n supposed nuu-m,'grit*» p<*p!e fnnu the 
Philippine Islands, Uaynks frotn Romeo (both mcoaurwl hy von Ihpiiinh Tiln-toa of 
the A typo from tlio south-west of Tiliel mul Ko[talese (Momni), Chiniw; from tli<* 
province of Fukien (Harvowee), late prebistotio GhincKu from Ktuwi atid 
(Block), Burmese of tho ^<1 type from Moultneiii (Tildesloy), Aituw (Kogniuiij and 
Hindus from Bengal, Orissa and Stt\\thetn India(I1mu«Ui,'rurncv ami 
Comparison was also made with a scries of 2!) crania of IhinncHn men who diwl >» 
Insein Prison, Ijosvor Burma. Meoanvomonts of these tvore given Viy Kir WiUiatn 
Tucnoi’f and tho previously unpubliahod means are in Table IV. Tho ootjUkieiUw 
of racial likeness botwoon tbo Naga and those tei\ scries aro given in Table V 
and tho relationships suggested by these criteria arc sliown in Fig. 2 which ><* 
based on Fig. 8 in tho paper by Woo and Morant cited. Tlioy concludisd that 
the most reasonahio olassifloaiion was given if only tlm lowest ottlurs of re*hjc!i'4l 
coofficienta were considotod and for this porposo they ignored all grettUm tlmn 10. 
There are four with the Nagos below this value. Tho lowest is that of 4 HY with tho 
Tagals and there ate several Asiatic series for which the lowest mUiwnl 
which hosyet been found is greater than tliia, The connection with thn Dayakit 
is nearly oa oloso though it is le&s intimate than that hotwcow this Tngala and 
Dayaks. The Tibetans A and tho Nepalese are further ronioved from the Nagaw, 
hut their resemblanoe to them is still fat olosor than that betwoon tho Nngn and 
any of the Asiatic types with the exception cf thoao just montionod. Tlw Nugw, 
Tagals, Dayaks and Tibetans A may he oonsidored to form a closely itiUirTOlnlisd 
group since their relabionahips to ono another arc more intimate than any between 
them and any other Asiatic typos for which omtiiological data aro availftblo. As fiir 
OS can be seen at present it is only by tracing rolationshiiM through this group that 

• T. L. Woo wd Q. M. Momnt; "A ProUminaty OlMoifioatlop ol Aslutlo lUooa basod on CrsttlsJ 
MoftBOTomentB.'' Momnrifia,yo). irxjr(,l!)8S), pp, lOS—ISi. TlioinoattB Ihomsolvosor roforonoos tosottiws 
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TAHLE V. 

Mak rwpviif’nh- »;/■ Ihw! La-mm (tehoem the Niiga and other Asiatic Senes* 


, 

- 


llcdiiard Cooniolcnlii 





.— .. 


All chaTMrl«)R 

Inilicca and 
aiiiiliis 

All aliArAdtora 

ludicoK and 
nngluH 



[l.'i' l, 2.3-1) 

•l'H7i"77 

-3'02±1'«1 

... , . 

i 'ifif in 

(I’g.lfnd (0; 
lifH. .ia-7] 

5'-13±'(il 

l'0!)±l-ri2 

Tll't'leHi.n A . . 

iS3i 

|2^'T, W'O) 

Mil ±'31 (H) 
(ift'4, avii 

11 *0.5 ± '(IB 

7'5(I+1'.5H 


(21'7. lft-V( 

ll-l l±-3I (H) 
(l.Vl, ll'd] 

i2'7i ± -aa 

lHia±l'4‘.) 

KofejM* 

a'Wif 
(ae-s. :hi'0] 

:vai±':m |7) 

fi.'i'ii, aii'D] 

ao-aui'iin 

M'7I±MM 

hlirmm i 

B-7S1--2.1 (171 
(2R‘2, 

io'-hj*- n (ft) 
tlO'O. SB'll] 

23'B0± 'HI 

dSl-dVia'llS 

lliiriiieswj A 

7'ina;gO(S5a,i 

(34-7, 

n'Bii±'.7K8) 
(l.vi, :iH-7l 

a3'0()±'(tB 

3i*ou±)'r.d 

PruhwOirie Ciiinc’jrstt 

7'2Si-ai i(si) 
tafto. afl'61 

3'.|Hi; '.’Ifl (0) 
tlS-a. 31'71 

2)'io±'(iy 

ui'jiVi I'sa 

Ainiwt 

ia*32f2^ {10} 
(ar-o. 7s-n| 

1 l-l-o, 7.7-Hl 

aft'03±'5B 

l(l'llltV71 

Ifimlun . 

13-7-i-'23117} 
(aS’S. 7(l'7| 

l‘M±'1:1(5) 
[lO'O, 03'2J 

33'39± ’OO 

5'74±l'n2 


* Th«< number In roitnti tiiin«bi!U fnllowjog tlm ooenkicul iJi Die nuiiibor of olmrootum uu wliloli i( iu 
biwsd. Thfl numbotit In isqww# bfaeJioUi Uetnw llm coofllolonl uro ilio mean numborA of ukuIlH nvnilnblo for 
(ba etiarafl(<i(r^ iiend In nmipuling ii; Ibn fliDt in (or iho nnd tlin noooud for llio oUittr acrioo in tho 
coiupiMiRon. 

till) IndiRfi mcoa tsati lw» linkiil up with tliu Northorn Oriontiil mcufi, thu Chinoso 
and Jftptinw, on the one hand, or witli tlio Soutliorn Oriental racoH, tho Southern 
Biimiese, Javanoso anti AfiUia, on the other hand. The ineinbors of the aforo- 
menlionctl doisoly interrelatcfl group of intennediato types also stand botwecii tlio 
Northern and Southern Oriental group. This aboto of affairs accords reasonably 
well with geographical considoralioris. The Nagas and Tibetans A are more or less 
centrally placed with regard to tho peoples of India and the Orient. Tho Tagals and 
Oayaks inhabit islands bo tlio south-east to-day,but there is some evidence,considei-ed 
below, which suggesta that they catnc from tho sarao inland area. If this ia bo it is 
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Isws 8«jj (ljw5 Owl wfe« ar*? flwirailar lo the Soulhcru 

m,n l-iif s}j^ Willi Slwi^s fey Tji^afa ami Ifeiyalta. Tht? Nagoa have 

A fwlmewl rwWk?i»?i(l pi «»ife ifep BMrtfltwf! aj?ri« Irorti Ifunin rrimm and tha 
alwwfl' t-datiissfisil TaJsm «l( 3-S01 wiSfe ite A Twm ^loulniain. Thcao ivvo 

«m'»rrr!'m jsr-jajhlwrtjfwg ipwtw feja,ir«* amsdeTOellkjftfiitar^'S? i '26 fur 17 charactars 
(umI ifert rwfeiw'l ml*s»« » IftlM' J 

Dr J. H- 4«'«ik wijfe jfet? ©f 4.h« wriginof Die Maga tribiBs in 

gtmaml itt few bf^-fe r-itit *lw? iftfe** D w «5<l tb«l« Die weight of tradition 

points tij »t!grsiip« ftwH *5tii4«el8i imcnedwaSis^ly to the mnith of Uio region occupied 
by lb« jwwjile Sw-itlay " Wfefsfw Site fiagM mmc b«in before they nsaclial the country 
nesar MamijHir m ». wtorJs roicire dillkstjlt jsrofefoni.,.. A^ll #ort» of orign# hove been 
amibt^l to ibe f*f». They fear!? b^n ismw@cl«I with the htsul'himtoiti of Malay 
and th*! mm tbe Hoiaifeprn Jfewa «i the iwne hand, ami iracerl back to Chino on iho 
tfee fewte (4 IwgoBge ifeeir wngm i.» asmiginsl by Sir Q. Oriemo to the 
mesMl ware of swjgratow. tfeal- of Sbe l'sl»‘to*Iinrm»na. from the tmdilioimi cradle of 
the lotfo'f binswx’ mxi m Kwrtfe Wicwtoffti Qiiiaa....'' In n footnote Dr Hutton accepto 
tha view ibol'"ife*’ Kagstv** haro rory alrong etiltural alHiiiUes with the untivea of 
the AMatic labuwfeit, m»linfely lUnmm* and the Pfeili{ipinft Inlands, and perhaps pityaical 
aflinilies wn»h mf jfeomr Tfew foct tbal Diwe wreatrong afflnities between soma 
aspiscto of ibo rfiilNre* of tfeesw p«ipS^ fe woe which has b^n aUitod by Mr Henry 
JklftHtrf. Dr (JharW wfom to the we eultoral conneetion in a recent book \. 
He writoa: - Dr HnWwn, CoSomI L W. HhaJtwp^f. Mr T. P. Milla and otheni have 
writton very vaImhWip ami totoTOting br^k* on the Kaga tribes,..and there aooma to 
toe to be ft wftry d**? utimitariiy in the legends, Buptirstitioiw. custotna, liabito and arUi 
of fehiae iribMiuiitl llfe«« «f) tfee wljawni hifbkiKk of the rcrawnder of the Bmhma- 
putm baBiM, whbfe foiehftfftctojnistifl nronB or other of the ruder lank-hairotl trili^ of 
Borneo, Snmama, iho Phtlippirmand the other isinnda of the Malay Archi{»lago.'‘ 
Theooeffiemto of rami l«ktn«j«t betw#an the Mender cranial seriea availnblo auggost 
forcibly Uwi there ia a clmw pbyirieal, aa well a« cultural, rolationahip botwoen the 
Nagna, the Ikyaka and the "^non'oegrito'’ inhabitants of the Philippine lelantla If 
the arrangnment afeowo in Fig. 2 iiloatwta the true oonueobiona of the Oriontol 
and Indion raws Urett it m pelttble that the Dayak* and 'Pagala oatne IVotn an 
inland area which may well have been eltoe to the region oooupiod by the Hagaa 
toKlay. It, may he »ot«I thai, ^e Itving people belonging to th^ moce and the 
living Tibotooa am genemlly said to pwaess Mongolian traits though they are not 
pure Mongolians, fhoyBjrtflwiuontly^d tobaver^nltiKlfroinablendofOftucaaiaji 
and Mongoloid olotnonto. 

The numbers of imliridwala making up the Kaga orwial aorios arc so small that 
it would not bo proBtoble to make any detailed oomp^sioabolwoon the iumus for 
single ohametors and thtm given for other Aei otic series. The mean cephalic index 

* ntf.rfsfsei/p-a< 

t ra* af ia« ifeyst jiuMufoleffetti /wfOsn, Vo>. *«» (lOH), p. fi7. 

t Ifaiuml Mmj A Bimrifnm Jterwv (1W)» I** 
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for 14 mule akulls is 76 l» ml for H fomalfts it is 70?. Mcfl^iinnnoiiU Kivrn l>y 
Dr Hutton* for 23? Nagft innn bofongiiiK U) vnrioiia tribes » tno»n neplmlic 

index of 73 4. lloimunbering ihnb tiic living index i« oxiKwteil Ur bo ulKiUt two iwinM 
greater tijftii the craniiil, wu have gowl loiwoii to boliovu ihnl onr vabios sro very 
close to tho true ones for Nagti akulla in goncnd. The ctMilTicienL of moiftl likeneim 
bobween tlio Nngws and 'i’ngala could be bftsjed on 24 elunvekra w\d only one «f 
these shows a signiricniit tlifTcrcJiei:, i.c. un « thini 10, this i« fur 

^'//(ft^lfl'Og). The miiiK! thing i« found in tins winprisoii with tho Uayrnks 
(a for ff7/= 19'30) and the Naga upper facial height is shorter than thenllwr two. 
The coefficiont with the Tibcitana A could be based on ‘ill chnmcUjrs and onl)? orto 
of these is found to indicate a HigniricantcUfferoncc, vix. //' ((ts® 14T0), and the npjw 
facial heights are not differentiated in this case. Three or more chiunictcrs ans fommi 
to differ algiiificanbly in the cose of every one of llu* olher tinuipiiritons. The Nagos 
differ moat markedly from the Neiuiloac and Hindua on account of tludr jprttitor 
bi'/.ygoiuabic, calvarial aud nasal breadths, from the Chimw, nu ms;annt i»f thnir 
lesser upper facial Imighfc and from the Snnthom Bumieao on account of their lower 
cephalic index, lesser upper facial height and calvarial ajid tiftsal brcndlha, but 
greater calvarial lougUs. The Ainu cepbtvUc ivrdftx uC 7d"6 is very c^IobC to thv. 
value of 76‘9 and the coefficient of racial likonoos W(W calctdnUjd in ihiH com,; nlthmigli 
no close connection was expected. Of the 10 cIinmclorH compnrtHl six are found U> 
differ aigniftcautly; thcHO arc £fi(a !=> 48‘2G), i£(43'dl), /f'f2(VH2), (/*/£ (26'2l), 
N i (21‘7(J) and (16T7). The Nnga typo has n emflllor facial akcloVou fclvuti the 
Aino. 

Of the adult Naga crania available in the Biomotrio Laboratory there were only 
six male and four female complotc enough to be uacd in the ordinary way for the 
purpose of providing contours. No tronovorao or honKontal contoura were drawn, 
Tho sagittal drawings were mode in the ueual way for all the ntlult ftpeoimeu® on 
which both the uasion and bregma could bo located. Whore jwssible the miiiuoj 
Was orientated by making tho ntwion, bregma and lambda the saroo height nbovo 
the drawing hoard, hut if tho lambda was missing the anterior nasal spine, alveolar 
point or basion was used in its place. A now method of constructing the typ<i had 
to hft devised iu order that uso might bo made of tho outlines of the incompleiu 
specimens for which the 'N'i base lino is not available, Figs. 3 and 4 arc the ttinie 
and female types and tho mean moasuromenta from which they were coiiairucU«l 
are given in Table VI, Tho boso lino is, os usual, given by six malo «nti four 
female crania only. For these the mooua of tho ordinatca VI -IX and tho »'s and 
y'e, of tho lambda, inion, opisthion, auricular point and sub.orhital point wore found 
in the paual way. They also provide the moan values of the angle $}fy. The jw^i- 
tion of the bregma is then given by the moons of tho chords avaiUblo for 
IB male oud 12 female crania. ^This lino.—oxteudod where noc 0 S 8 ary-™ijs usctl oi 
an accessory base lino and it is divided into tho tenths and other divimons indicaUscl 
. The tip of the anterior nasal spine (NS), tho alvoolar point, the anterior (p) and 


' op, ct(., Appendix XI. 
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posterior (p') cxtrcmitieH of iho piilato Ixjiich, the Hphenoliiinioii fuiil bwiftii nil liavii 
their ir-cD'ordinates nioosiired from N along mid their y-Ro-oiiliiinlefl pr]K'ii‘ 
dlciilm' to this line, In order to obliiiti lulditioiiiil piiiiJtHin LliopriMimxillary n’gii'ii 
it is also necessary to draw n llini blirougli ihu alveolar point jiuraiy Ui 
ordinates kingtnkon from it at distanccH of ^'^th mid )|tK of from 111'* alveolar 
point. 

The type sagittal 00111011111 constructed in this way are, hased on very NinJill 
numbei'fl of crania and no detailed compariHoiiH with other types would Iks jiirtlifiMl. 
Their most peculiar characteristics arc llmHinooth and almost verticid sections iif tin* 
frontal bonea above the noaion,—the inalo figure having no dmlingnislmhle ghibclln 
prominence,—and the lack of projection of thcflcetioiiH of tile nosnt boiu's. Those 
are chametora which we should expect to find in the case of an Oriimlul typo, 
A comparison with the type contoui’S provided for oLhor Orieiilal aeries shows that 
id) tJiflir frontal and nasal sections are remarkably alike, The Tibeto A and 
Nopaleso differ from the Nagaa, Ohinesc, Ihinuese, Javaiicso, DiiyakK and Tagnla in 

having more projecting nasal bones, 

■ 

i:)ESCltin,TON Ofi’ TLATliH, 

I. Nomml rattlonpop row), nomul fonifllDD (iimlilli) row) nmi juvenllwi (bolloin mw) fmm iha Jtftfta 
orftnift oollcoLcd In 1927. The Uiomolriq Lnbornlory niunbws of Uimo upwlmenfi, iwallng (row leA W 
right, firo: top row 87,8H, <11 ntid 18, middle row i, 9«, 19 nnil 10, Loltom row 0, Ifl, 0 and 18, No, 87 
Las n Urge Imalod wound on ilio rigiit aldo of iliiiironial Lone, 

II. Typiofthnalfl Niiga skull (ll,0,S, 8-(19fll), Nonno/ddofli (en, 0-8 H«lur»l alne). 

III. TypiottlmaloNaga skull (B.O.B. 0'B2Bl), Woriim lafrrnife (ra, O'OB natural aUe). 

IV. A, Typical maloNaga skull [R.0,3, (l'fl231). Norino uenfralis (««. 0'7 nnlura) iinn), 

B. Tba nasal bridge ol a male Nnga aknll (R.0,3.0'0898) showing wormian IkniM In plac* of 
the nasal bones {ca. 2'0 nulural size), Tlio imsal bridges of two African negro (Tells) qranla having ihe 
same anomaly aro etiowh in A fUmli/ of (hi Uegro A'lull (Wfomsirflrd, Vo). .\Xljl (1831)), Ptai« IV 
Band 0. 

U. rhfl palalo of n male Nogs skull (1827 series, B.L, No. 11} showing the nnrruplwl third led 
molar honzmiW and proronJing ilm second molar from crujiling (co. naliiidl size). 
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THE ALBANIANS OF TI-IJ5 NOBTH ANN SOUTH 


(1) INTRODUCTORY ACCOUN'l’ OF MlDASUREMBN'i'S 
AND PHOTOGRAPHS TAKEN IN 1929. 

By MIRIAM L. TIDDESDEY, 

Thk Albiuiiftii j)(!oplo, whoso touaiicy of the Hulkaiis is stud to extend favtlier 
back into the mists of antitjiiity tliuii that of any other Balkan taco, and whose 
language—flavo for borrowings—has no allinitios wjtli other European tongues, is 
divided into two groups, Gege in the North, Toske in the South. The quustion at 
once suggested In the physical uiitlu' 0 [wlogist is whetlier the cliffurciicc of naino 
covor.s also a rliUbroncc of type, The moaaureiiiciils and profile photographs which 
form the basis of the btatiatical study which follows this paper wore oolloofccd in an 
attempt to furiiish aomo sort of atiawor to this queation, the aubjecta being thorefore 
chosen in approximately equal niirabors from North and Soiilln 

Light upon the physical clmractovs and rolationshipa of the Albanian pooplo wins 
however not the only, nor even the original object in mukiug these iuvc.stigatiouH. 
They were prompted also by a ([uitc different purpose, And aincu tlio civciimataiicos 
which gave rise to this other parjiosc alYeot the records thorfiscWcs, it will bo necessary 
to explain them briedy here, 

In 1928, iiriprosaod by tho enormous waste of offort and opportunity involved con¬ 
tinually in the making of anthropological records which are to a largo ox tent non-com- 
parable among themselves, the writer published a paper entitled ''Racial Anthropo¬ 
metry—A plan to obtain International Staiidardimtion of Method *In the course 
of it reasouB wore given for supposing that the technique elaborated by Professor 
Rudolf Martin probably formed the most hopeful starting-poinhAom which to build 
up im iutevnationally acceptable tcehiiiquw. The renaons given—tho ehiof of whioh 
wna tho wide following already obtained by the Martin school—worogonornl: they 
included none based upon firak-hiind oxporionco of the tochniquo by tlio writer 
heraolf. Aa 8\)ch experience would clearly bo uaeful both in Bubaequent (HacusaionB 
of the problem and in catimating the reliability of records made by others in 
tho field, she took an early opportunity of obtaining some instruction in tho 
technique and then of practising it under field conditions, Both the amount of 
time spout in study aud that ovailable for field work wore unavoidably restricted 
owing to various ciroumstajices, 

* Joiirn. Hoy, Anlhrop. hut,, Tol, lviii (1036), p, 661, [Tlio Edilor fools bound to ntnlo tlist In 
publisbiog this Aooouut ho boo not overlooked (he humour of this otplnuellon of tlio wrltor'a purposes.] 
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The limited mndiint of tminiiiK mnut Im clejirly realised: it wmild he im.^t 
unfair to lior iiiHlrimtorfl to poR- an a fully truined anlliropmimlriHt t.f lli»‘ Marlin 
school. The antliropological tmininfj f'ivou lit tluj AnlhroiHiloKiwlicH Iimtiliit in 
Munich extends over several years and includes ii far liiiiji[er and inore tluToiiKh 
practice of anthropometric technique Ihuu it was pnH-sihle to crowd into the llm'o 
brief weeks of her stay there. She lias to record her de(J|i gralitudu to Trofi <ts»)r 
Theodor Mollison and I>r Wilhelm Oieaelcr for the iwiiim they Uuik In umki- lUis 
short stay yield the maximum of profit, Intensive anllirdpometrie inslnielion wna 
given by Dr Gieacler to a cUus.h of two —lhe other Hliident being Mr K. II. 
whose visit to Europe has enobled him to record in detnil wune of the dilVenuices 
between the techniques employed by varimis lencheraof anthro[Hum-try in Hiirn|K>*. 
Practical instruction in photography was given by I’rofe.Rmr MoIIiriii; mirl advice, 
as to instrumenlB and equipment by holh. The writer cannot f-irlu'iir to esproRi 
once move her grateful acknowledgment of the time mid elTort so gitiemnsly 
expended. At beat, however, it could bo but three woeks of prepumtion, mid the 
question arises os to how far one can rely upon the oliservalionfl HulmeniU'iiUy taken. 
It was part of the plan to get at any rate a moaaiire of the nbserver'N own variability, 
by making the observations on a aeries of individuals IwU'e over on diffvTcnliwiiwtbuw; 
also, if possible, to test her personal equation ugaiiist lliiit itf rpiiii* elher user of 
Martin’s technique by iudependent memmretnent of the anna* aerii'H. tbir<iirtiinjiUt|y 
neithor of these projects could bo carried out on the leliirn to England owing t«i 
the doinancla of work accurniilatoil in her absence; and it would Imve kton uiwKw 
to do SD after somo months' interval in which memory had lost iUi aharp nullinw. 
There is no certainty that the personal equation eslnbliahwl during ft few weeks’ 
applicfttion of a technique will be found unohangod months iiftorwania. 

In this particular, therefore, execution fell short of the plan. And iirirortunaUdy 
it must bo not merely admitted but emphasmed that this failure rolia her meottls 
of a good deal of their possible value. The foot that most oilier published measure!' 
merits on the living body suffer from the Bftino defect does not help maltenii, No 
measuremoiit on tlie living can bo taken at its face value as re|>reaeiiling al»t). 
lubely the sixcof a given character in a given petBon, for ibis will have u cerUiin 
range of inherent variation as well ns variation over which the observer has iwine 
(but nob absolute) control, namely the posture of the subject and the observor’a own 
identification of terminals, his accuracy of rending and his ability to ^wrforni the ftamc 
movements and pro^puras repeatedly in exactly the samo way. From the Btandanil 
deviation of the difforunco between poira of observations by himself on ii Berios cum 
could work out the value of the standard observational error for any uf his coMsUmts; 
similarly one could evaluate and allow for the effect of clirreroiico of personal ecpintioi) 
between pairs of workers. Given enough of these roooi-ds, one could foil back upon 
the most probable value forecast by them in coses where no direct moasuro of tho 
, difference was available for the pair whoso moasuremeuts it was desired to pool or 
ccmpaic. I(. is sti-.-ugiy s-..Hii6cted that the combination of standard error, standard 

.* Odi iBbendon Monsohon, Uanibtieh il. bfoloff. ArbeUmflhoden, IM 

\n MV.ii;, S. lul. ' 



Miiuam L. Tildeslky 


2S 


ol)Rerviitii)niil error, nnd perHoiml-ccjimbioii difForenco would frequently bo found to 
mask UfltUiil iiUer-vaeial dilVorenecH for many characbcrfi that anthropologists now 
uieaHure; (uul when to these factora we add a dilTertuicc in the actual dofinitione given 
in tlu! (lifferonb techniques employed, the unreliability of face-value differcucca in 
the results obtained is of coui'se greatly iuoreosed. If the aysteirnvtic recording nnd 
publishing of standard observatioimi errors aiul personal-equation dinerenees 
should vcHuk, as it juobably would, in the abandonment of a good number of observa¬ 
tions now taken on the living, the elimination of these futile and timo-waating 
monaiiromonta need not be regretted, oven if they exposed the worthlesaneas of 
results obtained by much luird work in the past. Tlio paat cannot bo recalled, but 
the future ie ours. 

The actual ineoaui'cinonts recorded by the writer, thoroforo, have only an un¬ 
certain value. Since it is imw impossible to give any exact measure of thoir 
reliability the beat she can do is to record certain impressions and experiences. Also, 
she is not the only worker who has used a beclmuiue without adequate training, 
and done so under the dilbculties experienced in the Held. iSome in fact do so liaving 
had none at all; and others who have had ns much os she may nob liavoput it into 
pnvctice fresh from instruction, ns aho did; also their field conditions may oiwily 
have been more difficult. It is probable therefore that her comments will apply in 
part at any rate to other published figures than merely her own. Hoforo detailing 
these, however, she must explain what the field conditions wore, and what subjects 
wore mcasiirod, 

Tho subjects on wliioli observations wero made in lD2f) wore soldiers in Albania’s 
conscript army. Thoir nominal ages wore 21 ami 22 years, bub those figures are 
among those that cannot bo taken at bhoiv face value, fojfrtwo reasons. One is that 
even many of the more educated Albanian townsfolk have not up till now been ac- 
custoiuod to keep any record of thoir nges; still less tho uneducated villagers whom 
slio iiionsured. Thoir exact ages, therefore, were not known, and were only impitted 
to them in tho army records. Secondly, conscription having been only very rocontly 
instituted, many young men wero drafted into the army who would have been taken 
some years sooner if a regular army had come earlier into oxistoiicti; it was quite 
obvious that in some cases tho men wore nearer thirty than twouty, nnd a few of 
thorn probably on tho far side of thirty, Tliey wore drawn, os has been said, in 
roughly equal unmbom from North and South. Tho aolual districts wero largely 
doLorminetl by tho mimbov of men from eacli present at that time in tho regiment 
at Shkodor (fdoutari), It was hoped at first to mcasuvo the Qcgcn of Dibra. This 
choice had been suggested by a groat authority on Albania, Miss Kdith Durham; 
also, svlienover tho subject of stature or physique camo up in Albania itself, the 
remark was goiiorally made "You sliould sec tho men of Dibra, They arc tall, fine 
Albanians," As however there wero nob enough men of Dibra in the regiment, tho 
Albanian prefecture of Kukfis* was chosen, lying to the north and north-west of 

* Tliia proIoDture Ir part of Uia nxlonsivo clislriot oxtonilins muofi to Iho norlh of Uia proRonl 
bouiulftry of Albania whicb under Tuikieh dominion waa callod Koaaovt. It baa uotlung la do willi Die 
town of Koasovn In lha aouthoni area, Tho naino la alhl In use though not luarhoil on inodarn tnapa. 
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Dibm, and occupying the nortli-canb corner of the prasont Albanian kingdom. The 
district is ahadcd in on the accompanying map, which aimiltirly shows, in the South, 
the area from which the Southern Group wna drawn, lying almost entirely within ' 
the prefecture of Qjinokoatiir (Argyrocofitro). The larger towns wei’e avoided as 
being perhaps more likely lo bo affeefced by racial mixture. Also Albanians of the 
North being [wrUy Moslem, partly Catholic, with Catholicism os the religion of the 
amitkern Sorbs; and those in the South being oifchor Moslem or Orthodox, with 
Orthodox neighbours over the Greek border, some preference was given for Moslems 
in both districts, again with the object of avoiding as far oa possible racial mixture. 
Among the Albanians theinaclves, the difference of religion corresponds to no 
dilTerence of original stock, but to the subsequent accidents of conversion some 
centuries back. Tho lost large-scale conversion was that to Mohammedanism, im- 
l>oBod hy force, imdor the Turk, Different comiiiunitics may share the samo village, 
but move often inhabit differont ones in tl>o same distvict. Inter-oommunity marriagoB 
and individual conversions are both rare; the latter are said to he discouraged 
almost 08 much by the community joined as by the community abandoned. 

Tlie individual slmota of observations record not only tho man's own village 
(which was of course that of his father and probably of all his male progenitors for 
generations back), but the distance between it and his mother’s village. It wiis 
interesting to discover that the men of Kukos tend to go rather farther afield for 
their wives than tho men of Qjinokastor, Whother this can be associated, cither as 
contributory cauec or part affect, with the reputed bettor physique of tho men in 
the North is a matter for speculation. The following arc the distributions obtained, 
distance being measured by numhov of lioura’ walk: 

flame ^ I 2 24 tt SJ 4 C fi 7 H 9 10 11 13 over 

OroLip vlllaso hr. hr. lira, lira, hra, hra, lira, lira, lira. lira. lira, lira, lira. lira, lira. lira. 13 houra ToUl 

Northern 74;i;)$)H9l0383h2204 » 78 

Southern -10 fl 7 fJ 7 1 4 1 2 2 3 0 () I) ] 87 

It may be suggested that tho village.s are perhaps farther apart in tho Kukiis pre¬ 
fecture. Such may bo the case; the mostdetailed map available* corlainly gives that 
impression, but this may perhaps bo nccountcd for by tlio northern villages being on 
the whole smallev anil fewer of them vecerrled. lufurmatioiv wiw ebtainod concoriiing 
the sixc! of tlu) villagOH from which 111) of (iiir Uogi's (Northerners) came, and it gave 
It menu population of tlllH; fur 47 of the ToskoH (fHonthornors) Urn mean was dOOf. 
I'lvsimnihly tlin iiirniiH for the wl)ol(! of our two groiiim would still show tho avorogc 
Gcge village to he smaller than the avorage Toskd, and thus coiitrilnite ono roasen 
why the Gegi'; should need to go farther afield to seek liis bride, being bound to 
avoid marriage with any woman whose male lino of descent was known to includo 

* In M, JiiHliii Oodnrl'H L'Albank t)i mil. 

t DaU otlAiniul Iriiiii tli« 1||27 cuiiaub, vLiblialiQil in Tirniin, 102N, antlllisl .Vli)i>rln mS 1337. II 
wira not jianAiblA m klcnlity in all casos the \illA;;a« otUdriKl an th« luanmiKinanl «l(pii wirh thou 
{inbliHhMl in Ihn aemum, owins lu vnriivliunA in llio upeilinR. The vrtller ■withe* io exprete her thtnkt 
io Ilin Encellcnoy Ujetnil Ui<y Dion, Albniittn Mininier in l-^ndnu, for hit kinil iieip in tho idonlincAVlon 
of llio diNlriolA in ijuetlion aik) for Ihu loan of llio boob t|ui>i«d. 
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iiu iuic«st,nr in iiiH-owii iiuiln line. This iluts luit, sccik, linwiiVf-r, (n Jw" (hi' 
oxpluniitioi), for it' wo conlinii onr mmlysis In thi'f'- uu-n who o4imv, Tr^nn th<* kr^' i' 
villages, with ovor iulwhitnnlM. wo find Hint- mit. of 1!) thgos thr niMthor% 
only two had cnino from ihn finlu>r’.s villugo; ii>ifc of !t7 'I'oskvH fhnn tho Inrgor 
villages. luid hnlh imiviits tVoni iho wirni- vilhiKo. Duly Ihree th-^m r.vm iVoin 
tdwtw niiinhei'iiig nmn! Uian n Ihmisitinl inhabiiants, atid iwn iiinlhern «iut. of tin' 
ihi'Ce c'.wo ftem elsewhere, 'IVn TiwltOH eiutie I'raiu mwits nf this size, nnd llio 


mother of only one wiw brought in from onlsidii, 

^Y)l)l()1lt the privilege of aeeeBa Vo the nrmy tind the nwxiviyvneo niA fiwihv^' 0 ‘♦ 
conrtumialy aceorded it would tuive heoii inumsHihln to ohlniii in flio few woohs 
available the metwmomenU luid photogrApha which were evenlnnlly hroughl home, 
and the writer wiahcH to expresH her most guitiTuI ihuiikH for the gioa! kindmews 
she cxporieiiccd in Albaitiu. It may ho iniagined how dilVeveht wiodd have Uvn 
the rate of progiosa if it hud lioou noceiwai'y ( > waylay individual villagers as they 
fiame to fclio .Scutari imirhot. and to iiiukc to thorn ihc ouiiHgrons projssdsi'Oi that 
they should sulimit to the indignity of bring hiiiidled, clad mdy in shorts, by oie' 
of tlie .suhject-flox, Tlio ronsoii alleged hidiig ineonijirohciiKihh' aiid nVwurd. iho n .fd 
reiuam would probably bo sini-Hlor, nud in any cuao would bf sMs[t*s'led. Th>* resiilt?'. 
if Any, obtoilied in these conditions would liavo bi'on n>hnivf]y fi-w and oxiwoimvo 


For ilie nuich more fiivoinnble cmidilimiH in wliioli the work was ( ventuidiy 
Carried out the writer must first of all exjireus her indobt«<tuc»a to her frit nd 
Mr Qa?.im lOialrftti, whoso help, Biiggeslioiis, and iiiilinlivo ihrmiglmut sbe fn«n*V 
' gratefully rccevcla, and in svhoHo family aho wan privileged to enjoy ilm woml^wfnl 
experience of Albanian hespitaUly, Military phologmpha being forbiddi'n, b« 
authority than that of the frivno Minister was needed Ui uvoriide thia nding^- 
Through the kind inslriimontality of the Brilimh Consul and (he liriiish hiwl <*f 
gondftrmovie she was able to state her request in peraon m tlio Ih'emmr, Ui« 
Excellency Kota, and to return from ihu capiud to .Mciiutri nririwl wiih vhe 
necessary instruetious. Finally, she wiBheu to esiwesa her thanks to the Couinmndant, 
of the i-egjinont, and to Adjutant Iborahimi who, being detailed u* provide the men, 
accommodation and facilities required, carried out thouo tasks witlj great rmirt'iay 
and good will. 

The field conditions were thus much easier than in sonio ousw, hut yet eerUHii 
diffleulties existed which doubtless had thoir efftmt upon the rocortls. Thms were 
chiefly difficnlLiea of langmvgo and of timo. Tho rogimont had Ui rlejwri for Tirana 
three weeks after tho work was bogun, in order to take part in tlm (Udebniiiun 
of the first atmivev'aftry of tho acoossion of H.M. Tting Jtug. The elTeeUve purl rif 
theeo tlireo woohs was shortened by delays which Homotimes ncmirrod, aoldiisra 
being required for otbor duties than tho duty of being measured^ As my friends 
Mr Qasim Kastrati and Mr Toufik iCalatei were only ablo to assist part of Iho 
tirno by rcpoHing the moasuromenta—for whicli I thank thorn—tho work hod to 
lij f.vi.;; Ill (.v,;! the aesistanco of two sergeants who had a smattering of 
l/igb.d) ■«■ .;if)o imperfect bo remove all danger of mistakesj and partly 
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wifcli Uin (if a corporal Hpcnking only Albutiian. In Uic latter cace aho oithor 
Ifith mrivHiirml jHitl rocordfifl, or inonaiircd atiil dictated the figures in Albtiiiinn. Aa 
hIjc wft#* not well, and the liofit very great, and as the hours worked were long, fatigue 
was not nlmoui', and wlnai fatigue snperveiiijs.tho translation of figures into nnfainiliar 
worfl-4 iH neither so fluent nor porhapa so accurate as it would otherwise bo. It is 
probable iilHt> ibat obaervaliona made in ibeae conditions may thomsolvoa bo less 
acciirato, in npiks «>f every endeavour to keep tlioin tip to standard. The extent 
to wbieb Rufcb fivcUm are likely to motlify the results remains unknown; but as, 
pRAuinnhly, nrmnt duo to these cauaes are iw likely to be in excess ns in defect 
of the real vtilmtH, the means at any rate may bo very little affected. 

To come luiw to jmrticular mcaaiircmeiits; the values for chest girth when the 
lungs nre fidiyinlliitcd or fully dollabod can certainly not bo relied upon. Complote 
deflation \vii« aometimes obtained by nmking the soldier laugh; the tapo wra held 
with one hand, while his ribs wore tickled with the other and the Albanian 
word for "Laugh" uttorcil. Whether his riba or his aonso of humour were more 
tickled by thia procedure ia not certain, but in most cases it was immediately 
effective and bnfh liamls were tium quickly used to tighten the tapo round the 
collupacd choHt. SomebitnoH, however, his gravity woo portentous, and the Itmgs 
far from collapsed. Dolibemlo inflation and deflation being ipiito new to him, 
neither for the most part was performed very snccossfully; and though normal 
ohoat girth was usually tho best moasuroment of tho t!)rp,G, there was a tendency 
to inflate soniewhat as soon aa tho tapo was piissed round the chest. Where 
operator and aubject have only a few words of any language in common and time 
is limited, it must always bo very difiicuU to make those measurements com¬ 
parable with those taken, say, by Germans on Gormans who have been trained 
to breathing exorcises from their youth. The "balling'' of tho vijqMJvavm muscle 
seemed on the other hand to bo understood and performed much better, so that 
maximum upper arm girth is probably fairly reliable. So also is span. Tho closing 
of tho teeth for moasuroment of total IFaco Height almost always offered some 
preliminary difficulty, The investigator is not underhung, bub the soldier always 
responded to the domonstrntion of her own closed teeth by shooting out his lower 
jaw in front of the upper; and so convinced was ho that ho hud to do somcLhiug 
unusual with his lower jaw tliat lb often took several moments of voluble ex¬ 
planation and domonstratiou by tho corporal in charge and by thoso sokUors who 
Imd already been bhnmgh the process, assisted by pliysical force, before his 
be.wildoreil inaudible, could bo got into the correct position. Haying got it there, 
however, ho iisiiully kept it well elonched, and tho operator's improssion is that 
the L'\ice Height meivsuromout was fairly well done, 'riic identification of the nasion 
in llie living is notoriously open to wide difforoiices of practice, hub she folt few 
doubts about her practice of the instructions received on this point. It was 
otherwise with tho idoiitiflcnlion of the terminal for measuring Knee Height, and 
this cluuucloi' was therefore abandoned half-way through. Also with that for 
measuring Ankle Heigh t, though this was nob abandoticd, Those projective measure¬ 
ments which depend upon postuio—height from the ground of shoulder, elbow. 
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wrist, top of broiiSt bfiuo, etc.—iirf; well kno'vn n« being very flubjwt oWrvfi- 
tionftl error, error which will, |iowtiVt?r. bo leu-*! with tin; very cxi)»^ricnc<jti ulMmcr. 
Aa all© was iiotao very cxlicricacdd, tlujsu must lii.i to soino uxttuit miBiK'cf/ ir» Iut 
case, theugh she wna not ciiiisciuiw of any pnrLi«nilar misgivings while Inhitig liuuu. 
Stature seems likely to be the most njlinbli! of iboso, us it is mwier for tbo anVyiTt 
to oBsumc the correct ijositieu tlmn Ui muintfiin it for Home time. Wnrlin's tuoth'Hl 
of taking Eetitl Height wtm vegunhid by Imr iirntruetoffl (w uitKaliHfflcU)ry smt liubb* 
bo very eonBiclerablt error; tho veaults for this character must therefore ituiiblbw 
bo accepted with caution. Heud Length and Broatltli, on the other baud, w,mld be 
among the most reliable mcasuromeuta taken. How far the inisgiviiigs or rttri- 
fideiioc hero expr« 3 saod are juatified, and how far any errum alTocied the rt'^uilw 
cannot now be tested except in so far its the, covnpanvtivc mvasymum utH avatlalde 
may tend to eoiifuiu thorn. Where thoy do nut, tin; cause may nut lie in ihe 
writer's departure from the techni([ue nIiu was utk'in[)tiiig lu apfdy. bm, in (he rmtu 
conformity of the other observers’ pmcticc. with that of bur iiiHlrueiuiw, A« r»r, 
however, as compaviHim of Gegc with 'Ihtske is cfluccmed, the wutw* C'aulitmim 
apply equally tu both, They were not lueoHurcd atdilTofenb liiUea, but tSege and 
Toakd iiiterspoised, whether for uienHimuueiit or photngmphy. 

The pvolilc phokigrapha from which Albuuian t,y{H‘ Hilli'ansikH have b*‘cu 
obtained were taken, not in the barriUika, but in tho romiiH i>r a local pbutugntpie r, 
who was good enougli to allow the use of his pronnwm, U> asHiat by changing the 
plates ill tho holders, mid nflorwardfl to do a good dual of tlio dcvuluping, Hi« 
poaaoaaion of a limited amount of Gorman, awiuirod during the Austrian twcii jwti‘»n 
in 1214—1818, gave us a modiutn of intorcoiitse, up to a iwint, but though li‘> 
could read figures ho wna unfortimatoly unable to writti thciiti. This prwitnM-d 
a considorablo difBoulty in tliat the plates reinovod from the jiohlem hiwl ortcli 
to be marked with tho soldier’s number, for ideiitiftcalioii. At my «uggeati<m be 
roprosenbed each numoral by an appropriate nunibnr of acnitohoH on the plnim, 
though the noughts baffled him and were attempted in varioim wnyB“™»>iTWtiiiH*«s 
by ten strokes. This devico, however, was Biiccessful ns regiirtl« iiine-tcuuliH of Um 
photographs; those in which tlio counting of the strokes u« limy wens made wm 
wrong, offered a task of some putioiioo in identifying tho men, but with ilm help 
of the moasuToments recorded all wore idontifiod in tho ond aavo two or lhri«f. 
The other diffloultios attendant on the photogmphy wore thoso of linio aliorkigo 
(thoy wore taken towards tho oiul of the three weeks allotlod) and Urn job of 
copiug, often single-handed, with batohoB of a bcovo of inou wlm folt livoHor out 
of barracks, of posing tho ono and kooping him motionlosfl till photogniphwtl ami 
at tho same time preventing some of tho others from iiitorroring with tho photo¬ 
grapher’s property. Sometimes thoro was tho complication of ft client for llm 
photographer, before which, all olao hod to give way, and one'a own ciunem ami 
properties to be Bhifted. A standard distanoe between camera and subject was 
aimed at throughout and a standard focus; those wore kept as exnot os possible 
in the rather unplaoid oiroumstances, It is hoped that the photogropha, thftuk« 
.: to the labour spent upon reducing them to type Bilhouettes, may form a doBnitu 
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adrlitioii to our knowledge of the Albanian head. One oinissioii, however, has 
robbed them of some of their value, and for fcliis the writer must now publicly 
don fchti white aheeb which has long been her garb iti the Biometric Laboratory 
whenever the subject of the Albanian pliotographa lias been raised there by the 
bklitor of this She oinitted to take any direct meivaurement on the liead 

which would give exactly the scale of the photograph. For this reason, though 
the Albanian typo silliouettes give the propertiena of the typo head, they fail to 
give their exact sizes, thus preventing exact comparison with other typo silhouettes. 
The omission wtis duo to no other circiun-stanco than her own failuvo to realise the 
necessity of such a measurement. 

It remains to record the result of certain observations on tho buck of the head 
and on the teeth. Tho majority of t!\e heads examined \Yore distinctly flat-baoked, 
but a note was made of those that seemed "rouiul,’’ with a roundnesa that would 
be seen more in If, voiicalis than in N, IcUmtlis, Tliirby-thrco out of 17 men from 
the North are thus recorded, os against six out of 89 from the South. Difforance 
significant. Occipital nsymmotiy was also noted, and found to occur in eight 
out of the 77 Kiikbs men (throe on L., five on 11.), and in 15 out of 89 from 
Gjinokftstbr (throo on L,, 12 on R.); the difference is non-significant. As regards the 
teeth, edge to edge bite was observed in 16 out of 78* from lCukb.s, and in 14 out 
of 89 from Qjinokoster, Obviously-iri'ogular ilentibion wirs noted in only two 
out of each group—would tho same wore true of our own countrymen! Only 
two wero undorliung, and only ono had open bite, these throe being all from 
ICukos, 

The Boioutifio results of the Albanian Expedition wore thus twofold: on tho 
ono hand a gain in oxporionoo which tho writor fools to bo very rnueh worth while 
to hoi-self, and on tho other hand theso records, imporfeeb in some respects, con¬ 
cerning the physical characters of Qoge and Toske. She cannot sufilciontly express 
l\er gratitude to Professor Karl Peamon for tlio very great labour bestowed by 
the Biometric Laboratory on theso records and for his kindness in permitting them 
to take a place, albeit a modest one, in liiamctnka. She is greatly indebted to 
Dr Morant for the loan of his oaniera and tolophoto lens, and to him and to 
Mlsfl N. Karn for the statistical troatmonfc of her moosuromonta and for the 
reduction of the silhouettes to typos; also to tho draughtsmen, Miss E. Irvine and 
Misa M, Kirby, of tho IBomotric Laboi'atory for tlio largo amount of drawing work 
involvocl, 

(2) DISOtlSSION OF MISS M. L. TILDESLEY’S MEASUREMENTS 
ON THE NORTHERN AND SOUTHERN ALBANIANS. 

By tub Staff op the Biometric Laboratory. 

An examination of Table I shows that tho group of men studied by MissTildesley 
from tho North is differentiated in essential characters from the group drawn from 

* HotqallQ nU tlio man woro avatlablo for Ilia ontiro iwriea of obeervationa and ogain for pltoloeropliy, 
benao lha vArtnUon In nnmboTB. 
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tlie South, Taking the OiObroncoH of ulwohite Iwly HiMH— North iiuuu^.Suiitli— wo 
find the duviutions in teniis of the iirubiibh; eri'oi-H of Uuwt' doviniiou^i are f..r^ 

.Stature: V'7;Spaii: 7-H; Silting Height; :V4-, Suprnstonml Ilvight: (10; 
Acromial Height: 7-4; Klliow Height: 7-0; Wriat Height: (}-7; Finger Height: 

5 G; Foot Length*; 12'(i; Foot Hreiidth; 40; Oheat Breadth: 01; Christ HejiUir 
4-1; Chest Girth at rest: hO; Cheat Girth inflated*; 74I; Hip Brwlth; 45; 
Waist Girth: K; Upper Ann Girth (Btniighl): 8S), {flexed); M; Head (hmnri* 
ference: fl'l. 

In no Cftso waa the Seutlrern Group greater in a bwlily measure me nt than 
the Northern Group. Clearly the man of the Northoni Group is in in srly all 
respects significantly a larger and more museular being than the >nau »( the 
Soutliorn Group. 

Turning now to the faoial ineiiautotiionts the Minitnuni Fmnlal BrcwlOi, Fane 
Heights, Nasal Moasuroments, Orbital Moaaurcmuiits and ICnr Htunnslers shim* no 
aignilicanb differences, There is no distinclicm in Neck Girth or iH-r.ygmnalic 
Breadth, Turning to the lientl tnesfiiireinonUt wo find that the nxcoss of Mend Isniglh 
in the Northern over the Southern Group is 14'7 tlnics the pndmhh* error i^f lh(? 
difference, and the defect in breadth of this former is fl f) the pnibablu err(»r nf the 
difference. There is no Bignificant diil'eroncii in the Auricnhir Heights, 

Those racial distinctions are well illnslrnted in the ihree cophnlio intlicen- The 
Bmadth-Longth Index of the Southern Group hoing probably the highest kinmn. 
Such an index may, of course, occur in individuals, but as a ineial mean it is of the 
rarest occurrence. Again the Hcight-Longtli Imlex of tlio Northern Group (a 
remarkably low. The Fronto-Mandibular Indices are almost ccrlaihly aignifiwiuily 
diflforont, although it is not possible in the abaenco of the staiidahl dovialions in 
assign the degroo of signiftcanco of any of the indices. No other indices have 
obvioi;aly differences of importance. 

The variability as measured by the standard deviations shows nothing like the 
same differentiation, the highest ratios of difference to probable error being in Hond 
Breadth {3-5) ond Foot Breadth (4'2), This ia in accordnneo witli the goneml 
experience that racial differenoos are usually those of typo mthor than liiewn of 
variability, 

Wo may take it os proven that the Northern Albanians do differ subsUmtially 
from the Southern in bodily size and, it would apt>cnr, also in head-slmiM. But the 
high value of the first Oophalic index in the Southern Group logethur with coruiin 
vague rumours have led to statomonte that the Albanians distort Iho henrU of their 
children, Thus Eughno Pittard states that tlio variability of tile Albanian Jmad 
ineaauromonts "pout aussi provenir de« pratiques do ddformations qui sent loin 

- * Thoa« Mb ol dimoufl wiourwiy, bat Ihew oiuW be no Mm bolwwn Uib iwo Bra»l», 

as tlioy wore maasurea ou the saino ajiot in lUo wma manner ae tbe tadivldwla occurred on the an«l«r 



TABLE I. OonslanU Vie Oliaraoieri measwsd. 


(MuiufliromoutH in CDnlimotrcB.) 


Olior«olBT 

Absohilo MMBiiroinctilB 

AUt^mianEi oC Uio Houlh j 


No. 

MR4n sHprob. 
Brror 

Hfvnd. Doviatiou 
Error 


Mean J^Prob. 
Error 

Stand. Dovtabinn 
iprob. lirror 


SUlui'a 


lfl3-72 -f liO 

G-U 1-31B 

77 

ica-03 -b-oso 

a'08±'37'l 

(23) 

fiittiiig llcigbt 


Will ±-276“ 

3-73 ±-19.i 

77 

8ft-10 ±‘240 

3-20±'174 

(17) 

S|)nii 

Hfp 

l(ll!’32 iMIin 

6-70 ±-350 

77 

175-56 ±-03(> 

8'SO ±'HO 

(4 

HniirriHLni'tml llciiKlit 

W 

l33Ti8 ±’38H 

6-28 ±-276" 

77 

137-111 ±-10.7 

()'42± ■3'IB 


Aoroniial 

Hfi 

1.5;i'21) iMOO 

6-17 ±-263 

77 

i;i7-6(! ±-172 

(l'I,|±','134 

(8 

Ellww Hoigld 

ftn 

loS'Ko ±':ii« 

4-358 fOOfi-l' 

78 

10fl-.3.3 ±‘307 

4'0!J±'2B7 

(18 

Wriat troicilU 

nr, 

78-13 ±'255+ 

3-10 i-iao* 

77 

81-03 ±-200 

3'77±'206+ 

(Uj 

I'ingor KeigUt 

Kfi 

no-33 ±'«36“ 

3-21 ±-lGfl 

77 

02'K.» ±-‘246- 

3'18±'173 

(3B) 

JibonWor nrencllb 

85 

37-110 ±'181 

1-U5+±'0H(J 

75 

37-<18 ±'136 

1-77 ±'01)8 

(40) 

II ii) BronrUh 

«.5 

27-«6l± -110 

l-60-l±-n78 

77 

28-3,3 ±-102 

1'33±'072 

(30) 

Clhost Jircrultli 

8.5 

85-03 ±-m 

1-31 ±-|)G8 

77 

2(J-06l±-0«7 

l‘2B±-0flU 

(37) 

Obent Dnptli 

8.5 

19-18 •±-081 

I'll ±-068 

77 

18-70 ±‘09.5- 

1-23+-007 

(52) 

llnnil DroaJtb 

85 

8-38 ± -036 

••17 ■»-'l)24 

77 

8-11) ±'028 

■38± '020 

(58) 

l''noL Loiigbli 

85 

24-3I1 ±'088 

1-21 ±-083 

77 

25'07 fOOa 

1-27 ±'009 

(48) 

Fuel ErontlHi 

85 

10'06-"± -048 

•68 ± -034 

77 

I0‘2D ±‘037 

'48 ±'020 

(01) 

Client Gii'tli: at invit 

85 

87-81 ±-2n'l‘ 

3-01 ±-187 

77 

«0‘7H ±'205+ 

3'84±-209 

(ai‘) 

„ „ inllittKl 

85 

00-00 ± 272 

3-72 ±-193 

77 

03‘B6+±‘314 

4’08±'982 

(flt'') 

„ „ itoOatcil 

85 

85-157 ±-284 

3-89 ±-2()l 

77 

89-02 ±'202 

3"10±-!8B 

(OS) 

WttiHt flirlli 

HR 

72-21 ±'301 

4-15+±-U15" 

77 

73-03 ±-278‘ 

3'(iS±'lfl7 

(05) 

Ujumr Ai'iii (lli'lli (ntrniglil) 

85 

g.1-5,3 ±-107 

140 ± '076 

77 

26-14 ±■117'' 

1‘53 ±-083 

(OB') 

„ „ „ (Imiit) 

85 

27-70 ±-127 

1-7,3 ±'()iiO 

77 

28-78 ±‘138 

1'80±'008 

(OR) 

Lijw'or Arm CJii-tli 

MB 

2(1-'ll) t-tlOD 

1-36±-IJ70 

■77 

26-74 ±‘096+ 

1 -24 ± -007 

m 

GalriJinli 

8B 

33-40 ±-152 

2 08 ±'107 

70 

34-03 ±‘130 

1-7C±-0B(I 

(03) 

Nook (lii'ib 

84 

35-47 t-lOS* 

1-.3B ±-073 

77 

3B‘7a ±‘114 

1-4B±-070 

(1) 

Max. Hoatl LnnRtli 

85 

17-70 ±'0'lS 

•58 ±-030 

77 

18'05 ±‘049 

•04 ±-031) 

(3) 

iilrix. litiiKl iircAdth 

81 

10 07 ± 020 

■67 ±-030 

77 

16 (!6 ± '0-14 

•67 ± -031 

(15) 

Aiiiiciilnr lIsiKlit 

85 

12-17 ± 039 

■5'1 ±'028 

77 

I2‘I(1 ±‘0'I4 

<67 ± -031 

(4) 

Mill. Jl’roiltnl JiroiMltli 

HI 

1I)-B3 ±'0211 

-.10 ±-021 

77 

lO’flT ±‘0.30 

■39± 081 

(8) 

Ui-KYUumalia IlruiKllh 

83 

14-10 ±'030 

•■13 ±-02fi i- 

78 

14-07 ±'039 

•60 ±-028 

(b) 

Mnmillnilaf lircaitltU 

84 

lO-OB ± 037 

•60-±-021! 

70 

10-87 ±'011 

■53 ±'020 

(45) 

Hood CiroiiiufurDncQ 

86 

65-16-±-1011 

l-46+±-07f> 

77 

50 074 ±107 

1-39 ±-07(1 

(17) 

Hair TJiia to Chin 

an 

17-82 ±‘084 

•88 ±-048 

78 

17'B8 ±'0115+ 

■85 ±-040 

(IR) 

Noniion to 

84 

11-00 ± -0-l2 

■87 •8-029 

77 

12 05 ±'0-10 

■Ul±'033 

(21.) 

Nnaal irntKlifc 

83 

5-84 ±-024 

■33 ±-017 

77 

5'(14 ±'033 

•12 ±'02.3 

(13) 

Nnnal llroatltb 

85 

3'44 ±-01« 

'22 ±’012 

77 

3'41 ±'018 

'S3±-012 

(22) 

Nftwd IJiiptii 

84 

1-71 ±-017 

•23 ±-0)3 

77 

1-71 +-017 

'2‘2±'012 

(10) 

lixtorna! Oiiiilax DisLnnco 

86 

8-78 ±-020 

■39 ±-020 

70 

8-75+± '027 

■34 ±'015 

(8) 

liitornai Ooiiliir Diatnime 

84 

3-24 ±-017 

•24 ±-012 

77 

3-20 ±'018 

'23 ±'013 

(12) 

I'uj-jillnry Diafcnnco 

86 

0-42 ±-023 

•33 ±-010 

77 

0-4! ± 022 

•211 ±'010 

(20) 

Ear Leiiglb 

81) 

8-18 ±-028 

•38 ±'020 

77 

0-18 ±‘1128 

•37 ± -OSO 

(30) 

Ear Bisndlli 

86 

3-09 ±-019 

‘20 ±'013 

7(1 

S'71 ±'0111 

•24±-013 


Judicea, found/rm iha Matio of Meana onhj. 



' Bngliiib [non bI alAdilnrtl ngo 40’C joBrii: K!>'7i 
! Stigileh man nl Bt»ndArd ngo dO'B yum: JOS'fl, 

iriw niitnbors In brnokota piMod boron) ills dinmoinrii Jadioalo Ihn ituuibni'a In llio norroapondlng 
swllan* ol Mai'llti'a ZeArbMA lUr diKAropoIppfi), the moMuranionlii dogarlbiil tliDmin b«lng thoHO Ukm 
by Mine TIidotloy. Tbs KngllBll nsmsa srs not InUndsd «b dosBrlpUann of Ills msimuroinSDl. Tiio; sni 
tlioM pisvidsd by MIbb nidsabiy In tba list abs gAvs tlis vritsr ol inenns »»d BtnndBrd (IsvIsUana; tbay 
ban vsnn ocakBignilly sontrssisd to alloiv ol the tsbls bolng prlnhsd on onn psgo, and oesulonallv 
allghtly sipAndod for tho bsIm of Inoldlty, 
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The Alhanians of the North and South 

d’Stte abdnaonn^GS par les poptilftliDiiH dc Ifi PJniUflult lm 1 krttii(|i(fs PiU^rtl 
givea no rcferencea to (loforination among the AlbariiaiiH. nor is it clem' what he 
means by the variability of the hc«(l-mfiaaiironicntJ», for ns jiuiged by llin staiiH/inl 
deviakiona this is not ouisUnding in Tilib Hley’s dnla. lies quolos no stnndanl tlev ia- 
tions and h possibly only referring to the ditrcifirce in tyjK! be.twt-en N'orlh nissl 
South. ____- 

Rmarh on the uhove Table- Ilnforlunaloly when the abnvss material wft« hninlml 
to the present writer for diaciisaion, it was foumi that in the en*i! iif the 
41 absolute meoauretaenks, aovou of the chief characters wore nuly given m far 
08 their means and 8 tandi\rd deviations wws concernctl to two decinml plaem. but 
their probirblo errors to three. Tim remaining 34 Wisro given to four decirimk To 
make the table uniform, the meaiia and suindard ileviatioim arc all given only Ui 
two deeimitl places, bub the probable errors to ihrco that there iimy be atlcwt Iwo 
signihcaiik figiircs in uH coses. 

No inenna nor atandnrtl deviations of tlic indices wore pmvIfhKl, so that all that 
it has been feasible to do was to toko the ratio of the tneatta of the abthdute mtsisiir*'- 
menta, The absence of the chief index distributions is a loss not «nily Ihwuiiw* they 
would have provided further evidence of diflcrentialinn between ibij two gnaip, 
but because they would have aliowod n wider comjmri.Hon between Mias Tildivtloy'a 
moosuroinentfl and those of other inveatigators Ui bo made. The large anmiinter 
time devoted to tbo onUrgainonb of the photogmphnt profdt's, Uie meaarjremcnk ni 
these onlargoraents, and the final reduotion to ty|)o contours did nut jmrmit of 
further work by members of the Bioinotrio liaboralory SurlT oii lliis maieriul. 


It is extremely difficult to gebdofinito information with rogaitl U> the treatment 
of infants in Albania. Tho present reporter applied first to Mrs M. M, tiusitiek, well 
known for her travels in Albania. She most kindly mode inquiries and wrote to 
him two letters which cannot be said to clear wp tho mntter OTTkirely hut nr*' in- 
structivo. From the first dated "Klbasan 29. xii, 30"t we make the fullowing extracts 
touching this point; 


Albanian babies liu bosido tboir motbom lilt Mto Intler got iq), q'lion iboy etru twpl 
pormanontly (nigliL and day) in cradles; the mvthor even li/tioji the oratlle ou to lier bnw m 
feed the uliild. lu the oradlos timy lie ligiitly swotldtod. 

As to head diskorlloii, for years t’vo boon olioHing Uio story of UtbicM being nirapiwtl oti 
boards to make lliolr heads ll«i It has mot mo from 74igori, n Greek dlslricg a Hma uerg, of 
Jajinina, tlio capital of Epirus, to Seutari In Albania. 0/ all tha oivhIIos I've inveittigated, and 
Ihoy wo pielty nmnorous by now, not ouo was without its little mallnw* and iU pillow, The 
average hood fVom Zngorl up through Albania biw obviously an unusually flat back, anti sa ftw aa 
Tnyptesonv knowledge goes tboro is no more iu tho story llisn limt. The story of Urn bowds in 


' Bugtna Fittstd! La Ptuptei det lialkaiu. Peehitrchit ttnihivpeloelnun daw {« Tfn/iwate 
lialktim, tp6«talmiinl ehun lit Jjibrmtjii, p. 380, Ooneva, 1930, 

t So two aulhofj, no two wsps agrgo In the spelling o( Albanian plsoe iiamtm. There appears to be 
as jiii no stana^dlBalldn, Aoooraingly, we have tboughl It best to use thronghoUl the epelUng 
by aatbot eiteh ip diBousslBg Ws woiH, nolwitbstanaing the appawnl miiUlug medley. The i«* 
of Aw^rdiBlng must be left (et phlloleglsta to dispute over) we aw eosloal to show bow neewaary it li. 



l)iscu«si<»n of M. L. Tildeslky’s Data 
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Alliaiiifi tiiuy alHo lio liftlpcd on liy tho uiii'ioiisJy i^iliviik-liko stmpo Albniiinn iiioii (nmt iniiiiy 
(toasaiit wimutii} (jivo tlioir faccw by Hlmviuj; tlio liair oi\ tUoiv tcti\iiloH. 

Mihh Oui'liiiiii, 1 liolievo, ilunigltl the Nlory nil foolifilitiCNs. Mo ftii -1 linvo foiiiul no cubcs in 
Albnnin of tlio tight lutndnging i>r tlio liciui pmetiaed in IV. Mncodoiiin nml elfiowlicro iw rocordod 
in ijiy iiolidtookH. 

pSimih! nionlliH Intor I rticuivfit] a second loLfcoi' dated “IClbasiui 11, iv. 3t.” In it 
Mi’h lltvsluck fiiiyH; 

1 iiopt! you will Iw iutevpisted to iienr Hint I've, run to earth the etory that Albanian l\cadB ate 
i!al nt the Imck bt'cmiso tbeiv uwnova wero Btrappod on pni>iioao to bonniH when bnbioa, Within 
Ihi; Inst wcokn I hnvo kooii two now-boiTi itifniita, hntli ati'npped to boards. Unt botwoeii each 
iiifiint mid its boiiitl tlicro wan iiltvayn ti inattresn nn inch thick, with a thicker piilow (of vaga) 
under llio lioftd. la Unit not enough to prevent tho board from inllnoncing tho ahaiio of tho 
l>iiby’n head 7 llolh innttrnsa and pillow are as thick ns any used among tlio various [lopulatlons 
of iMaecdoniu, who do iiot strap thoir infants on bonivls. 

'I'lie women atato tiuit tlioy strap tho babiim on tbo board to make thoir liohl on life as atrong 
as the boanl. This igiioi-os tho fact that llio (ionr of tho onidlo is wooden and at least almost as 
thick as tlm hoard, Dallies arc Hlrnppoil on tlio board till baptised, if tlio parents are of the 
Ortliodox religion, and for fiirty days if tho \iarontB are Moliaiutucdanii, deseomled from Orthodox 
aiiecstoiu For Ihn iiioineiit T liavo no inroriinition about Ihu Oathotie Albanians, but hope to get 
Homo witliin a day er two, Nor have 1 any aliout MoliainrncdanH dosconded from Oatliolie 
Alluuiiaus. 

The OrtluKhix qualify thoir (iritcliuo, liowovor, Maptisiii follows birth within a week as a rule, 
in COSO the baby dies, when its soul would bo lost. Tlioy slate that they put Urn baby in a cradle 
os souii 04 baptisod. In praettoo, liowever, they wait tilt the tnouu is full, to aiiHure the baby's 
living out the allolleil npan, I inelino to lliink that tho hoard is used ns a wi)rlhlos.s thing, on 
wliioii tho worthless, hardly human, uiibaptiscd baby is most fittingly strapped. In the Imvii of 
KHmsan, which iH oitlier pure Ortliodi).x or Aloliaimnodaii o.\.Orthodox, and lin.s no wood, a tile 
is usotl instead «f a Isiard, 

Or, it limy ho that tbo board has survived from an oarlier timo when cnullos woin not known, 
Albanian infanlsai'O not swaddled round and round like }Iaecdonian and something lind obviously 
to be done to kciqi tiioiv backs straiglit. 

Moiiin Allianiiins have rationalised the ciistDiii to me, saying that it ha,s nrison liecaiiso tlic 
iiiotlier’s falluir must present the cradle, and that cannot bo bought till theeliild 1ms been lioni,- 
vomiting your ehickoim before they are hatclicd being ivdangerous luocedure in AUmnian opinion, 
not merely a foolisli one im wibli us, Tliis explanation ignorea tho fuel that tho graiulfatlicr 
prnsonlH a criiitla only when the first oliild is born, and Hint tlm (goiiiiraily luiniei'ous) uliildreii 
who follow lire laid iu the same criulle. Often, Um, a cradle is presorved for wivera! genoratious 
in the same family, nml tlio gmndraibor is not inipiireil to present a now one, 

lleiuhiinmhling is uh ilelibui'atrily and as eoiiiiiionly practised os it ivus in Macedonia, iiiid by 
till', Biime lovmw, a liimdkerv.lnef tightly Immid round tho teinidoH. ‘ Who wants a lituol like an 
apple 'I ‘ tiioy sny. Ihil they never associate the board with their attempts at liend nmnlding." 

It is in'idmbk) timt wu may sufoly dismiss tlm strapping to a boaril Imforo 
baptiein ns a caiwo of fclio brnaliyeeplmly of tho Albanian iSoiifclmrn Imad. An 
iCnglisli medical woman who hfwl abndied gynaecology in Vionna told tho present 
writer that in tho lying-in hospital in Vienna tho babies wore invariably strapped 
to boards, apparently for tlio eonvonionco of liandling, and that tho nurso would 
carry about four to six of these strapped babies at a time. Yet ono does not find 
that the Austrian Gormans are ns a whole more brachyoophalic than Southern 
Germans. 


Biomolrikn xxv 


s 



34 


The Alhankma of the Novlh amt Savtti 


The last paragraph of Mra Hasliick'H aertotifl letter tipiwnra to in.lienlo llmt the 
Albaiiiana are willing to heml-nvmlil, h«t that Iheir atU-iaptH must ho )<ingtiloi ly 
ineffectual. A tight bandage round the teuiplea .■^lioiiltl m-hiove two rt<hiiU«, m ) a liigh 
skull and (6) a roiiiul liorizoiitiil .wtion. HiiL the Allwmuri .Mknll ban n very 
low auricular height*, ami itu ('JuirncteriHlic fealuro ia llmt very npide-Hha[M’ whip-li 
the head-mouldera are Hcckiiig to avoid- the Alhaiiiiin luwl in til- loiiioleat liend 
in Europe! The reported distoiiioii of the AUwiuun head haa jirobiiWy hub* 
influence, on the extreine bnwihycephaly of the. Soulhoru Alhauiuim. It i« ii-t 
unlikely to bo a post hoc oxplaimtum i»f a reinnrknhle nalnrnl ehnraet-v. 


Accepting the standpoint that the Korlhern and fi'Uith-rn Uroiiiw .•diidi-i! hy 
Misa Tiidesley form in bodily and cephalic chnr»\cteta two dislinrt meinl lyiH H. wie 
may now consider how far lior mcaaurcniontH arc in accord with th-s- itf pn-vioiis 
investigatori}. 

^^0 may deal with the workf ofllaffaello /iiun[)n first. On K.UOH ln'giv-^^ ineasiin’' 
mmta of 59 Albaniaa motv living in Italy—Calabria, Coaeiwru 'fhiH A lUsnuiiu nolMiiy 
is found in the centre of the loo of Italy, hut wo. have no clue to the [wrl of AllHiiiin 
from whence the men camoj. Ifnmpa HtaUiH that tlioir ini'uii ataturo wmi l(i4 rum.. 
which agrees with bhntofMiasTildosloy for lioriSimthorn (Iroiiii. lie given nrow nude- 
fined menauroments of which the most roinarkalilo i« the Head HreaiUh IW iiini 
No one, 08 far as wo are aware, hoa Hiiggeslcd a Im-r hvrtoUb tbun 155 mm. f-r 
any Albanian district and tUo averago for llfl casea from viiriouH localiliea of 
Haborlandt and Lobzolber is 168 niin. The incaii Head I.a'.iigth of /^mjHi’n 
Albnninns is 18S inm,, which agrees exactly with Ilnkcrlanill and f/cbiodtor’a jkkiIpiI 
value for 111) men, Zampa gives for the Hint Cephnlic Index the vhIho 80 il (H{) 7 
from his frequency distribution), a value far below iinylliing HUggcHtiu! by lai-r 
inquirers for any Albanian group. Thus it docs not acorn ^wnaiblc Ui lay any 
on Zainpa’s figures. 

In 189’i' Leopold 01uck§ published a moro important pap(?r giving indiviilmil 
meuflureraents of 30 male Albanians from tho north of tlio cmiulry. Eifl-eit of llitw 
men camo from Prision, LI from Djakova, I from Novi-lluxar and I fmm Ij^-k, 
these being their birthplaces (see map, p, 24). All these towns lu* onuide the 
present boundaricB of Albania, although the timt two of ihoin are within Ul—15 
kilometres of the boundary of Miss Tildealey's Northern (ironp, and ih-y war- 
within tho old boundary of Tiiiitisit Albania, ('oiniiariaon, if nny, imiai ttian?fMra Is’ 


* "lift liftutoui' du oiAiio {illftiiiilro ftiirionlo-briJKiimllqiiMj «nl ilijiiltsiuiiK fftltl# rtiM, Im AlbsiMl* 
Toutes leu popiilftlSons do In PAiilnHiiUi dca l)iilkiinft...cxco]<id le» Herbeft, oai mm lifttilrttr du eiAa» 
&Hp 4 il«ftuo a mUo ties \UtftnRift.,.(i’eiiii lo pim, jxsiii, orilmi iix>iuibil) itimiu'A ardwiil paiiiii 
brnoliyodplmlcB do In PdnliiHiUo ilu» Bnlkniin, II ubi il'niUaiU pliift Mdcoiutftlra ilu sunllHSpr w> Ml uup in 
tftitlodflfl Atbftnfttft oat, 611 moj'ftimo, «no deg pln» 6 kvi«ii do cakto r^uion." Ihigdmt LilUirtB /.n /V»j>rv< 
del flrtfknjil, p. 288, Odtiavn, 1020. 

t “ VorglfiSohomlo flntliropologiaoho EUino(jrii]ililo von Apalion," y.tUirhrifi fUr MArndmiiV Bil. 
xviit (ISSfl), S. 167—lOB tt. a. 201—282. 

I Sea for theftoqountof (liih BotfclorooiUNommii DuualftB: OUt Cdfotrifl, IioiiLton, 1020, pp. 161 IU<d. 
Tha niiHratiou started in tlio 16th oontury with tho a< 2 vai 3 Cq of tho Turku, 

$ "Kar phyaieoliea Authropaloitm dot Mliivaeisuu," H'unniehtO'lhthe .MiUheJIwiifits mil }l(»ni«i umi 
dll' Hmegovina, Bd. v (1897), 8, 606—-102, 
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iiiiuUi wiLli Miss Tililosloy'n Nortlun’ii (iroiip. Unforbuimfcely Gliick j'ivoB no 
(lefinilioMH of the nioiifiureiuentst taken. 

lb will 1)0 .seen that Mias 'rildestey’s Norllieiii (^lioiip has in all dii'cclionaa Ijiggo.r 

ht(rli(!fl and larger type id’ man, The one e.'ceopbiori is bhe Head Height, hub wo do 

nob know what ni«aHiii'o\neivt Glllck was taking, nnd wliother it was from tho ceiilvo 

of the ear passage*, or again wlieliher it was the vertical height or not. If it 

wen; from the centre, B inm. was a ijiiilo, reasonabla din'erenco. To OlUck’s 

"Kntfernnng dcs Ohrloehes von dor Nnsonwnn'.or' wo Bhall voturn labor; it is 

prohnlily the ineasuromont Jtiss 'I'ililosley mifortiinuLoly omitted to take, 

'rUJcaluy'H Norllium 
nliick (30 iiiQii) Oroup (77 men) 

{(rotii UtH Tidiln, (Ifom ouv Table. 

t'litHiiiinitd C7«iritc<en! 8.37'!—7fi) !'■ SI) yiruimbs 

Htnlnro lOHl l(iS)l)'3 Of |,lio Lwolvo (!oin|)iiral>lo idiMoliih) 

Bimim 17(M l/OO'H cliiU'notoi’M (lueri/ one is gre/itor in 

(diRst (iirtli H7‘I 80711 Tilileslny's Norttiorii Oi'ouii, when ooia- 

JIisol (.'irciiiiifoninco .'■irt;('ri (idO-TO jiaml with Olilck's still lum'o aortUorly 

Iletul liOoglU lail'fi IHlI’fi mn'ii's. The mlds niftiest this ivltmc are 

llwwl llrvMullh IM lOK-rt 'lOil^ito ),ifweiiii}<lcelUioi>iilynwilw«lii 

Di-ayKniiiftlit; UroiuUh Ills) l'iO’7 I'lii'roliiliiuis nf t)ni 'I'hi* 

('i.'pfialii; Imlrx |irol)iiliility nf llio observiiil dill'cnmci's 

Iiilminl Ocidiir DishiiK'o •'110 'ifi'd in IIi'iliI hnif'Di and IJiwl llrcadlli 

J'litil Tasiglli iiM) iiruiii’i'iii); in siiiiiiilos froai till) Hiuai) 

Wir rsuiglli 08 (1 (It’8 iHiliulutidii is tiC the nidov'0001. 

NftHid lUdfiiiL on WOl 

Niwal Ih-wMllli ;W DVl 

N’lisal IiidiK riH-7.1 (iirri 

Chnrticfiri intatwnl hy one oulhor luifi/. 

Fnrohoiul rroiiflit tiO . T'tlile.dey’H laoiisvnrorntints would (;ivo ris)-!) 

werii it lovithiiuLe to Hiililriiol disOuuie 
froiit ginitnioii Oi iiosion froia distiinin! 
foiia giialhiiiii to (a’inioii, 

forohml Broadth t*^*'*l Tlimc. luust Im an m-or ia (JUlck's T'aldo, 

IIS l,liu value 103 iloUtt out iigrci*. with his 
YiduQ lO'J on p, 371. 

Hand lain^lli 187 

'‘KotroniuiigdcaOlirlrMOios 

von dor N(iHflnwin7,ol” 103 (Jliick's mcasni'o is distnisHed mi our [ip. 

•18 --'10. 

Olmniclen iwii-eoiii/mrtilile owliiy In ilejiiiitlnii oe ti}{ier 40 nol e/jiiolion. 


Fact) Hoiglil 

IH'l 

170-8 

Must III) duo In ilolliiitimi, or to porsmial 
u<(ualioa in duUiniduing nitatliion. 

lK»wor Fiwa IluigUt 

Ufi 

IWtTi 

IlilUireiaa; duo to jini’Homd oiiuallmi iu 
dotonniniug ntvsinu or gunLliimi, pro- 
Iwbly llio lallor. Hoe remark in Koro- 
himu lloighl. 

Fnoo IiidcK («a((t}/(l7)) 

7.7-77 


llifliircuwo follows from roimirks on Fiuio 

Hoad Iloight 

120 

lai'O 

iruiKlit. 

PoHsihly (ItUok moasnroil from contm of 
uuriwilar lyrtHHago; TiUlealey luooaurotl 
fi-om the "Iriigion.” 

Mandibnlnr Bi'Oftdth 

ll>:i 

108*7 

Must 1)0 duo to j)erBoiial wpialiou in 
detornihilng tho jaw-unglo, 
fllilck’s mensurcinoitt, liko Martin’s, ia 
from the “AuRoiiwiiikol," hut wiui it 
really taken from orhital margin? 

Kxloriiftl Ocidar Diatniioo 

!)2’(J 

S7'D 

Hand Breadth 

89 

8-l'0 1 

1 lliUbronecH duo to j)c;*Konftl equation in 

Font Broftillh 

ino 

102*0 J 

' (Inltcning hand and foot. 

a-3 
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The. Albanians of the North ami .SuiU/i 

It will be soon that wliiio Miss Tildosloy's viihioH aro more in iiccordtmr.o with 
GKick’s fcliiin with ZamiJii's, the ,livoixoii(.‘o bolwoon thorn \mniH to umoia\ 
north of tho proHonb Alhaiiiiin lioidor, or olso to oxtroiiio (liviTsily in norUif'^la o| 
vnewsuvonronfc, wwlovditodly oocviro fnv tawtsviiv cluu'tu’lora. 

Wo may coiisiiloi' lioro, Hoiiiowliub out of oi'dcr, ii [Hipor by I'iiinid of 

1!)22*, since it denlH only with tho Oophidie Iiulox. Ho f^ivoa this index for lid u\on 
from diiluroiit districts in Allmnin, from tlm eitviroiiH of 8t!Uliiri in llm north to thoso 
of Avj;iron\Htv« ((.!\\inoknttlra) in the extrciuo Hoiith. "uiiisi (jiu! des IinoiIKi's 
appartunniit h la pnrtiu contrnlo do I’AUnMiit;." It is not, wurpriHin^ that I'itUrd 
found (I ouliu!. b7'9, for Llio lirflt Gopimlic Inthsx idiiiost ihi* woifjhtod tio-mi of -Mifw 
Tildosloy’s North iind South Groups, i.o. 87f>. It is not jKisailitc, Iiowcv.t, !o jt<tol 
tho north, central and Honbh AlbnniuiiH in this ninnnor, mid wo do imt iiiidor?iluttd 
the basis of Pittard's remark: 

Uiio Icllo lioinn)'AiiilA.,t!St h HOiiViijiicr fovUnnt'iit, cor un o’en iMUVin.iit r»‘ do 
ilaiis ](i PiSiiiiiHiilc ck's Ikilkans (p. SO). 

Another paper by Pibtardf ileals with 2(i ^ onuiiut from bwu ctnirohvK in Uio 
south of Albania at ArgirocaHlro (GtiiiKikiialni). and Mo.ico[silt) (7--- MnNk'i|Mdi<’ ^ 
Voskopo’fo, sou map, jt. 24), and thoHu Hhould accordingly la loiig lo tin* T(«sk» s, or 
Soullutrii Allmiiiaiis. For llioao 211 skulls Uio Is'iigib is 170'4 and llic Hrcadth 1 IH 2, 
giving a Cephalic Index of36‘7. If wouftHinne Home 7 iiini.ikll»\vjuice for lleab mid Irnir 
oil tho Maxiimiiii Cranial Length nml lamui. on tho I'mielnl Hfoadlb,w..uld 
give a Cephalio Index on tho living of about 90!1 in roiijuinabhi iiceoul widi Mihh 
T ildettley's value of 90’ki. Pitfcard'a Bevon lil IhiHsan maUi crmdu give »i t, Vpbidto 1 n«U*s 
of 34'h, already as a omnial value in exeesa of itisH'I’ilduBloy'a HlMl for tin* living 
head in tho North Group. El Hossau is just norlli of the .Skuiubi, uml il, wins 
highly probable that Ociitral Albania would hIiow an index iiiiermedinU' Imiweoti 
Mias Tilde.sle 3 ’'H two groiipa. 

A paper by Max Kiissbaehcr§ deals with five Albanian skulls in the Anatomical 
Institute of Heidelberg University, one of tho skulls being ihnt of a jii venih* Very 
ample mensurementa are taken, namely H6 absuinit; measuromenlH and X.'l indieoK 
and angles 1 No means arc givon—iudouil they would bo of liLtlo valim on four 
individuals—and the author concludes, on the basis of a gmjjbicat nifilnsl duo lo 
Toldt, that the skulls belong to tho 8o-ealled "Uinurisclinn Ibuwen." No Ioc.hk is givoii 
for the source of the skulls, anti tho writer huuimh ignomiil of ViiUirdV jsiimr of lil24 
dealing with much larger mimboiu The question of sex does not apjU'sr Ut lie 
coUBidevod. By a graphical method duo to Mollison, it is oiwtjiUiil tluvl ilm sktilU 

* “L’liidioo odpliftUimc ulioK 116 AltsimiB,” iferiie unthromlnshiuf, xxxultuis HHiile 
pp. 48—5t, 

f "OunlTibutloB [i VMiido unlhioiiologiquo do I'Atbnuio. L'Indko cdiilmlliinii die iW erdoM il'AI 
baniiia," Instim Inleniallonnl tVatilltropalogie, ijfSHie tMxtoii Prnguf, H)24, pp. aaO'- aaO (1029). 

t Tlioie in one Biull trom Sontnrl ood Bsvon nmloB from El BnnaBri. Tli« 28 female sVulId do hmI 
oonocta U8 here, 

§ ''Metrisohe und vetalelohondo UnleteuolinDg an AlbaiioracliMolu,” Zeluchrl/l fUr dnatomfj end 
KiUwieUmgigeiihiiihle, Bd. lo (1020), S. 199—221. 
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form "eiim oinhcifcHchc Gruppe" (S. 210). The Cephalic Indices of Llio fivo skulls 
ai'G given as 78'0, 81'4, 79'1,70'V, 81’2; Lheae values conUafit, sU'augcly with I’iUavd's 
86’3 for 34 and 87-8 for 24 ? .skulls for tlio southern jiortion of Albania. The 
Moiclelberg crania may have been brought from the north, in which case they 
would confirm the view lluit, wlmtevcr bhoso skulls may be the Albanians tbemselvea 
are not “oine oinheifclichc Oruppe." The paper, notwitbsfcauding its extensive array 
of figures, is of small service for our prosenb purpose, not only on account of the 
smallness of the series, bub also because no locus of origin is supplied. 

There is still another contribution by 15ugbne I’ittavd from 1920*, In this be 
deals with a largo variety of nieasui'einents taken on some 112 men from different 
parts of Albania. He says that o( this number there were 27 Ghbgucs ami ol Toskes, 
defining the Albanians fiom the north of the river Skumbi as Qbl)gue.s and those 
from the soutli of it as Toskos. It is not clear who the remaining 34 Albanians were: 
they must have come from either north or south of the Skumbi, but they may be 
hybrids, Clearly Tilclesloy'a North and South Groups, which como from relatively 
small areas in the extreuvo north and south, do nob correBpoud with Pibtard's Ghegues 
and Toskes. Thus we liave; 

Til(le»loy’H Soulhoitioi'8 Pittiird's Ttmkcs Tililculpy's Norltiornum I’iltiud'fl QhdgucH 
Stuturo 1037 (ac) 1073 (la) 1000 (77) lOOa (2V) 

C'ophalio IiidoK aO'8 (81) 87'0(01) H3'9(77) 81'7 (27) 

Tho diffei'onces are in tho same direction, but they cannot bo supposed to arise 
from two pairs of samples of the same two populations. 

Moauwhilo Pittard’a combined Albanian roa'ulta ahould not show marked 
difforonces from Miss Tildesloy’s results in those charactois for which her Northern 
and Southern Groups show no marked racial distinctions. 

Nothing is said in tlio voltiniQ by Pittard u,s to dofinitions of ineasurcinouts, 
but there is little doubt that Pittard followed Broca. Now the fact that for a 
considerable number of characters there is almost complete accoixlanco between 
Pitturd’s combined Albanians and Tildesley's—i.o. for Sitting Height, Span, 
Maximum Head Length, Auricular Height, 2nd and 3vd Cephalic Indices (loss 
than a unit), and Bi-zygomatio Brcadtli—suggests that wo are dealing wibii the 
same mixed population, possibly not mixed in quite the same proportions, but the 
striking dilToronco bobweoii tho values of other characters compels us ahno.Ht of 
necessity to bolievo that the two oUservem are not defining their ({uantities in the 
name manner or that tho personal equation, to which meosuromoutn on the living 
are subject, is too groat to admit of racial conclusions being safely drawn, 

Wo bake first tho nose meosuromenls. Miss Tildesloy give.s absolutely tho same 
Nasal Height for both her groups and very nearly tho same Nasal Brcadtli. But it 
is clear bliat Pittard is measuring his Nasal Height, and probably his Nasal Breadth, 
in quite a different manner. Tho result is that judged by Nasal Indo.x wo should 
conclude on this character alone tliat we are dealing with two vory distinct races. 

* Lii PeupUi det Balkam, Qeiiava (1920) (tha (nil title U givou In the faotnole.p. 321: Kto Piltard’fl 
lip. ‘278—201, 
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TAULK II. 
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I’iWatd'n 


CharacUir 

Combined 

Albaniniin 

Hrm thorn 



Croup 

No,: 

Avarogo 113 

Avarogo 80 

Staturo 

10711 

1037 

Sitting Height 

Simti 

Maximum Hand Length (L) 

«fl0-0 

I7l« 

«70'4 

101)3 

181 -a 

177'0 

Maximum Hoad Hi-eadlh (li) 

100-0 

100-7 

Auricular Ilolglit (11)* 

121'd 

121 ■? 

Alinimum Frontal Dinmotor 

lll'l 

100-3 

Lot G'oplialic Index(H/b) 

2 ikI Cephalic Index (II/L) 

60-4 

OG-B 

i)0-8 

(IH-H 

3i'(l Cephalic Index (llfB) 

77-1 

70-7 

Jloight of Nose 

01-30 

00-1 

Breadth of Hobo 

30'3 

31-1 

Nasal Index 

08-H 

ni-0 

Bi-zygomatio ilremllh 

M(1'7 

Ul-O 

Ear Length 

03-7& 

01-0 

Ear Biwidth 

30-1 

30-0 

Aural Index 

00'll 

OO’H 

External Ocular lIlHtanco 

00-0 

«7-H 

Internal Ooular Diatnnce 

30'7 

:j2-‘1 

n* .AlffA.YvtMVt. IS» VJl 




Norilipni 
Oionp 
AverAfiiJ 77 


\m) 

HOl-tl 

lai'tt 

lOH-7 

M-a 

ni-a 

77'a 

nn-i 

wi-ft 

MO-7 

M7-1 

m-1 

H7-fl 


ic:.; 


in(W 

ITi'.T 

lAK'T 

lai'l 

IWH) 

00 -U 

nn-'i 

Ml-H 
MO-lt 
Hl-7 
.17-0 
(Vltl) 
H7 - 1 


• "DlBinAlro autlouIo-bicgonHqiio,’' PiUnril do*# nol sU\l« liovf Ui9 h lobe nn lltp 

IWtej, bvil. U\« '<a,lW4 n ftjtoes elowVs stlili llw&e ol Mlw 'nideeky. 


If the two observors oro moaBoring from difforont point«| then the urgency of wruv 
Btandai-disation iu definition and measuremenb becomes obvioim. Much ihc sniito 
remarks apply to the aural mooauroments, whore wo rcflclj nimd iiuliccn wUnw; 
differences we may bo fairly sure are porflonal not mcinl. Another like tuuuj in thul 
of th.6 ooulav distanooB, where Miss Tildosley appears consiatent. with heraeir, Uul 
differs widely from PittordJ. It is quite possible that in Maximum Mead IlnuuUli 
and oven in Stature (wlioro a good deal of adjustment is needful) jMjnmnal iMjUntiun 
is playing its part. Minimum Frontal Breadth has so little vnriatjon tlmt one is 
inclined to believe that even the two millimetres difToronco may bo [Terminal c^|imtion 
depending on the prossutG ef the calipetBl 

Another paper whioli deserves consideration in onr present iuqwiry ia that 
of Haberlandt and Lob!!oltor§, This paper has a considorablo ndvnnUkgo over sukh' 

t Mnttln’a Bxlornal Oaulnr Dl»Unaa (10} U lo llio oxlornal cunlhl mit] llrocn*/) to lli« rKl«m«l 
roarguia of tho otblu, Tliie may twoomU for th? dUloisnoB, bul only Iho moro ftmiiliwiUes ibn nwd lor 
standardisnllon, 

X Mlw TlWanloy, following hot InattuolcrSi may be ansuniod lo bo seeking lUn t«wl eulur«, whieli 
Marlin oonaldercd Idonllflablo in the living, Piltard is probably following Broca who mcMurca frota 
the ^iftclnedia nez" to vhe "polnl Bous-nasal" (IrwlrNcIloiM ^fn^rflh!^, 1871), p. 189). On pji. Mfl-MO 
Brooa sftjB lliat Iho "raoino du nez" or "naslon” oorrospondB on llio aVolalon to lUc narsl uiilure. 

% "Zw physiaobon Anlhropologlo dar Albanoaoti,” Archiv JUr AaOirojmlogie, Bd. ju.vfN.F', xvii) 
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otKttrja in that it deals with Albanian soldiers and states very definitely from what 
parts of Albania they wore drawn. The districts arc all in the northern section, 
i.e, north of the Skumbi, and mostly in the extreme north, covering a good deal of 
Miss Tildcsloy’s Northern Group area. Two loealitiGs ought, however, to bo oxcopted. 
If wo may judge by Habcrlandt and Lobzolter's data for 13 men only, then in the 
district of Kastrati there exists a very tall local race (ITSH'S mm.) with extreme 
brachycephaly (88'2), This district is to the west and to the north-west of Miss 
Tildosley's area, In braohycophnly, but not in stature, it approaches Mias Tildealoy’s 
Southern Group. The second gvovip of Habcrlandt and Lchzclter’s measurements 
which ought to be excepted when wo compare their data with hers is that of 22 men 
from Kruja. This district is more than half-way down to the Skumbi, and in their 
Cephalic Index, 89'8, we are approaching that of Mies Tildcsley’s extreme eouthorn 
area, i.e. 00'8. Tlie mean Stature of this group is the lowest of all in Haberlandt 
and Lebzolter’s districts, i.e. 1680'2, but it is very sensibly higher than Miss 
Tildesloy's 1637‘2 for the extreme south. Still these authors agree with her general 
result that stature decreases and brachycephaly increase.? as wo pass from North 
to South Albania. The anomalous position of Kastrati requires further investigation *. 
Pooling all oar authors’ data, with the two exceptions named above, we have obaorva- 
bions which can at any rate bo compared with Tildesloy’s Northern Group, The 
data for Miss Tildesley’s Northern Group are given in the centre of tho Table below 
alongside Haberlandt and Lebzoltor’a reaulta, On tho extreme loft is given Miss 
Tilclesley’.? Southern Group and on the extreme right the Kasti’ati and Kruja 
groups of tho former obaervors are combined. These two outer columns are not to 
ho coinpai'ed with each other. Purthor tboro is no justification for our adding an 
extreme northern group like Kastrati to tho midland Krpja group, Our object ia 
as follows: Wo have seen that whilo thoataturo and head-shape of tho Albanians 
change widely from north to south, yet scarcely any, possibly no, change takes 
place in the facial characters. This fact provides ua with a means of determining 
^vllethor different observers professing to use tho same scheme of measuromenta— 
hero Martin’s direebionsf—roach really comparable results, or whether wo must 


' K is llio lioiul liroiultli, iei‘1, ot tho Kaalrati maloa whioh iloaorvos npcolnl oouBidorAlioii, 1( 
ifl ovai\ groator ihini Minu Tililouley's 100-7 (or hoc AlboniouB of Iho oxlromo ooulh. 

i' MahorUntU nod LobKobor do not diroolly uloto Ihnt. llioy (oUowod Mai'IIii ; thoy givo no donulllono 
or llio oIiArnotorfl (hoy Iiavo moAOurad. Uiil tlioy do noy (liAt tliaj> tiaod it. Mortln’o “MoAoblKtlor” And 
in imrl It. POoh'B (for uriBoiiurH of war). ttarUu'B "Moflablall" I'ofotH to Iho uumbati iu hla Uandbunh. 
A. dcaoi'ipltDn of POoh’o ‘'UoobAOhUingHblutt'' fur jirloonDi-H of wor in glvon by Inin In Iho Miulitilunffen 
(hr anthrapoloffliic/ien QtuUtclu^fl fa Jl'icn, Md, xr.vi (1010), 8.115—128. Ho BoyA (H. 128): 

"Dio 20 Mabbo dioBOB MoBAblAtlQB oUid iilto In dam aomBtoIoelsalion MoBablAllo von It. MBrtiu,... 
Dio Niimoriaruiig bowIq dto Boncmiiung dor oin*aluQu tfusBO let jadooli gmiAU dioaolba wio Im Marlin- 
Bohou Ucobaoiilungsbiatto, bo dARB sloh jedormaun ithor dio boi deii oliiBOIuau MoBSuneon gohaiidtiabla 
Tcolmik iiAoh dot Numiuor, woiaho dag Maas fillitl, im MarlinBolioii Lolirbiioho untocrlohton kaiui," 

Ills olcar from this that Haboriotidt and Lebzollor ara nalng Mnrlin’a teohnlquo, preoiBoly as wo may 
EuppOBo Mibb 'Tildosley’s iiiAlruoloi'B to bo doing. TorsonAlly tho jiroBonl writer does not wondor that 
thoy Qould in a numbor of meaauromanta rcooli difforont roBulte. Tho dadnilioiiB and inotliodB of 
inOAsuroment provided by Marlin ato In Bomo oasos so obgonroly atatod that ono ie not auiiwlBod at 
tho nniouul ot porsouat oquation wliioh dowa from their tisa, and ono wonders if Martin hliiitoU had 
over appliod them to long series. 
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infer Lliat their |ier.sniml iiit(fi'i)rctn,tif)rin IcJiii Oi ('liarae((‘r-ililTfn*iU'i’H which nre 
certainly of the order ()f racial {liflFei'(!iicoM, 

Comparing in Ttiblo III the twoecntnil uoIiihiiih for Kurt,horn liii'n|w\vo.si'o tlial 
tus faros the following cliorncters ore cnncennLd: >Statni(*,lI(‘iiil Ih'ca'llli, Hi-r-ygoiiial ic 

Breadth,Minim ninFrontill Breadth, JfolidibiiliirlJrendl li.NnwilUrcjj'Ilh,mill |K*s«ibly 

Internal Ocular Diotaiice, no distinction butwcmi the two Hcts of uu’iVHm onimits t.f i ho 
Northern AlbuniniiH can be made. When, however, wo. turn In Face Height with tin- 
corrcBponriing Face Index, In No-sal lleiglit mill iJi'iilh ivilh the conroihiiiding ( wpi 
N asal Indices, and possibly to Head Ijongth and the corrcHihiiiding ('I'jilinltc Indev, 
we markdivergetices which in the naao of cmniul nicuHnrcmcriU wnnid he aaid In murk 
racial differences. Do tlioydoaoiii this onnc,(U'nro they dn<; to differeijfcinter|irclaiiniia 
of definitions, to the «.se of different definitions, nr to peiwimd ci|nalion in iiuvisiire- 
menfc? Wc think a partial aiiBwor can be given to this qncHtion. Take first the Faen 
Height; Tildealey gives reasonably like Face Heights for her Nnrlliern mid S*>nlln‘iii 

TABLE III. 

C'ompai'ison of Tildes lei/’s luith Haberlandl md Lchzelta's iT.siills/ur 

Northern Allmidn. 


(MeiuemimcntH in iiiui.) 


Oharaolcr 

Tildoeloy’a 

IlnhorlnniU and | 

UouLlicrn 

Northcra 

Nririlimi 

Ka-'liali nnd i 


No.; 

Group 

Uruap 

Ctriiapt 

Kmja ronihinc'' 

(KB~8fi) 

(70-77) 

(Oil—HI) 

(33 33) 1 

SUtiiro 

IU37 

toon 

1087 

1 itW 

Head LoiiKtli 

177-0 

IHO-h 

1K.I-I 

l7ll-« 

Bond Dreadth 

160-7* 


150-7 

1181*4 

Copliidio Index 

00-8 

83*1) 

85-1 

Kll*a i 

Face lloigUt 

IlO'O 

12Q*fi 

11(1-7 

IHI-d j 

Di-zygonmtic Droadtli 

14]'0 

MO'7 

MI-0 

MBM 

Fnco Inilo.'c 

{84'4} 

{80-O} 

83! 

Hl-M 

Miniiiunn Frontal Breadth 

IOn'3 

lOH-7 

107-4 

lOK'd 

Mandibular BicadUi 

lOfl'O 

108 •? 

fl07’51‘ 

(1(1711] 5 

Frouto-Mandibular Index 

H02'2} 

{100-01 

IHI-i) 

Nawd iloiglit 

(10-4 

liO‘4 

51-11 

5l*ti 

Fosal Breadth 

84'4 

34-1 

33-8 

31-H 

Nasal Depth 

17'1 

I7'l 

[22-7|i 

Ittii-a); 

iiT-a 

(W(l 

:w-N 

Nasal U/U Iiidox 

Nasal D/D Index 

I0I-0| 

(40'0} 

jOO-fil 

{60'1 

(lft-2 

v.--! 

Internal Ocular Distunuo 

3a’4 

33>(l 

31-0 


Wcsutts in called biiiclcDts arc llio iudioos obtftinod ri-oia Urn ralin tif iikvuin «r 
absolute olmnvctcrN 


* Omitting one breadth of lO.i (I). 
t Omitting lho'"Berben und Tflrken ana Podgotioa" group, 

t Absohite meaauremeiilB „ot provided, only tile Pronto-Mandibolar and NaaM neplb/llrofldlh 
Iinlicea lecordod. The abaolule values are supplied frora lha indicae. 
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Groups, ftiid Huborlaiidb (iiul Lcbzolfcer do blic aaino for iheir two groups. Botli 
observers sro self-conaistonL but differ extremely tlie one from tlie otlier. There 
ctuinob bo a doubt bliat wo are nob liere dealing witli a racial differojiee bub with a 
matter of definition or iuterpictation of definition, Tui'ii again bo the Na-sal Height, 
Tildeslcy's results are the same for the two groups and so are Habcrlniidb and 
Lobzellcr’s. Both agree iu the stateincnt that the Nasal lloiglit does not vary from 
one group to a second. But these observers differ so substantially in the absolute 
height of the nose, and tlio resulting Nasal luciox (broadth/lieighb) that a racial 
differentiation would be legitimately asserted, bad wo not the absolute equality 
within their own measurements of groups which arc racially distinct in othei' 
clmracters; the like remark applies ocjually to their measuvemouts of Nasal Depth 
which are self-consistent within the same obsorvoi's’ data and inconsistent between 
observers. 

Wo are inclined bo think the samo criticism may bo applied if in n less degree to 
Head Length. Tildcsley gives a Hoad Length wliich is greater than that of any one of 
tho six districts or for tho pooled data of Haborlandt and Lebxeltor, thus she obtains 
a lower Cephalic Index thon they do. Picking out the Austrian investigators' 
groups which correspond geographically most riottrly toTildoslcy’s northern area, the 
Cophalic Index obtained is 86*1, as compared witli Tlldesloy’s 83'9, and the cliffei'enco 
lies entirely in tho mcEvsuromont of tho Head Lengths, for the Head Breadths in hotli 
cases are practically identical (166'6). Wliothor this diflerenco in Head Longtli is duo 
to thcclioioQof tho frontal terminus, to choice of the ooeipital terminus, to adiftorenco 
of dealing with tho hair on the back of tho head, or to tho uso of clilforont typos of 
hood spanuorsior to conventions os to tho maximum length in asymmotrical hoivda, 
wo cannot Siiy. All wo can draw attention to is that in measurementfl on the living 
mothods of procedure and personal in tor probation may lead oven in such imporUnt 
racial characters as tho Cephalic Inclox or blio Nasal Index to divergences ns groat 
as those which in cranial research mark definite racial differences. 

With these facts before us, sad as tho conclusion is, wo avo compeilc<l to hold 
that tho great and over accumulating ninsa of incasurcinents on the living are 
practically worthless. Observers may state that they are following the dirootions 
of such and such an authority, but this is of no avail. Obscurity always arises about 
verbally defined “points,’’ which are not points. The only solution is training under 
instructors whoso methods havo been standardised one witli the other. And this 
standardisation involves not only that of human instrunionts, but of the machines 
employed. How many obsorvoi's think it needful to test their scales and calipers 
against standard scales before they start, and how many remember to repeat the same 
on their returnl Tho present conception seems to bo that a very largo nuinbor of 
moasuroinonts vaguely made on relatively foiv individuals by wholly unstandardisod 
observers will be of value in building up tho racial history of mankind, 'fliis is tho 
veriest delusion. Sad as the statement may seem, the work of measuring the living 
will havo to bo restarted with highly trained observers, standardised internationally 
(or better stipernationally) one with another. As the ostronomors started inter- 
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nationally to divido up tho heavens for their gre-at aUr-cliart, m onthroixdogtHlfl 
when they have cetwed to be rlillotanti will <iivido up tlie world, working like the 
aatronomers in a HtandairViaed way witk atandartliBod infitrnmoMfl, to rewh no 
international racial chart, Important (W tho choice of nicaanroinenUi on tin; luinmn 
bofly maybe, that choice and the mode of definition is of far less vnUui than (wrwiiuil 
and instrumontalatandnrtliflation, 8mlly, hut without lioaiUition, woHlIirm that whnt 
hofl been done will have Boonor or later to bo «crapp<!(l, and anthro[K)metTirian» inuflt 
Btartafrc8h,not even from internationally accuptCKl dcfinilioim—which do not defum" ■* 
but on a basis of international etandardiaatioii. Even then W'o aenrccly bcliovo lh«l 
meosuroments on the living body will give (ui satisfactory resnltg a« ineanuremonta 
on the skeleton, But at tho same tiino variations in oxtomal bodily tyjKS, if we can 
measure them—especially in physiognomy—arc of tho greatest inlcrest and value', 
they are not necessarily in every case highly correlated with tho skelcUvl fmnicwork 
boncflth them. Perhaps, ns in tho cciso of oatrouomy, it is not to <lirect incounnimeuL 
that we shall trust in tho future, but to menauroinent on atandanliscd j)lioU»grapha, 
Some attempt has been made in tbia direction by tho ty^xs ailbnnoU-os of the 
Biometric I^tboratory. Those are only on trial at prosoiit, but if they are HHcec«?fiil 
the same method might bo applied to other j^rta or aspccta of the hnniun iKRly. 
The rapidity with which a hundred shindardMod jiholograpliH could Ih; oblniinxl in 
the field oa compared with 30 or 40 mcJwurononU) on 100 men is n grtiataflvatitage, 
and it leaves the laborious task of meaaiircmont to bo undertakou in lh« lalximWtry 
with proper inatruinonts under atunrlardisod conditions. As a slight contribulimn to 
this topic the type silhouettes of tho 67 Northern nnd 67 Southern Albaniatw will 
be discussed in the remaining aootion of this iKH>or*. 


(3) SlIillOUETl'ES OF THE ALBANIANS OF THE 
NORTH AND SOUTH. 

By tub Staff of T)iB BiowBrrmc LAnonATouv. 

The accorapanyiug silhouettes arc based on the photographw taken by Mii» 
Tildesley during her stay in Albania, and have been dealt with in tlui ciiatoniary 
manner. This consists briefly in the most delicate proccM of enlarging tho pwfilo 
photograph by aid of a Coradi pantograph, Ihia being done in two stages Ui reduce 
tho error of onlargomont, Tho next procosa is to modify this enlargeinonl, also by 
aid of tho pantograph, so that tho diafcanoo from meaoporion ta the imarcat pint wf 
the nasal bridge coincides with tho like distance measured with the car-plug 
spanner (i.o, tho spanner used to lake tho auricular height) on tlvts subject of the 
photograph. We have now a Hfe-eiao silhouetto of thia subject. By aid of floninwlmt 
elaborate co-ordinate systems, a very largo luimbor of moasuronionta are taken on 

* A cettMii nambot ot pbotoBiajvha oo«W not bo uood Wxioo » portion ol tho hoad not on the 
Plato, or beoanse tho ttsfilon or sub-orbitsl poittl wm not vlalbla oa tho plaU, or h<»an« iho tnbdian 
aagillal plane ol tVia aubjrol wan not parallel to the focal piano of the oawwa, ot for other defeote fn 
photographing. 
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(ihis pi'ofilc outline. This process is repeated on every one of tho individual photo¬ 
graphs, wliich arc to be pooled to obtain the composite, and tlion the uveiage of 
gach of the co-ordinatos thus obtained is taken, and those are plotted afresh to givo 
the average or typo contour. Diagrams I and II givo the typo contours of Miss 
Tildosloy's Northorn and Smithorn Groups respectively, with tho moan values of tho 



co-orclinatos marked upon them. Thoy have been reduced accurately to Imlf scalo. 
To obtain the lino for orientation a small white wafer is placed on tho sub-orbital 
point, and this appeals on the photograph. From this with the centre of the 
auricular passage, it is possible by a slight adjustment to obtain very approximately 
a lino representing the Frankfurt Horizontal. 
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AIthnu{^li tliG sugjrcsLion thiib hIki .sliinild triko statidanl plioLojrnqiln 'd tliG 
AlbaniutiH was made to Miss Tildoslyy fi oin llio Uiomotrio TvdKtiiilory and a rainoni 
with a telephotn-loiiH wuh lout to hor by ono of llio SUilT, hIhi fsilod l.o rt'filimi On* 
importance of a portion of tlio iuHtructioiiH given to her. Uiifoilnilately not ntio of 
the facial or cephalic inoaanrouiontH taken by Miss Tildonk'y is of any real Horviro 
for the production(d'ataiidard type siilnmetteH, Jf a pliotogiaph be taken in piollh'. 



no major length that could bo of real Horvico for dolennining abaolnto «iw! iniiHl. 
have a terminal beneath the hair, Tims maximum head length and auricular 
height are of little value, Facial measurements in the median jdane are too ainal), 
too vaguely determined, or too arbitrary to bo used. Thus in dealing with ihu nose 
height, if it be measured from thenosion (I) to the anbnosal point, the length ia not 
only too small, but both terminals are too vague, and the same remark appliea to tin; 
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nasal depth. TIkj facial heights from nosion to chin, or from liair lino to chin would 
perhaps ho satisfactory as to length, but tho determination of the two terminals, 
however clean cut on tho enlarged photograph, appears to liavo boon hopeless on 
the living. 'L'hat is to say, tho scales of enlargement of tho photograph to bring it 
up to lifc-sino iw judged by tho aovoral facial mciVinvornGnte wore not only (puto 
(lifTereut for the individual, hut for tho average of the series. No other method 
was adopted by the investigator for standardising her photographs'*. She did, 
liowever, mark on tho .subject's face tho sub-orbital point anti tlio tragion, and these 
arc visible on tho majority of tho pltotographs. Unfortunately sho did not tneosure, 
as sho might have done, by aid of a projection spanner j*, the distance botween tho 
sub-orbital point and tho tragion projected on to the median sagittal ])lane:l;. 

Tho inothod adopted by tho Biomotric Laboratory i.s to insert an ear-[)hig about 
an inch in longtii and 8 mm. in diameter iii the auricular passage, the plug i,s hold 
in position against any resistance of tho eav-lobo by a si\nplo avrangemont. Tho 
visible ond is coated blade, with a central white spot, which is ropi-oduced by the 
photograph, On the photograph, after mechanical onlargcmout, the distance from 
this white spot to tho nearest point of the nasal bridge, tho liypcrrhiniou (no 
searching for iiasion 1) can bo at once measured. But tho actual distance from the 
central a.\iH of the auricular passages to tho nearest point of tlio nasal bridge can 
be at once measured by the head spanner which takes the auricular height, and is 
iiisortod in the auricular passages by aid of its ear-plugs, Tims the actual life-size 
of tiiG individual of which wo have tho profile photograpli is detormined, The 
knowledge of the central auricular piointaiidof tho orbital point on tho photograph 
enables os by a sligirt correction bo obtain a good approximation to tho Frankfurt 
Horizontal 

Of coui'so tlioro are other methods of obtaining tho scale of oiilurgemont needful 
for the photographs. Thus; 

(i) Wc may place a scale in tho median sagittal plane of the subject’s head. 
This is easy enough with tho instrunioiibal fittings in tho laboratory, bub far less 
easy in tho field, and does not free us from the need of delerniiiiiiig from the 
mcsoporianll the standard horizontal plane, 

(ii) Wo uuvy place our subjects in sueli a poKitieii that their mudiau sagittal 
pianos are always at tho same distance from tlio focal piano of the cainora. Tliis is 
an adjustment relatively easy in tho laboratory and tho photographic room, but by 
no ntcans easy in the field, whore the ground may bo rough and the subjeot's scat 
oxbomporiaed, 

* A orltiaftl OKumlimtion of tlio pliolograpiiB bIiowb thnt tlioy ivoro not lakoa in llio enmo nUndard 
mnnnor, Tho olmir and tho ontnorn wore not in tho samo positions for all individimls. 

t Sco Hiowiilrlka, Vol. i. p, 416. 

t Tlio tragion Is, however, in Usolf a most uusAtlsfaotor; point. Soo momeirikn, Vol, xx’’, p. SO.S, 

g Soo ItjoiiKfrfta, Vol, XX®, p, BSO, 

K Ibid, p, 860. 
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Ib inu,y simplify the work bo have all the pliolOHrapliH toKlnmlnnl Hizo, hut it ih 
risky to attempt this and then fail in that Htamlurdisaliun, for all is tlieti lout. It is 
tliuroforo better to have a knowledge of si/e from a aUuidard leiiglli I'H Hulijeet 
and on photograph. We have not been able U) diHeovi'r anything as gomi tw, Htill 
less better than, the distance from the hyperrliinion to ihii central (inirienlrir n*is, 

To obtain any type eonUmrH Ihnn Miss Tildesley’s pliol^igraplm wo had lo 
follow a roundabout and by no incuiiH thoroughly safe mtid! After n long |H‘ii<a| 
of perplexity wo dotorininGcl bo proceed as follows: 

There wore 184) suitable right prohloa availuble, (>7 of each grtnip. It wns clear 
ns already stated that the scale of reduction was nob the sauie for all llu-so [iliobt- 
graphs. The sub-orbitnl point and a point anterior to tint ear tormwl by Mi.ss 
TiWealey the '‘tmgion" hud been marked on the subject by black dv»ls. and lla so 
made it feasible to obtain an approxiination to lh(! Fraiikfurt Ilorizonlal [ilaiii' nti 
each prefile. 

Ii\ the firat paper on typo silhonctlea puhlittliod in in it was 

pointed out in disoussing tho I’tich-Woiunger photographs of the \^^^nt Afrienn 
Negro, that Martin's definition of tlio tmgion was ho obsenro that it was not jsfwtibb’ 
to use it in practice, Miss Tildcsley kindly fiirniHbrd the following dcfiiiili*)!! of tbo 
car-point tornied the tragion os ulentifiod by her inHlnictom in Munich: 

"In ray prnotico tho tmgion was detoriniiunl ns the jsiiiit of intersection of tw'o 
tangents; tho one a common tnngetit lo the niiterior margin of the. imgua and 
mwJielicia, the other a tangent to tlie upper border of tho tragUK iKWHing lliroiigli the 
nasion as seen in profile," 

While this omonded clofinition still leaves room for {wmotml wjualion, and 
possibly is inexact, ns it is difiicnlt to draw in apace tangents to curven only in 
profile, and difificiilt to sec a eubject in profile except on the focal plane of a 
camera, it is safe to assume that tho " tmgion'' as marked by Mias 'I'iUh^flley in alwaya 
anterior to the opening of the nuricular i>ns8age, ami probably alighlly aVa*ve the 
highest point, tho hyporporion on the superior margin of that opening. Tlie isaiil 
where the axis of the oar-plng inserted into the auricular poKsagu ciiIh the median 
sagittal plane is the mesoporionf, and tho auricular jwint A m defunsd to In: 
the one whore a circle of 8 mm. radiim having the mewiimrioii a« tumlre iw 
mot by its upper tangent from tho projection of tho sub-orbital jstinl mi to the 
median sagittal plane. The tragion as marked by Miss Tibbisley probably lieschwo* 
to this auricular point A, but anterior to it and slightly inferior it. Ib was 
accepted as tho auricular point A, which serves as tho origin of the ax»^« frem which 
the co-ordinates are moasured. 

Now the actual origin of co-ordinates does nob matter ns far as the silJtou^lU’s 
are concerned, if we obtain for eaoh subject a point whioli may be said to b<‘ 
anatomically the same. But it is of importance to have the same [)oiiit on all tyfKi 

* Vol, ix®. pp, 869—400. 

t Doflaeil /ijomiilWIra, Vol. xx®. p. 880, 

i 
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cojitoiws, i f wo wish bo coinpiire their ineaaurcments ono with another. Unfortunately 
Miss Tilcleeloy, having dcROitwl the, hyporrhiniou and tnoaoporion (loading to the 
auricular point) for tho iinsion and her tragion, did nob provide by aid of the 
piejoction calipers the projected distance between her points, She did, indeed, 
lecord liead inea,surciu()nts of lier Albanian soldioiH, but as vve have scon them is 
no one of these \vhic!\ corn'sponds with sufficient accuracy to any length which 
can bo ineiisiirod on tlie photographs to make it possible to dotorinine tlie individual 
scales of retluction, 

Tho steiw adopted were as follows: Tho first stop was to trace from tiro photo¬ 
graphs witl) extreme care the outline of each head, introducing the marked 
positions of tho sub-orbibal point and tho tragion. Theso drawings wore then 
enlarged by two stages to o,\actly four times their linear dimensions by aid of a 
Corarli precision pantograph. Tho outlines thus obtained, which wore ovidontly 
rather smaller tlian those of the living head, wore then divided up by blio system 
of co-ordinates sliown in Diagrams I and 11, and their measuToments wore takoi. 

Tho origin, or point A represented by Miss Tildesloy's tragion, was first joined 
to tho hyperrhinion A", the iioaresb point to A on the nasal bridge, and thus wo 
obtained tho base line NAB, ono of the co-ordinate axe.s, ibo second being tho per- 
peuclicular to it through A. From these axes the co-ordinates of all points on tho 
outline were deborinined, excopb those of klie moiitli and oliin. This method of 
measurements, and those used in the case of tho facial outline, were very similar 
to those adopted in constructing the English male type silhouette, tlmiigli slight 
modifications which can bo seen by comparing tho figures were introduced in order 
to make tho boat use of tho now material*. 

It was next necessary to reduce tlie inonsuromonts of the enlarged profiles to 
a uniform scale as well as this could bo done under tho civeumstaneeB, After 
comparing aovoral caliper measurements made on tho living head with tho corre¬ 
sponding lengths on tlm profiles to which they mayroughly be supposed to correspond, 
the fbllowiiig method was found to bo the least unsatisfactory. Neither of the 
terminals of the facial height as measured by Miss Titdosley can bo located at all 
accurately on the profiles; but ibis nob unreasotiabie bo suppose that their facial 
height will bear an nj)pt'oxiinaboly cwwbanb ratio to tho line joiiH?ig the liypor- 
I'luuiou to tho pvogeuioii on the actual lifo-siKud silhouette. Now wo dofiiui tlm 
progoninn ns tlio point on the outline of the chin farthest removed from tho line 
joining the protioiv to the stomion. The protion is the moat anterior point of the 
nose obtained by drawing a tangent to it pcrpeudicular to llio NAB axis and the 
stomion is the meet of the lips. We require only to draw a tangent to the chin 
parallol to tho protion-stoinion joinf, All this can be done on tho outline. By 
means of this ratio of measured nasion-gnathion length on t!m living to tlve 
measured hyperrhinion-progenion lengths on the enlarged pholograpliic profiles, 
it was possible to reduce all tho enlarged photographic profiles to a common scale, 

* Cf. liioiuelriiia, Vol. xxO. pp. 300—SOU. 

t Biometrlkii, Vol. xx'*, p. fl90. 
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which would not, howovor, bo iioco.^HJirily tlio tnio iiclind 'Hk so nil ins mnged 
from V260 to I’SDft for thoNovLlnivii Uv<mii iind V274 for iho iStmlhoni; llio. 

nasion-giiathic IciiKtU ho'mg th(! f,o(-ntov in nvory rnso. Ml (!»■ i.o siMiroiiionlsi of 
each eiilnri'cd profile wovo lliwv mnltiplio.d Uy partieulav nilio siu'l llio ikojuim of 
these ftdjiiHtcjd meaHuroinorits won* foiintl for cueli (lo-onliimlo. 'I’Ihih lyr- pr.dilos 
n and were obtained with thow lUi'iuiM for tlio ^^)rll^orll nnd Si.nlIn-rti Hrimps. 
I3iib these typo contours will not yot be of life-sir..', A rnrllii'r edjnsimt'til wiis 
needed fov the contours wore clearly too large, ^?flw the fiRy Kiiglisli oiule •idid.’iils 
whose silhouettes wore ns.u! in the Coiislnielion of the l-higli.sh r.y|H! h'l'i )« in.-uu 
caliper glnbolhir occipital length of 1!)4'4 niin. The iiiiixiinuii) letigtl. fnun ibe 
glabella to the back of the head on the typo silh.iuettu was 'illvS, Thvf" Iwo 
lengths will not neces-sarily coincide in dirt'otion, but their differeiiee was trcaied 
as the same for Albanian and English types. T'lds diOervUee wa.H 17 4 nun. wliieU 
would ill the Hr,St place iiiensiire thickiie.as of the hair, in the,«eeoii(l pres,^tid-Mf Hie 
calipers, and lastly bo possibly a rosnlt of non-cdincidoiice of dire«!iinii. ilie liair lo.t 
being equally thick over the back of the liend. Tims we nbuiiiirtl a I'.iigh |iiff» 
for finding llio absolute si’/.o of tlie Rilhoiiettes, The AlbiiniaiiK In-ing hoIdi. r>« bad 
shorter hair (fioo photographs) than the peuMants as n rule vvonld have ;iinl w-xuld 
be likely to correspond in ibis respect more closely with llie Kiiglish iiiehugrodinatoi. 
Measuring the imixiinuin length from tlie glabella on ih.'li? N.iilliern Alliainaiix 
of the photographs the mean gave IHO'O tinn. If w’e add 17’4 miit. iv.’ bavo for 
maximum length from glabella on Hilhmiell.! 2(140 mm, For the 07 noutlerK 
Albanians the mean length on the living bend \va« 17tl‘d mm. or liie eortvHjitntding 
silhouette length should be 194‘0 inni. 

On the enlarged typo contours, ci and fj, obtninetl an descrilesi nbove, tin* niuxi> 
mnm Head Length for the Northerners was 2\7‘7 anti vlnti lew to be rislm-r^i i*. give 
2040*, the reducing factor is therefore 1)37. In lh« snnu? maimer for the ,Situi hornera 
the enlarged type contour gave a maximum Hoad Length of 207’2 iinil this iietshul 
to bo reduced lo 194 0 or the reducing factor waa 'DHO, 'I’lit! near Hpialily nf lliese 
two reduction ratios is satisfactory n« the Nortlmmerw ami SmUlifrt.erjt went pltou*. 
graphed in ramloin ordor, and it indicaten tlmt displaemnenls t.f tianiura. elmir and 
subject in chair wore fairly randomly distributed between Imth gr.tiip«, 'Dnw 
reducing factors wore applied to all tbo monfluroineiiLH on the ifnbirge<i tyi*.* r<.ui.mri», 
ond final presumed lifo-sixo contoum obtained for the two groiijw, Titm* nr.' icpr..^ 
duted to hivlf-soalo in DingvftTns I and 11, the eorretip.ntlingsilhaneti^'K Umng mvi*n 
on Plates I and II lo half Ufo-eiao. The molhwl by which tiny have Imcn nViiaim-rl 
from the photographs ie frankly admitted to bo n cnnlu one. bni il npjs'aml the 
best that could be applied to the rlofcotivo data availabhi. 

Having obtained in tho above manner tbo Nurlbern and Ntmlberri Allnniian 
male silhouettes wo puzzled onco more to find any .piiUi indopiuidunL inelluMi of 
checking our result. Looking up tho literature wo discovered r,eo|Hdd (illlck'x 
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.staDemenli (aeo oiir p. 35) thiit the "Entfernnngdc.s Olirlochca von dcr Naaoinvuj'zcl ” 
fov the meiianrementa on his 30 Nevthoni Albanians was in tho mean 103 mm. Now 
" the (listnnot! of the eiiv-pnssago fioin the root of tho noao” i.s a very vague oxpi'csaioii. 
QUick probably took the expvesaion fio\n Virchow’s list in Ncunmyor’s Anleitnwj su 
wissenschaftlichcn IhohtiGhtungen anflleimi, 1876(seG a\siiZeitschrifl fill' lilhwlogie, 
Hd. xvn, 1335, tS, 0!)—102), where the imuisnvomont is named in precisely the siime 
way, but this is not helpful, as Vii'chow does not define it, nor refer to any instriiinoiit 
for taking the measurement*. 

If we suppose the " root of the nose" to bo the most posterior point of the nasal 
bridge we have still- to define the word " poatcrlor." Wu shall not roach preci.sely 
the .same point, if wo deRno posterior in regard to the Frankfurt Plane, or tui tlso 
point noai'cst to the " Olirloch." Finally if wo agree to Huppo.so Gluck’s ineasiiroinont 
to correspond very closely to our hypcrrliinion to mesoporion distance, wo Imvo to 
reniGinber that this ia not'I'ilde.sley’a im.sion to tragiori longth. Wo nuiab firat reduce 
Guide’s 10.3 to our di.stanco from auricular point to hypcrrliinion and this will he eijual 
to V103® - 3® = 1()2'7 iioarly, Now the niu-ieiilar point ia not Miaa Tildcsley'a Iragion, 
which hitter may easily ho 1-5 to 2'ri mm. anterior to the auricular point, Hence 
we .should expect on the biiaia of Glllck'a mensuroniciit that the diatanco of A bo N 
on ailiuaiettca of tlu* Nortlieiu Alhaniaiia might lie between 100-2 and 1()1‘2, with 
a mid-value of 100'7. On our eilhoiietto it is 100‘i) for tho Northern Group. 
Consiiloriiig tho amall nutnhorof QUick’H eases, tho area, wider than Mi.ss 'I’iide.sloy’a 
northern area from whieli ho drew thorn f, and further, the fact that the iliatanee 
from mesoporion to hyperrhinion vai-iea from 03-3 to 101-2 aa we pass from south 
to nortli of Albania, the above acconlanee is, perhaps, all wo could look for. It, of 
course, depends on our intcrprotatioii of tho term " Eiitferiunig dea Ohrlocliea von 
der Nasonwiirzul ’’ being correct. Asmiming that is so, our silhouettes arc hardly 
likely to he at moat more than I % to 2in error aa to their abaoluto aizo, Had 
Miss'L'ildesley simply recorded the measurement wo suspect to bo that taken by 
GliickJ:, and used tin! oar-plug when photogi-apliing, all the laborious coiiipiibing 
work just described would have been saved, and tho absolute sizes of tlie silhouoltos 
would have buon aacei-tainod without any of tho doiihts nrieing froiTi hypothG.soa aiich 
as we have been compelled to make. 

* HGlniniH {.InHirnpuln.'/in’li/! i^felhoilgii, IHSS, 8. 11)-/) llio "NABOmviiizul" ivllli “joj 

liurHliJii Hldllu (bir Itlnh'i'Kulliilutig zwiKolion Slim iiiul MnRn," bill IT ti point on n oiirvo In lobu "ilcopcBl” 
il iniiKl to witii I'oHiird In koiiio oburil lir ttin oiirvn niul ho iIoob not doliiio lliiH oliunl. In llio noxl 
BOiilcnco lio NponkH iibotil Uki iinniil riiIiii-o niid nppni'i'iilly iiU'iUiflon Iho iiiixloit willi HiIa “iIccpCHl point 
of tliouRfmlbiiduo," Mivctiii (I.chi'biiciukrdnlhrdpobipif, 1(128, lld.i.H, U7) very pioparly RHys tliat “ von 
iiiimoiicti Avitosen -wivrt (iitKcblieb die tim liefttlen clniteiiiUollo niello tier Nfwe ills ' tiiwomvnvzol’ 
bo'Auiuluiol." Uo idoiiliflcs tho “NaBonwiirzor’ with llio Nimion, but lio doos not nny how lliD '’liorHloii 
oiiiaOHnllelto Mtollo dci- Naho,” if rcijuircd i« to bo found. Wo deAno it ns llio point on llio inodiaii 
HAgillAl ecotion of llio hobo iioAi-cAt lo tlio nicHoporiouic nxin. Tlii’s io OARy to And in the oabo of tlio typo 
BilhouoUoa. 

t HiR mou cAiuo from NovibA'zftr, ipek, DjAkovo, and l'ti-/,ron (boo map, p. 21), pni'l ot tlio Connor 
Turkialr \lbnnla, no-iv ouUitlo tho noilhorn boundary of proaenl Albania. 

^ It iB quite simply tnkoii with Peui-BOn'B licAd spnuiior, and tho iuoso]ioi'lon quilo Bimply loimd on 
tho photograph by aid of Peni-BOn’K eni'.pliig. 
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fh& Alhankin^ of the North and iSmith 

If the two ailhoiiottes, he. thet fi'e ll><‘ hikI Hint f«r llii< .Smitlirm 

Albanians, bo aiipcrpoaed so that liypcrrfiinioii niut it wjl) U-! rniiini 

that the whole of tlie faces nre in alimwl, eomplelf* luyonhuice. This TfifiFil likcin^ss 
we lincl already soon tiiust arisn from Miss Tildr'sirFy’H facial tm*aa»n'nu‘iiis On the 
other hand bl»o toiw and backs ortlojirliciitls slmw tnarki'd rlivorgc'tiro; ibi- XorlloTi) 
head projeetH beyond iho Southern in the iiciKlibourhissl of iln- oplttvon, Knnn the 
crinion the hair line.* of the former lie« incrOJwinjjly o»tf<ide tlnkl *»r ih"^ latter, mol 
at the back of tl'o head between ebclioii and hyalnliuu lU'* dilfeh-iu o mtnonilJ< (o 
8 to 9 mm. This oxeeaa, if it dinuuiBhes wunowlml, is tuidnlaiiusl ri^htdnwn Pi ihc 
lopbion. If the auricular pointa bo euiKirpnuul, innl llio two lines fW'in lh>'«e puintJi 
to the hyporrhiiiiona bo brought into conUiet \vc liiui that iho .Soiitliern lyp- tics 
entirely inside the Northom right away round from gidioii to litphi*m. lln* twii faces 
having practically paiallol contoura from progenion to the t»|iliryeitie n'gion. 

To empbnsifio the oxfcroino Bnin11noe» of the Albaninn skull, wbeilier tn-rUi or 
south, wo may take the ailhouetio tyiM> conumr of llm iMiglisbman imm ibe 
pocket of Biomelnkii, Vol Xx", avnj auperjyJHw it nu that of the Korlhetn Allemiau, 
BO that the nose contours, which fit well, arc. in agr<s:me!it. ih(* Mnglishuuin's 
hyporrhiniou being slightly above that of llni Albuiiau. The KiigliHlnmni Inm 
a slightly longer upper lip, but hit) chin and Airclnuul rcln'af, Ins erinion b'ing 
slightly below and inward of the Albanians. Heyond llu' criniiin Uic iCnglish i,y[H> 
is bigger than the Albanian, rising about 4 mm. nl«ivn it at (lu* ii|s>x, and it i« 
to (3 mm. horizontally outside it bntwonn obelion and hysUtiun. This exccfwi is 
maintained, if decroasingty, right down to llio lopliimi. If ti« pmvimisly wi* nmlso 
the auricular points and the hypcrrhiniou-mirieulnr [mint linas P* coincide, tim 
northern Albanian head lies almoat inside ihn English, except fur a alight jirFijm'liuii 
of tho former in the region of the crinion, and n wmCMvhni nmn* sigiiiiicanL projec- 
tion botweotv plakion and obolion. Tlve aouthorn Albanian tyjs' lira wholly inside 
tho English male typo whothor wo make the iumcntnr jjoinla and the nuricniu. 
hyperrhinion tinea, or tho auricular points and Fnvnkfurt Huriv.oittala to coincide, 
Further evidence if required of tho ainallncas of the Albanian, esifwially llm 
southern, heads may bo found by superposing the lyiw silfumeun oonpiurs uf ilm 
English foinalo hand or oven tbo West Africain NegrtJ head. 

Tho comparative value of the silhouoitofl of mfiinl tyjKta <*«n only W* wjlthHl 
when many others hnvo boon constrnotixl. It will bo inUirwUng In wtrupara thw 
of the Albanians with silhouettes of othor Ikilkan ^H»Jpl(>s, Borne of llusu^ an^ in 
preparation, and they will, wo havo reason to hoiw, be fme of the nmiwion which 
detracts so much from tho value of tho present poir. 

* Thla tarm "hairlino”lauiodpurpoMl}'booauMihotiusiaiirad ssH’rnhrr lirlslilef lUeneulhwn type 
ia Mluaily 01 mm. in axoasa of lUftl ol Vha Norlbom lypo. (Soe Tati® J.) The vflrilwl hel«hl from A on 
the Nortliemflra’ allhouotte ia 8'8 mm, greater than that o{ tho coireaponJlng h»l8hl on ih® 

An examination olPlaUa IH—Vauggoalathai thoHorthoniota' hair may wall naoennirer thla dlftenwie®; 
the ayeroge thlekpBBa of halt at the back of Iho head of 60 young Bngllehtflen wa® of Iho order of 
17 QL&rii. 
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Two pointa, which, if noticed before, avo at any rate re-ciiipliasiHod by Misa 
Tildesley’a work, are fclio following: 

(i) Tliero are at lonsb two differentiated groupa (or wo inigliL say races) in 
Albania, those of thu oxbroino North and of tho oxtrome South. 

(ii) ]3obh races have from tho Ifiuropeim standpoint small, and in the caH(! of 
the Southern Group extremely small heads. We might add that it is posaiblo for 
two dififorentiated groups to have faces closely nliko, or wo inn.st accei^t the fact 
that a strong facial rcseinblanco by no moans connotes racial identity. Thus 
physiognomic chavactcra do not necessarily provide tho best method of <Us- 
criminating races. 


DESCRIPTION OF PLATES 

I. Typo BiUiouoUo of tlio NortViorn Albanian Qronp. 

If. Typo Silliouolto of tho Soutliorn Albanian Group. 

lit. Examplca of tlio Fliotograplia of llio Albaniaiui at Uic North (lat Soriesj. 

IV. ExninplDB of tho Pholographo of tho Albnninno of Iho North |2iul Borio»), 

V. ExatnpIOB of tlio Photographs of tlio AlbnninnH of tlio Houtli. 


1—2 



A- 00MPAIU8ON' OK TIIIC ,SIOMMNVAKIANT.S OK THK 
DISTRIJUJTJONH OK MOMKNT v\NJ) .SKMMNYARIANT 
KSTIMATER IN .SAMPLES I'TIOM AN INKINITIC 
POPULATION. 


Bv JOHN WISHART, M.A,, D..S(;., Ohirc Oollom;, OumliritlK'*- 

Tjik (ippenrnnco of yot uiiothor papor nu tliu 8 uiiipliii|f pr(il)li!iu* iai(‘ti“ 

tion to thi', 811CCOH3 which liaa lUtciukul <if n>c(!iit yciu'H llio (‘iToris nf workcw in Ihi*' 
field. The }{cnera! prohlciii coimidcrcd by oiiis ^'roup of workoi'a Ih tin’ fttlhovinj^. 
Let there be }{iven a popubilioii, HiippoHcil iiifiniLc iti o-Sloiil, but HiibjrTt In (liio 
having any law of distribution with liiiiti* inoim'iilsS, It ninylH* ii |Hi|itiliilinii n( oiif 
or many variables. The ])opulalioii itiiiy be reganled iw (aMnpletoly ajw'eirnil by o 
knowledge of all ita charaotoriatio panunolei'H, whicli limy bi; inoineiit eoefln ii'iiUH 
or Heini-invariaiits, or oxproBsiblc in tenim nf tlliae. For a .S'linpln of ai/.n it drawn 
at random from this population wo may caleiilap’ in hoiho innnin-r eorloio rniU’iiomi 
which are to be regarded aa caiiniateH of the population nionioiiL or 

aemi-invai’ianta. The niinnltiincniiH (liHtrilintioii in repeated Kampleaof I In- vanoim 
catimatca will depond upon that of the parent poinibilion, mid line problem I winii 

to take up deals with Ihedelcniiinalioiuif tlieinmiieiitcoidficieiir'*, ... . 

of this siimiltaiicous distribution. Prior to I!I2H eorUiin individiml rrsiill’* only Imd 
been worked out; in that year two iiuiepciHlent paperu of great inijHtrlinir*’ iijipeared, 
R. A. FiBhoi't showed that if wc define us estimates of the population Keiiii"iiiviiiiaiii.s 
(/Cf) certain functions (li^) of tbo flainple ob-sorvalions by meaiiH of the ftimplo 
property that the moan valno of kf for an iiifiiiito iimnber of Hani])lcu is l<i la* 
then tho semi-invariants of tho BiiniiltanoouH distribiilimi of the i'a an* pemiliarly 
simple in form, compared to analogous nxprossioiw derived in other ways. 'rhem*. 
aemi-invavinnts can be derived algebraically, or morn simply by following out 
certain straightforward combinatorial ruloH. Kisliur's paper luarkoil a great ndvane" 
in showing tho possibility of beginning a Hystomatic tabiilalioii of ilio n'i|nih’d 
formulae, a thing that had not before been posHiblis, fii his imporall fornndao up 
to the tenth dugroo wore given, together with a miiiiber of spifeial intrr<-«t of iho 
twelfth dogveo. In addition the paper showed bow the ineibtMlrt cmibl loadily In- 
applied to multivariate populations, and a munbor of tho mom gi-imral fm-innhu' 
were given. 

The other paper was by Ornig§, wlio dealt with the simultAiiwiUK diHlribiiluiii 

‘ N, Si Qeorgflsou: flioMif(Wk, xxiv. 1082, pp, B5—107. 

t B. A. Fisher I ?r 80 . Loiiil, Mal/i, Soe, (2), 80, 1920, pp. 100—288. 

f [The TOBder muBt hear in mind that tho mosn vnliio of Is not (ho value wore likely limn any 
other to ooour, l.e, it is not tho modftl value. En,] 

§ 0. 0. Oraig! Melron, vii. 1928—0, pp, 8—71, 
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of fclio simiplc moment coefficients M ordiimrily defined, but chose to c^provss 
bins distribution by means of its aemi-invariants. His results tlo not, therefore. 
liaVQ the saiiKs peculiar siniplieifcy of expression that Fislicr's have. Craig was able, 
by algebraic methods, to deduce quite a number of formulae involving momenta 
not higber than the fourth. Now in the paper already mentioned St Qcorgescu 
derives precisely the same functions as Craig, i,o. the semi’invarianbs of the 
simultanooiiB distribution of sample moments. The interest of his paper is in the 
prosontation of a differonb method, for he dcseribea a combinatorial procedure 
rather like that of Fisher, althougli it is nob ns simple in its rules, just ns the final 
reaulta of Ornig and St Georgeseu aro not so simple and compact as those of Fisher, 
Quito obviously, then, those formulae which are given botli by Craig and St 
Georgeseu are identical, although the identity is nob immediately evident, since 
St Georgeseu has expressed his results in terms of JV, one less khan the size of the 
sample, and has used a different notatioJi. Ho bos, however, a number of fonnubio 
which do not appear in Craig's paper, for, confining himself to moments not higher 
than the fourth, St Georgeseu gives all, or nearly all*, the formulae up to weight 
11, together with certain only of the formulae of weight 12, and two high order 
results for normal papulations only. Of those, the formulae of weight 11 aro now 
in the sense that there is nothing to correspond witli tbmn in Fislior or Craig, 
although in the case of the former methods have been dovisedf for deriving in a 
fairly simple way new patterns from those of lower order, and thus it would not bo 
difficult to add to the results already published. 

n 

Now m, = % and the problem, as first taken up by "Student,” 

'I’soliouprow and Cluirch, dealt with the distribution in random samples of the 
estimates nw, expressing this distribution by means of its moment coofficieuta, 
whicli were worked out in berms of the moment coefficients of the parent popula¬ 
tion. As results in this form are still required by some workers, though nob by all, 
it becomes important to ace how blio Fisher rcsidba may na required be tranafovmed, 
There are three stages in the process: the first consists in finding the aotni-invavianbs 
of tlio distribution of the estimatca, expi'ossod in terms of the populabimi .semi- 
invariants, from those of bho kf oatimatoa (i.o, deducing the Craig-St Ocorgc.Hcu 
resvdts from those of FishorJ); the aocond consists in turning these aomi-invariants 
of the required distribution into moments; thou, since tlic results arc siill oxiircssod 
in tcrina of the population scini-invariants, the Inst stage is to turn these latter 
iv\to \nomont8. The livab two stagos are a matter of routine alg(bbvaic tvanaformatinn, 
using bho known rolationa between inoinonts and semi-invariants, but the methods 
of tho first stage aro loss obvious, and it is ono of the purposes of the present paper 
to describe this transformation, which of course is reciprocal. Later a now vcsulb is 
worked out, and it is also shown how many of the terms in certain Fisher fonnnlao 
of high order may be deduced from corresponding terms in formulae of lower degree. 

* Eo hiva not given S (8 2*). 

t R. A. Fiahov nud J. 'Wiahart! I'roc. Loud, JllnUi. Soc. (2), 88, 1031, pp. 105—208. 
fla not tiua to Bilrait tlmt Did Ornig-Sl Ecorgoacn vcaulta roliDvo Iho worhcT, who is dsniing with 
moinont coenioienta, from at icnsb one stagD of his labours'? Ed.] 
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MouiGiits ciufl SpMhfHi'ui'ianf'S in ‘Xiinjditn/ 

Formiilao whioli involve winipl*! eHtinmto.4 no IiiKlior Miiui I lio tliinl doK'''*' 
be rciul'Iy trnnsforniod from Uus ntui ntilutj'n.'ti iiilo ihc ttllier. Since 


A-2 tivhlOi - 1).** )- 

.( 2 >, 


Llui only change ovidonbly coiwlsls in intnulucing a coiniUnif, inultiiilicr. TIiiih Icl, 
us begin with Pislior’s formuin for ;c(‘2»r<), the (21) iihHlucl Hcnii-invarintU, ..r 
moment about the mean (since uj) to the lliini degno! Hcmi-invarinnt and moment, 
are identical), of the HimnlUuicnuH distribution of h utnl hi in reiH-itcd S(itn|de^ 
Tim notation is easy to follow (and has been mloptod l>y Hi (biorgwu), for the 
figures in large typo rolato to the estimntOH involved, while ihe eximueni'* giv*; ihi! 
nature of the semi-invaviant ovnluftLed. The forniida is FiRher's no, ()1), 

«(2“:n = «,/»' +lCv5«i/(»Cn- 1)! + 12(2a»H)/f,v,,/la(.i •- l)»| )-U'- 
In the notation of St Gcorgescu, we now obtain N(2’fl). i.o. the (2 1) hrini*invrtriuiil 
of the aimultancouB distribution of vii and m 3 , by iiinitiplying tin? above result 
tlu'ougUout (soft (1) and (2)) by 

/«- 1\® (11 l)((i “ 2) 

1. ”i / a* 

Wo thou have 

5'(2»:)) »(n ~ 1)’ (u - 2) -I- 16 (a - 1)* (« ™ 2) /fa/n“ 

+ 12 (« - l)(n-2){2ti - ;l)AriWa/?t® h'lHfu— l)(n — 2) 

Tliis agrees witli Craig's result (loo. cU. p. 56, formula for •Sgifcj, and alw* 
with St QoorgeBou'B if wo make the subatitutioii ri i® iV-P I. 

It 18 to bo hoped blmt wo shall in time soltlodown to n uiiiforiii and aalisfacUtry 
notation for bho Bomi-invariauts. What Fialior writea >ct is written X, )iy (irnig ami 
Sr by St Qcnrgoscu, In both those cases tho iidlnencts of Tliiolo is ap|wriuit. Iml to 
both bhore are objoctions. If wo aro to oxtoud the practice of having corfc^fsinding 
Latin and Greek letters for sample estimate and population pannnuler r«^s|R!i-tivtdy, 
a practice that has much to commend it, then that rules out s slmiglit aw'ay iw nut 
being a Greek letter. In any case « is alrearly appropriated for Hlandnitl deviation. 
There is not much bo choose between and Mr, but on the ground that thr* I>atin 
I for sample estimate is less satisfactory than k, linbli! on it is k» bo isinfuacri with 
the numeral one, wo would advocate the use of k and k tliroiiglmut, 

When a fourth or higher order csbimnlo conics in, the imnsrurniation iw Icrs 
simplo. Fislier, in his original paper (foe. cit. pnm. 10), gave a general iteinmiNtra- 
tion of the method to bo followed, but it will not bo out of place hero to give the 
details, illustrating by means of an oxamplo or two. Let us Ijvku tlu: caw* of a>(‘l‘), 
the varinncQ of h, compared with that of mt, denoted by S(4*). Tho latter fornmia 
occupies three and a half lines of print in St Qeorgoscu'B )mper, and conUiina 
a number of quite complex terms. Tho former roads 

K ( 4 i») “ Kiln + 16 <c, Kil(n - 1 )+ 48 AfB K^Kn -1) + 34iv4»/('' -1) + 7 211x4Jf»*/{(» ~ 1) (n - 2)j 
+ I44nxj**,/|(7i -1) (71 - 2)1 + 24« (71 +1) x,Vl(n - 1)(« ~ 2) (n - 3)). 
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The number of berms is the same, bub t!ic simplicity of each is very marked. In 
fact the occurrorico of common factors in the second and third, and fifth and sixth, 
torms would enable the formula to bo abbreviated by taking the.se terms togotlier, 
while the wiioiug of for it - 1 would also somewhat shorten tho formula. It is 
of more immediate intevesb, however, bo see how the Craig-St Qeovgescu result 
can bo derived from tho above, By dofinibion wo liave 

, 1!® (iH-1) Dll 

= {n '-i)(n~2} {11 - 3) (ii - 2) (jr~¥). 

Thus we may write qk^^, utilising the value of k^ already given, in (1), 

where jo and q stand for tho two factors involving tho size of tho sample 

p = (a - 1) (n - 2) (a - 3)/{a« (?H-1)!, r/ = 3 (a - (w + !))• 

Wo are to consider now tho aimnltancoiis distribution of ki and k^, and to find 
tho distribution of 7».i, a certain known function of these quantities. The moment 
generator of the distribution is given by tho operator 

oxp(r(pc)/34 + (faW)!. 

while tho operand is 

1 + /r (4) (2) + (4“) ^ (4 2) I- q- .... 

The operator is expanded and tho dilforcntiations carried out, after which h and 
arc put equal to zero. We have tlie following aeriea iii t ; 

1 + [pp (4) -h qp (2*)} T -h [p^p (4“) + 2pqp (4 2®) -I- i/V (2^)} t*/2 1-1-.(4), 

tho binomial character of tho coonicionb of tV?'! being ovideiib. In general tho 
notation p{a^) denotes tho momonb coofficiont norrespoiiding to tlie semi-invariant 
«(a*), Tho series in r is blio moment generator of tlie distribution of ??u. To obtain 
tlie semi-in variant generator wc expand tho logarithm of (4) in powers of t''/?'!. 
We get 

{pp (4) + gp (2“)} T + [p^ {;i (4*) - p^ (41) + 2pq [p (4 2«) -p{i)p (2»)1 

+ i/i;t(2*)-/r«(2‘))]r'‘/21-h.(5). 

The term in t*/ 2I in this is tho ivg, or variance, of the distribution of iin, i.o. tlie 
required result. Bub it is expressed in terms of the moment coelHcients of tho 
simultancons distribution of ki and kf, ivhoroas it is the semi-invariantH whicii are 
known from Fisher's work. Tho relations connecting [nomonts and HOini-invariiuits 
are, however, woU known. '.L'hoac ive sliall rccpui'e aro 

Pi =. «i, 

Pi = /tj -P Ki*, 

pit — /fia + S^ii/IToi + Kot/Cu + Ku/Coi^ 

(li =^Ki+ 4^8 Ki H- 3 kj“ -f 6 k2 Kj’ + Ki*. 

The term in t®/ 2I in (5) may then bo writton 

-S (4«) = (4») + 2pq (4 2») + 2« (4 2)««) 

+ 2* (2*) + 4« (2‘>) ^2 + (2*) -I- itc (2») .(0). 
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This is the relfttion sought, into wliicli the known miiK's of p iiini 7 i(i;iy li>- 
insoi-Led. It is seen to involve, in uddition n niini)»er of other reniill^ nil 

tabulated in Fisher's piipei'. liecijirocTtlly, of courHc, it is nlso [Ks*sjhte to expr( S,s 
«(4®) in terms of a series of tin; (Jraig-St (leorgese.ii resulls. 

The terms of iimy now he worked oiil, one hy one. Take lor e.vriiniih* (lie 
term in kz*, the only term thnt Riirvives ^Yhell the parent is>piilatieii is iiormnl. fti 
this COSO tile entire middle term of (11) (that in pij) vanishes, sinro k is zero 
for normal popuhition.s when <1 > 2. W(' make iiho of the known results 


«(.t») = 2+n (Ji + 1) /r,Vl(» “ 1) (" " 2) (« - 2)) .(7 k 

Y(20 = 2^-1 (r- l)!>f*7()i-irh 
Substitution in the above forninla loiuls without dilHcultv In 

S (40 « 24 (u - 1) (4n« - l)n T (J) Kz\!n* .(H k 

as given by Craig, Sb Oeorgesou, and others. 


Actually, in this case, it would probably ho lumi'ty n«niinple. L^i nhlain the ri siilt 
by direct algebraic inothoda, but the oxuinple is tmly iin illuHlnUion of wimi. is 
possible. The series (6) has in fact hcoii oxtomled by the writer (,'i llu* terms in 
t^/ 41 and used to work out Lho normrd term of ^'(4*) in terms of ;i;(4*) iiml oilier 
K results, thus cheeking the rosult given by Craig and Inter by .StCtiorgewui. NViih 
such a high ovder rcavrlt it ia obvious tlmt dirtf.ct algebraic mcthmlK would he 
exceedingly laboriotm. 

For this, the normal, term of a (4*) or A'(4*), there ia not n great deal n elinom' 
between tho formulae (7) and (8) on the ground of aiinpliiuty. It is perhapa 
instructive to choose anothor term in the formula to «lmw a itmire Hlrikiiig 
dilference. Suppose we are required to find the term in /r**. For #f(4*) this in 
simply 34/(?i -1), being derived from tho two patterns 

3 1 4 2 2 4 

1^3 _4 ami 2 2 _4 

4 4'“ 4 " 4 “ 

which can be set up in 10 and 18 ways respectively, and with neellicient 1;'(« — 11 
in each case. To find from (0) lho term in vj* of ,S'(4») we require in additimi the 
following results: 

K (4 2»)» ... 4 (7n -10) w,*/ln (n ~ l)*l,... 

«(2<)=...8(4tr*-0» + (J)V/!«*{n--1)*: .... 

k(2®)=«4/?1.,., 

These are taken from formulae nos, (12), (U) imd (1) of Fislier'a alnnuly 

cited, 

After substituting in (6) and reducing as fur ns pincticnblc, wo have, for the 
requirerl term in 

2(n -1) (17)1* ~ llln* + 309)i*- 406« + 207 Fn<. 
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So mucli, tliun, for f.hc dirocfc .semi-invaritinta of «, singlo iiiomonfc or Hcini- 
invttriftiit csbinmLu. When wo come to conoirior tlio BiinultaneouH ilistribiition of 
two or more Huniplo eatiinutoH, the [nocciluro is a little modified. To aervo aa an 
illuBbrafcion of iuotho<l lot ua (ind K(24f), luid from itS(2 4). Tho firafc of t!ve«o iw 
the first order ijindncb somi-invariiuit (or moinonb) of the joint diatribution of 
and ki (ill fact ita «ii). Tlie aecond is the coiTosponding jMirainetor of tlio joint 
distribution of mt and mj. For k (2 4) the required patterns are 


2 4 

j) 

1 8 

4 

1 2 

2 4 


1 1 

2 

1 2 



2 4 


2 IT 

/r (2 4) =: Ktjn + Hki «8/( 

a -1) + 6«8* 

To transform this into j?(2 4) we shall also require k( 


2 2 

ji 

1 1 

2 


2‘2' 

j 

1 1 

2 




2 2 


v(2®) = 

K^fn + 2#aV(a~l). 

2 2 2 il) 2 111 

4 

1 1 

1 , 3 

2 2 2 i ■ 

1 1 

2 

1 1 

1 ; 3 

2 2 2 


2 2 

2 


«(S'*) = Kiln^ -I- 12KiKtf[n (n -1)1 + 4 (h - 2) - l)“i + W/Oi -1}*. 

Wo now consider tho simultaneous transformations 


uu = pi^i I- 

where = (n - 1) (?i ~2)(n- 3)/{a* (?i + 1)), 

?'=“ (?i - l)/n. 

The /a-genorator of the simultaneous distribution is given by 



und tho operand is, as before, 

1 +/r(4) + p. (2) /, + /* (4») -1- p (4 2) + /r(2»)|j 4-.... 

Performing tho difi’erentiations and then putting wo have, for the 

/r-gonorator, 

1 + Ti (piu (4) + (//A (2’“)j ^•Ta7’j^A(2) + TiTj [prp{A, 2) + qrp (2®)) + .... 

Tlic /c-generator is the logaritlim of this, and to find tlio (11) product moment of 
tun and nij wo require to expand the logarithm and find tlio term in T]Tg, Quito 
obviously this is 

prp (4 2) + qrp (2>) - [ p/i (4) + qp (2»)) rp (2) 

= p7' [p (4 2)-p(4)p(2)l +7J' }p(2®)-p(2»)p(2)(, 
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On converting /t’a to /c'h tliin bocomOH 

8(2‘fc) = jjr/c (4 2) + f/j- \k (2^) I- 2-f8^! ( 

On substitution of the vhIikjh of p, q ami r and nf llni cxpr.-ssinnH Kivi-n nUnv.< for 
the sciui-invnrinnts involvud, \v(j get 

tS(24)=(n- + + l)(7n*- 18>i -}• 16) 

•h G (n 1 )(h - 2)*;V3»/"* t I2(n * - 

as ftiroady givon by Craig and St Cvinrgma. 

Enough has boon dojio to indieftto the procuduru to Ikj fidlowod in lln> of 
more complex formulftc. In all caacH tht* nimpleHt (inul results net' idtinimsl >¥ht.*u 
we deal with the aomi-inviiriauu of the /f-OHtiuuites, vvliioh fnvt rriol>TK llioin 
particularly suitable when a attirohouHO of inrorinntion is i-tHinirr-^l r<*r rvrrr. iieo, 
purposes, In addition, niiyono who has mnateted the Iwbifeme may work mil 
ab initio moriy of tlie Fisher rosiilUt in a few iniiiuleH, u jirtH-edmo ilint will eflon 
be quicker tliaii looking up the required fornndtt. In Huch ea>4oalhf IraiiHf'tniialioii 
which has been described will be iiHofiil when tin* resulUf nn^ n'qnirr^d in iitlior 
forn^s. 

Two rcaulta of high order, miiuely .S(4*) and have Ivon given hy 

St OeorgGseu for the special aiso of tin* jMireiit popidation being nitriiinl. 'Do- Jirwt 
agrees with bho corresponding result givnn earlier hyCmig.whieli, aw wnhnv.* Mid. 
checks with the Fishor result for k (4'*) *. Hut it ought Ln he poinUtil out that ihe 
St Qoorgoscu result for (S(3‘) is in orror. w(;l*J wiw firat worki-il out in full fi.r 
the normal case some two yoam ago by Dr Fisher ntui tin* pre*a-iit wril**r*. 'I'ho 
reBulb is 

/((3‘)=.46G600a'(22n*~iau4*l42)wj'’/Kii-l)*(u -2)“} .(Mb 

Now siuGG mj = (n-1)(n- 2) fcj/n*, wc may obtain S(!F) hy ntoUiplyiug the 
above result by j(n — 1) (n — and we havo 

<S(3‘) = 46Q6G0(rt-t)(n-2)C22n»~ niiH.l42W,V .dlOh 

If wo write 11 for i\'‘+1 in the St Qeorgescu result, wo got 

32G6020 (!i - l)(ii - - 21n + ‘>H) pr.Vu* 

There is no doubt retnaiiiing as to the correctness of (1)), imd theri«r<m!(Uh. It wiwi 
determined on more than ono occasion, and has recently hrm rewnrki‘*i. by the r«»iiv 
binatoriftl method,and carefully chookecl. A furlhornlu'ck U prtivulisl by tlu' rclutitui^ 
ship between ;i(8«) and ^(!l«2“’), which latter is thoeixlh inomoiilefllu'tlwinlinlii-n 
of tho ratio gi^kvjlc%^, tho first mooauro of departure from nonnniity, tiidi-ring by 
only a constant froin \//9i. Fisher'ij, rccurronoo relalinn for r/it enulilos diu*. uflrjr 
some fairly heavy algebra, to obtain the second, fourth and sixth nimiumls of pi in 
aucoession, and so to check * (3*). This also has been dune moro Umn onno, with 
the same result each timet. 

* See 3.’Wlafiattt BloowtrtJra, xxii. 1080, p. 587, 
t B. A. Finhan Pm, Pay. Soe. A, 180, 1080, pp, Ifl—28. 

n Im' ^*^''1'*’ V' BAltulaUKll8*a-»), Hib resuH Ixtlug oheokwl by 

i>r FiaScr by hia oombiDatorial raolhod, ' 
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To fill a gap in Sb tieorgcscu's table of resiilfca, I have worked out ic{'i 2 *). I'roin 
which ^^(3 2 *) may bo directly derived by multiplying by (a —!)'’(«-2)/a®. The 
forinov waa obtained by the combinatorial method, and carefully chockc?d by t!\e 
rather lengthy process of direct algebra. The r-esult is 

K(3 2‘)e Knh* + 48koNs/[#(w -1)} -I- 8 (16n -29)Ks«a/1»® (w- 1?\ 

-I- 8 (3871.“- 9!)h. + 75)«,7^4/1 «“(w- l)“l 
+ 16 (26>i“ - 98)1“ + 12Vn - 58) Ks!\n^ [n - 1)'*) 

+ 720«,A:a7{K‘*(n - D*] -I- 96 (31» - 53) /r8/ra-V2/(7i“(7i-1)”! 

-f 576 (0a“- 23a+ l6)K5K4«a/[i!,“(a- l)‘} 

+ 288 (9a® - 32a + 26) /rs/r 8 ®/ln®(rt - l)*j 
+ 96 (41ii“ -129)1 +111) (it -1 )*} 

+ 384(!)A:8A:a“/()i (a - l)“j + 8040 (2a - 3) *i« 37 f 2 ®/{a (a -1)“) 

+ 1152(5?i- 12)7C8 V{iK»i- 1)*1 + 67G07ca«,vi(ii-' l)'l.(^1)- 

One point of somo interest that arises out of the derivation of such high order 
formulae is that under certain circumstances part of tlio result at any rate cun be 
derived by the application of simple formulae from conesponding tenns of results 
of lower degree that have boon already evaluated.- This point has not been studied 
at all systematically, and in fact a wide field of study awaits the research worker 
who cares to take the problem uj). The formiiiao arise from consideration of the 
way in which patterns of a certain, size may be expanded by the addition of new 
columns and rows, and of the number of ways in which such a change can bo 
effected. One or two results of this clinrnctor have already boon given, but only 
for the case of the parent population being normal. Thus wo have Llie result given 
in a previous paper* that 

.( 11 ). 

which gives the normal berm of *:(p9 2'‘), which will o)dy exist ior pq oven, in terms 
of thot of«(j)’). This relation should in fact have been extended to k (3‘‘4'^5'’,2''), 
where 3a +41) + 6 o+... =^ 5 , as has been indicated by St Qcorgosont with the 
parallel formula for his form. A particular case is tlic well-known one, putting 
1 ) = 2 , o = 1 , 

«(2'-M) = 2'-i'1k*’‘+V(«-!■)'■ .(13). 

giving immediately the normal term of the (?'+l)th aemi-invaritint of tlm dis¬ 
tribution of ki. 

An extension of this work to the case of non-normal populations caii be miido 
under eortain oircumatancos. It is obvious that if any term of a formula whicli 
involves a power of wa can bo derived from tho corresponding term of a formulB 
of lower degree, then this will oaormously reduce tho number of terms to bo 
evaluated by combinatorial methods, In particular it will seldom bo needful to 
evaluate patterns of largo sizo in which most of the cells are unoccupied, a typo 
bo which it is usually somewhat difficult to assign numerical coefficients. For 
example 8 out of the 14 terms in 7c(3 2“) contain a xa, leaving only 6, 4 of which 

* J. Wiaharts Biometrika, xxii. 1980, p, 984, 't Boc.clt, p. 117. 






6(i 


jVovumla and Smi-lnmnantu in Samplimj 


are very enay, fca be diiocfly lieb-riniiird. AkhIh »t'.nt,4,b.s 15^ «erruH. 'il ,.f 

wluch contain at lenat one A rrinniiln wliioli (iH ^^nrh b rn.H lr*,iii 

formulae of the type xip'^i') iu the follnwiiij': 

The term in 'i' '« "bta'ii'^d from Mi- lerin in 

Ars''A-VV6'... in *: 1).V ninltiplyijif? Mui wiofticueiit nf llw kll-r by 

■ 2-*‘H(r + ,i..l); . 

We have, of coiirae, that Iht h 5c-[-« a(«-l) ‘l ;t ond p may tn^te any 
mtegral value from i njwanlfl. Thu formula inttulijiKit Ui iho. om* o^eojui-u that 
owing to symmetry it bna to be alightly nuMliliwI In f{ivo the iionnal term in 
k{2 2*'), but for this wo have foriinilii (l-‘l) iibuve. Tin? olbcr ternix in or** 

given correctly by (l*i). 

As an illustration let it bo (iMiriul U» liiiil the lonn in in Uen' 

ii = 2, i:=0, and r = 0. It followH that nnti Urn rejnind ti-nn 

will bo obliilncicl from that in of a; (112*) liy iriiiHijilying the ewlYu'ieiit itf Mu' 
latter by 

+Hl!2!Vi -V)*’ 

or by 8360/Cn~J)®. An in given liy unr foriinila (U) we !«'« llutl Ihn 

required term iu 

1)67680 (Dir* - :i2n -b 2(1) (n I f|. 

A furtlior application of the ride given uHi for the laat lliri'i* ternin in a- (2'), 

Suppose, tlien, we have a popnlutiou which in rouiovcri Ui awim? rJcU’iit, but iiol 
greatly, from normality, bo that Kt, a* and A4 only oxist, the higher wtnii-iuvnfitinN 
being zero or nogligiblo. If also Aa ond a* are siuall, «<• that their »(»jnftr»>-a nml 
higher powers can be negloctod in compariBon ^¥ith their linil jkiwith lor m-tsiiul in 
the cose of Aa), then umlor those condillona we may write 


(a- 


, 1 ii-l r(r-.l) \ n-2 rlr-nir-2> 

1 . .. 


21 


2 " 


«! 


approximately, where 71 «ajas ^ ami 71 anil 71 are (be and Pi' !i 

of a mere familiar notation, Such a fortmila may «orvn ki indicakt in wlmt way 
the distribution of ^i,tho ostimate of variauce, eUaugoa fur a slight dei!^rture fnmt 
normality of the parent population, Thu cimo noimidortal may, hfiwtn'i'r, Inj of 
limited interest, but it tloos not seem ns if much progresB will lai rnndw in rlokir^ 
mining the distribution of the ostimatod variance in samplea ftxun uun.nnrmat 
populations except under certain simplifying nasumpliung as ut the imlim* uf iho 
vnemont or semi-invariant law. With our present knowlwigo it. would bo jKWtiblo 
to write down quite a large number of the terms in k( 2 <'>, but it is not clear that 
any useful purpose would be served by doing so. 



AN EMPIllIGAL AGIC SCALE. 


By DUYSDALE ANJJKTiSON, M.R.tJ.S., L.11.0.B., UP.U., M.O.Il., 

West African Mcilbal SlalT, 

(tenmO, 

In iTftaiiy U' 0 })ical coimkrioH tho opening np to modevn tnothods is very recent; 
annoying gajxs occur in, C9.?enbial information in iinoxpcctod placo.s, Wlion carrying 
out work on tho subject of vital statislic-s, knowledge of the dilToront ago gi'oiip.s of 
the population is funciamontul and yet more often than n(»t it is impossihle to obtain 
even approximate figiiroa. 

A st\idy was recently being made among one of the large race units in Southeiai 
Nigeria, tlm Yoruba nation, on tho subject of malarial ondomicity; in Lliis work tlic 
enlargement of the spleen is of importance when read in the light of tho child's 
ago. Ab with many another native people, the idea of birth registration or Lliat of 
counting miinbois of per,sons is contrary to the general ideas of good luck, and coti- 
.scqiicntly it ia very rare to find a person who knows hia or her ago. Until ati ago 
Bcale could be doviBcd, the work referred to was brought to a stamlatill. 

Anthropomotrical reaearclj has been earned out on a largo .scale in many parts 
of tho world with ditferent pcoplce. Among those the American Negro has hviou 
extensively weiglicd and moaaurod, and aa birth rogistration is fairly widespread iti 
tho United States tlm ages ai’o also known. In times past, the Yornba nation iuw 
contributed in a c(m8idorablc <iegrec to the present coloured population of North 
America, 

The Metlmi Aclopied. 

Ab many Yoruba ohildron tw could be obtained in the schools of Abeokutu, a 
ropreacalativG town in the middle of tlio Jiational area, were measured for weight 
and height, and the ojio was plotted against tho other. A second graph was fclum 
drawn from the weights and heights of tho American colovived children at tho ago 
units. The curves wore not iinliko in general appoaranco. 

As acheok,a similar sot of curves was drawn for Knglish, Australian and Amorieun 
wluto children. It will bo soon from Fig, 1 tlml Ihoro i,s a coiisideiablo uumnnt of 
variation in tho five curves which cannot bo accounted for by the diflbrent methods 
of mottsuroment such as the amount of clothes worn. This variation is moat striking 
in tho younger ages of English children. Also it is obvious that blio ciii'ves for tho 
two African peoples nro os significantly clifTorent tho ono from the other as are 
either ono of them from any of the white curves. 

If the American coloured curve had fitted that of tho Yorubas, ono would have 
been fairly justified in inserting the age points on the latter as on the former, but 
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this procedure ia irnpruclicuble witli tho two curves os difiercnt in detail aa they 
nvc. Oil iiiBiMJcliiig the live eiirvcH, one thing emergcBj ago points for nil of thcin 
njipciir U) III! ill strnight liutids lying riujinlly nei'osB tho curves, Tho diffiovdty is 
where lo Iticntc) in tlie.HO huiicli tlio nvorago ngc on tlie Yorubn curve. There is no 
inroriuntiun tivnilnlile to not iw a criterion to a method for choosing n particular set 
of iRiints, 

Ah the impury hail a piuctical mthev tluui n tlicorotical end in view—that of 
itHsigniiig nil ago U) n child witlmut too large a po.ssiblo error—Olie following method 
was formulMcd, It pnibnbly him no greator virtue than any other which might be 
(leviHcd, but to those carrying on the work it appeared the simplest and moat 
natiHrackiry although altogotlior empirical, 

On lIiIh undcrHtnmling the American white curve, being the moat regular of the 
four cnrvcH of known ago, was taken as the index. At all age points on it, tho angle 
between the two contiguo\w straight lines wirs bisected by linos A\ pavnllol lines 
Jii and //| wore then drawn through the corresponding ago points farthest apart on 
the curvcH of kuosvii ogc. In each group the distance between Ih and J?a was 
bisected and ai\ indicator line (' drawn through tire point of bisection, parallel with 
A, //i and At, to cut the Yoruba curve at a point which became the empirical ago 
[xiiiil. 

The Yonthd Oime. 

This could lie drawn from two sotfl of data, either those obtained from working 
out tho nvorago hoighta of weight groups, or from blioao of tho average weights of 
height groui>8. Uoth seta were worked out and tho tsvo graphs drawn. There is a 
slight diflbronoo between the two tluo to the larger number of the weight groups 
ns compnrml with those of height*. 

Altlioiigh this dillbn'iieo beeomea inoro conspicuous at tho upper extreme, it is 
outside the school ago (sis to sixteen years) and Is of no importance. The variation 
at tho young end can be uctounicd for by conaicloring the group table. It will be 
aeon that there are obviously jwrsons of lower weight than 30f lbs. in tho hoiglit 
groups 30+ ins. and 42+ ins. which have been loft out. This may be due to a parent 
judging whotber a child is old otiough to go to achool from his height. One does 
not know, this i« merely a HUggestion. Tho points cm one oiirvo are jolativoly too 
heavy for the heights in these two groups. 

To dilTorontiute between the two curves they have boon tiatned differontly. That 
plotted from tho avomgo Insights to weight groups has boon named the "Height' 
Weight" csivve, whewsftH that from tins average weights to hoight groups has boon 
called tlm "Weight-Height" curve. As the probable errors of tho moan weights of 
tho height groups is much larger than tim probable errors of tho moan heights of 
the weight groups, the Hoight-Weight curve was chosoti as that from which to work. 
Incidentally it will bo noticed tliat the probable error of tho mean weights become 
BO large at the upper oxtremee as to show the result in one case to bo non-significant. 

t’ 'flio t»ro wsta»#lon oerwa ahouM nol ooinoMo, and llio rcaaon for lliair non-coitieidonco lion In tin) 
naluro al rcgr«Biilo)i ourroti, and oannot bo alWlbiUwl lo Ibo oanao auggoaled by lUo axUbor, B».] 
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An Eminrical Aije Srale 



Fig. !l. Beale on ttie pole rnnuinM 
from 3 H. 7 In, to 6 ft, 0 in. to 
detettnltie bom Uolgh\ ot a boy 
hli Bnpposcd ago, 


The j'lTwfj a/iuri f 'rjrrw The tirtlu nr*' I ftki-ii frrdn 
I'arl II uf Uti' U»!iH.rI« (4 l)i.’ 

OflitH}!' t)f ih*’ (.‘oiniitMiiwc'jillIi 1 u! »<r 

I'kliiivilititi for iniM mill IfMM, Hit- aafrk >,f 1|. 
.SiiUoii, '■ HnU' mi'KiritwUi <.f AnHiriilimi f 'liiitin ii," 
1111(1 Ilf F. A. Mt’t'limii. "I'liyfiurJt) 1 "oii»hii<«ii of 
I'liiltUiMi ivUt'U'Uii)^ I'nliVii* Ss’hnf«4t in N«'Vf 
\Vftl(>}<.'’ Tlio lif{iiirfrt Im^i’Ii in >«i5: 

iiKUithly it^i! tirom*;*, iiinl lln* «)*•' ^fon|*'< Mi , 7-j>, 
(•tc,, IIHhI. All .'I'ljllsUlM'llt inllul tlli ri’foK' )«• Mi ulr* 
for iho ivj'v; [loiMtti. Alt itll ilo" 

t'liilrlrcii Ilf fi'oin -r yi-mw |«« ,r yt orfi j4iin f>i,a 

niiiiiLliH. Till* >« lln-roFr.’ j \i ars* jOtin 

llii'tii* itioiilhH. ’.rill! ii'rtOiii^on tlici'nrvr inv. jillv =ii 

llio |ioinl ;r pliw J;r, T’lio n){o Ittv* l!in*i 
.m'l Utuik oin.t.niuirO’r “f lln* ilmiuui’n lln* 

pioridiifloiii*, II ifnirliiiil* ly ky slrr mil 

llial/ III! I'liiliiirii won* wi ij{j|( il wil)i<o»|,»Joih.-p. 

V7(« AmtrnVmi t'lilumed I'une, Tin* iiir>(riitiiiii<*ii 
itt iwivUltdl by A. Miwlbnifibl in hii 
yturfy uf Vhiliiren, IHU!). ill w’hirh llu* l n^c i« 
Uikoii ftM fill! ago |X*iiil< 'riiim* in ini nl-nU'inrut na 
lo tbts elolbcft wcirti. 

The AjiietnVitn Whiie Vui're. T‘b.- nmito xonr*’*' 
of) lliiit Ilf the Aiiicricjiri f’oloiirMl t’lirto jirm iilMl 
lIlQ claUi liKOrJ. 

The Jinylkh Curve, Inronuittioii waw 
from ihoIloiKirlnrtliL* Aiil)mi|KiiMi-lrii; f’liinniiUtm 
of tlic British AsstKiitiUnn for ihr, Atlvianwnirui of 
Soicnco ill tlieir I'rocmliug^ for in whi^li 
Koborta'silfamiaf ti/'/ln/Aro/WMii^fry in t|tiii(iiMl. Tin* 
ago units jKj'mWRristtgalnutVjirlhBay. liy ihownm 
rctUKining i«s th«t nw«l ftlutvt? with Um Auslminiit 
ttatii, it is iiooia*»nry Ui sot hmTt tin* n.j{« l**iinl« by 
linlf tho tlisUvuca Ui llm iminwiinioly prm;ihiiji( 
ones. Tliero i« no suittciin'iit lUi to ('lothiMKi «f nfyi 
wluoh m\» worn, or wlioUivr imaaswroun’iiU w»*n* 
taken barofoiit or not. 

The Fontfia Curee. Chiltlrou wi*ri? infWHun»<l 
barefoot nnd 'wore drwod in light irulion ilrii) 
shovta nnd a jnitipor of the same umuirioh 

The Scale. 

Thifi consiaia of a atrip of Btiff ^H^Kir two 
feet long. Seo Fig. 2, whoitj it has been iiwflful 









Drysdalb Anderson 


05 


to rlivido the scale for publication into two parts at age 12 years. With one end 
marked “3 ft. ^ in.” it is graduated in ages according to the corresponding 
heights read off from the Yovuba Height-Weight curve. The shaded areas on 
oithor aide of the age heights represent tlio distance and 1 )^ on either side 
of G. Any reading coming inside a shaded area may therefore be read as the exact 
ago in question; readings between the shaded areas are interpolated in quarter 
years. 

The atrip is glued to a flat polo and then varnished with the 3 ft. 7 in. point at 
that distance from one end; this end serves aa the foot of the scale. 


TABLE I. 

3'’o}'u6a Boys, 


Wolgbl 

in 

panndB 






HoIkIiI ill InuliOA 






Totftl 

30 + 

.'10+ 


40 + 

48 + 

01 + 

04 + 

67 + 

00 + 

03 + 



72 + 


1 

7 

10 

2 



_ 







. 

20 


I 

7 

17 

13 

_ 


— 


— 



— 


■•18 


— 

4 

27 

30 

6 

2 

— 


-- 




... 

77 

d5 + 

-- 

3 

10 

47 

30 

1 

1 

-w. 






02 

00 + 

— 

— 

2 

22 

68 

21 

2 

3 

1 

— 

— 



100 

60 + 

— 

— 

— 

3 

42 

74 

14 




— 


... 

133 

00 + 

— 

— 

— 

2 

0 

63 

30 


... 

... 




00 

06 + 

— 

— 

— 

-- 

3 

20 

47 


2 





08 

70 + 

-- 

— 

— 


- 

10 

05 


1 

1 




113 

76 + 


— 

— 



1 

18 

27 

10 

— 

... 



60 

80 + 


— 

— 

— 

— 

2 

« 

47 

20 

1 

.... 

— 

.. 

82 

86 + 

— 

— 

— 


— 

— 

1 

23 

32 

4 

1 

I 


82 

00 + 

— 

— 

— 


— 


— 

mm 

22 

8 

n 



38 

00 + 

— 

~ 

— 


— 

— 

1 

■1 

20 

21 

B 

_ 


60 

100 + 

— 

— 

— 

— 

— 

-- 

1 

1 

24 

30 

B 

— 

-- 

67 

106 + 

— 

— 

— 

— 


— 

— 

— 

11 

40 

mm 

1 

— 

04 

110 + 


— 



_ 


2 

3 

6 

10 

12 

B 


42 

116 + 


— 

— 


___ 

— 

— 


4 

16 

14 

B 


31 

120 + 


-- 

— 




— 

B9 

3 

12 

17 



32 

126 + 

— 


— 



— 

— 

B 

2 

11 

10 


--- 

30 

130 + 

— 


— 


— 

-- 

— 

1 

1 

3 

0 


1 

17 

136 + 

— 

— 

— 



— 

— 



2 

0 

3 

3 

14 

H0 + 




— 

.... 


— 

.... 

— 

1 

■1 

I 


0 

M6 + 





— 

— 

— 

— 

— 

6 


1 

... 

13 

100 + 





— 

— 




1 


.... 

— 

6 

165 + 



— 


— 

— 


___ 


1 


2 

H 

0 

100+ 





--- 


— 

— 




B 


2 

106 + 


— 



— 

„ 

~ 

•— 

— 

1 

H9 

B 

^9 

2 

170 + 






— 





1 



1 

176 + 

— 



— 

..... 

-- 


— 

— 

H 

2 


1 

3 

180 + 





— 

— 




1 

■ 

1 

I 

3 

Total 

2 

21 

06 

128 

144 

100 

184 

176 

174 

170 

114 

' 21 

0 

1411 


Blomotrlka zxv 


5 
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An Empirical Age Scale 


fho Girls, 

which occur about md ul'tur the ago of loiborly. 

f/oiiclWou#. 

A .Mlhod of «<lmg « l.o*’« ■«» 

MMiomH oiiplieablo «lion children «ro onuiociMcd in gron|»nr in In^n nninW'r.. 
tt. re.ul. *hXpl« ‘hn in,li.hin.l »ill nnf l,n inneonren, in .nd, n dnsre.. » 

to render it of no vuliio. 

Thft aoalQ worked (Uib ie for boyfi of the Ynruba notion. It i« nut hiiown yol 
whether it if. appliciiblo U. membera of other African ihmuiIw. 

IIOTE. Any official information contaiued In ibin |>fti>er i« UHi^l by tbn kind 
perinisaion of the Director of tlio Medical and Saniutry Service ..f Ni>;rri.i. tin- 
'hanks of the writer aro duo U) Major K Urnnyille 5'>iKo for hirt vftbmb!. roo.iM-rAtn.M 
and criticism (iuring tiio carrying out of tlu* iiivcaiigalion. 


'.I'ABLK II. 

Ynrnirt Hoys' ,(if<i<wnreincn/jJ> 
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TABLE III. 

Amenciin White ancZ Oolo^irctl Boyst MeasuremenU, 


Aw* 

White 

Ouloiirod 

Height in 

N umbor 

SVolghl in 

UiinibGr 

Height in 

N uinlior 

Weight in 

Humber 



iiialiaa 

ill Qroiip 

poiindn 

ill Group 

Incheii 

ill Group 

poll min 

in Group 

. e 

-14-fiO 

10-2 

‘12‘2.l 

102 

11-17 

73 

13-11 

00 

7 

‘ir>’C3 

395 

17-60 

.380 

10-<18 

210 

fio-io 

220 

a 

‘17‘81 

003 

fiT‘12 

COO 

17-71 

280 

53-90 

■27G 

D 

49'70 

610 

fi(l‘l» 

03H 

l!)-20 

291 

fiO-01 

*287 

10 

01‘GO 

608 

01-57 

090 

51-11 

333 

05-17 

2-28 

11 

03-10 

060 

00-M 

BOH 

52-10 

208 

on -11 

270 

12 

OO'IO 

7'10 

72-70 

761 

53-IM 

283 

75-97 

278 

13 

00'08 

(177 

70-.31 

083 

50-08 

318 

8:)-fio 

317 

M 

00‘32 

fiBO 

BR'7(i 

fi82 

57-98 

280 

00-00 

275 

10 

61-80 

‘103 

100-01 

308 

00-(«) 

218 

09-12 

2K> 

Ifi 

04-SI 

203 

113-B3 

203 

03-13 

121 

113-15 

121 

17 

(ifi-07 

no 

121-18 

no 





18 

07-0(l 

.18 

133-0(1 

38 





Tntnl.H 

fiono 

— 

1 5912 

Tiitak 

j ‘2717 

-- 

250-2 j 


TABLE IV. 

Jinglinh ami Avslrulian Boys' Meusursments. 



EiigliHli 1 

Auetrniinu 

Ago 

Height in 

Siiinbei- 

Weight in 

Number 

Height in 

Nuinher 

Woight in 

H mnbur 


inohes 

in Group 

pouniie 

mOrou]) 

inohos 

in Group 

puumla 

in (irinip 

r, 

‘U-IC 

175 

19-1)0 

17(1 





0 

13-lH 

327 

51* 10 


l‘l-()7 

30(10 

‘1.3-37 

3110(1 

7 

15-5H 

781 

68-89 

031 

16-88 

(Kl7t! 

17-01 

(iOTO 

8 

17-15 

1052 

fiO-ru) 

1038 

18-01 

7171 

51‘-91 

7171 

i) 

19 •70 

1211 

02-20 

1202 

fiO-Ort 

0174 

50-DO 

0171 

10 

51 ‘70 

1103 

60-87 

1-200 

51-71 

0Bn2 

61 -It) 

(1992 

11 

53-21 

1230 

71-20 

1129 

53-03 

0370 

00-66 

0370 

12 


868 

77-00 

803 

66‘23 

0001) 

72-29 

0009 

13 

67-30 

llO'l 

«3-i;) 

16-27 

67-27 

5758 

78-8(1 

6758 

U 

59-13 

2121 

91-91 

2671 

60-31 

.3378 

88-10 

3378 

Ifi 


1207 

103-00 

1151 

01-76 

nil 

92-2-2 

1111 

10 

01-06 

1704 

118-62 

1721 

01-38 

420 

111-13 

1-20 

17 

60-16 

2066 

131-28 

2100 





18 

00-88 

1676 

137-57 

1609 





Totals 

17489 

— 

17674 

ToUils 

5;i302 

1 

J 

63302 j 


0—3 
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TAliLK V. 

Yonibii Bnfjs: Aijv.fnm Hei<iht-\Ve\g}d (/iirrr. 


-“ ' 



Ago 

Hdglil in 
ItIcIll’B 

r.K. 

5 


.... 

C. 

41-27 

±0-H3 

7 

4ll'IO 

±0-02 

R 

■17'10 

±0'3r( 

U 

40'TO 

±0--K) 

10 

rii-?.') 

±0-32 

11 

BH-Rfi 

±o-Ba 

12 

ftrf4i 

+o-sr. 

13 

fi7'17 

±0-B0 

14 

ill) Till 

■Jto-.w 

la 

(12'1)0 

±0-11) 

1(1 

01-OH 

4II'W) 


N.B. Th« tolJoiviitg datii were fieiii (it ti liitt'r clnU* to llit; Jv!il<ir <#f 
by Dr AtiderHoii. They allow u oompariaOH bolwct'ii the Height'Weight eurviiu up 
two Nigerian racea to bo nitidi;, 


'L'AULli VI 


Heujhl-]yei(/H Oiifi'o fur Ibo lioi/n. 


VVei((l)l ill 
))oimdi* 

Jlolglit (a 
inoliCH 

I'.U. 

Miiiiibor 111 
Oroup 

30+ 

41-00 

±n,24 

17 

30 + 

43-07 

±0-12 

01 

40+ 

46-41 

±0-11 

HK 

4a+ 

47-SH 

T()-13 

IlK 

ao+ 

40-60 

±0-OM 

130 

C6 + 

61-OR 

±ow 

101) 

004 

03-07 

±0-10 

iia 

06+ 

04-81 

±0-11 

10!) 

70+ 

06-06 

±010 

122 

76 + 

07-00 

±0-12 

00 

H0+ 

68-47 

±0-10 

ft? 

86+ 

60-73 

±0*14 

OL 

00+ 

00-00 

±0-14 

73 

05 + 

01-50 

±0-17 

MH 

1004 

02-04 

±0-13 

81 

105 4 

02-04 


01) 

110 4 

01-Rl) 

±0-111 

ill 

116 + 

06-10 

±0-14 

70 

120 + 

05-68 

±0-14 

73 

126 + 

00-01) 

±0-10 

•12 

130 + 

00-69 

±0-20 

4Q 

135 + 

00-00 

±0-SM 

2b 

140 + 

07-08 

±0-33 

10 

146 + 

08-01 

±0-57 

10 



ToUil 

11)26 
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Thoao moftsiiremetifca iiidiaafco a very consideiublG ciiflbreiicQ between the 
Height-Weight curves of the Ibo and Yorulia Boys, They agree moderately up to 
ago 11, but thou the Ibo viees above the Yoruba curve, and after age 10 above all 
others but tho English. 

[Note. If tho three correlation tables, Ago and Height, Ago andWoight, Weight 
and Height, wore known to give straight regression linos, then tho probable Ago 
for a given Weight and Height would be determined at once for a given race by 
the regressiou of Ago on the two variates Weight and Height, and what is inoro tho 
scatter round this mean or probable age would bo given by the usual formula. Now 
what aro the difficulties of applying tliis customary method in the present case? 

(i) Growth curves are not as a rule linear; they are certainly not so if wo take 
the Height or Weight from birth to prime*. But if we take only tho portion of these 
growth curves from age 5 to 14i, tiie curves are approximately straightf. 

(ii) Tables of Height and Weight when Ago is neglected have as far as tho 
annotator is aware nob been formed, or are not usually formed. Oorrolabion babies 
of Height and Weight are usually given for each age group; there is no serious 
difficulty in adding such tables together, however, and thon working out thoir 
constants. But will theso Height and Weiglit tables give approximately straight 
regression lines? Tho Yor'uba ond Ibo data at least suggest that nothing really fitter 
than straight lines could bo found for the range from 6 to 14, 

(iii) The bivariabo regression formula can only bo applied to races where blio 
ago at birth is known. Wo do not know this in tho case of the African childroji. 
To this tho answer must be that it is an essential feature of Dr Anderson’s method 
that he applies results from other races and expects no great (liffcrenco to exist in 
the distributions of Height and Weight with Ago between widely different races. 

The special advantage of Dr Anderson's method is that it may empirically allow 
for some curvature of the regression lines, but wliat it gains in this way will we 
think be more than compensated by the fact that on the hypothesis of linearity 
the bivariate regression formula is sound theoretically and not empirical, and 
further provides a reasonable measure of the scatter of ago round tho moan or 
probable value, 

It will bo of intorost accordingly to dotormino tho regrcBsios] equation of Ago 
on Weight and Height for two fairly diverse races: 

(i) A white race, say English, Scottish or American. Tho first two will require 
only one further correlation table to be made for each. Until one has examined 
MacDonald’s data it is not possible to say whether it contains for American 
children tho requisite material for tho Haight-Weight correlation table. 

(ii) A coloured race, say the Amorican negro children. Again one cannot say 
until MacDonald’s work is examined whether the requisite material is available, 

* Of. Aitnali o/ Euffenitt, Vol. ii. pp, 100—104. 

+ Of. Ycforenoo in Iwi. footnote, and, better, Blomelriia, Vnl. x. pp. 292—290. Note capeoiaUy tlio 
degree of linearity in the Qlsegow oblldieD. The B. A. retnrne ate based ou very hetetogfineoue matorinl. 
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Having obtained tiu: two bivariate fonmiliio wn can then prodiol from bi-th 
formulae the ago of vnriouB white and coloured cliiltlriui of Hclofilc'd Iieiglila ami 
weights (uul tost how far tlie results are itidejjeiidtftil of which fonmihi is uHcd. i.n. 
of race. If the dilTeicnco be not vorygrenb, wo Hhiill then feel juslifiotl in applying 
either formula to African cliiklreiu 

When this work has been c,oini)leto(l--aiiil it will lake soiiie liinc In innko fniiii 
tliG data the additional tables roniUHltt!*" -we sliall be in n iMiHition to U'«L 
Dr Anderson's method, and i‘ei)liicc it, if needful, by a tnorn llu’orelienlly corroet 
process. 

In this matter it is well to recall to mind that foriiniliie to recowHlruot Htalurt* 
from the measurement of the long bones (i) appear to vary fi-oin race to men to a 
sensible extent, (ii) that the long bones are more liiglily (.‘orrdalt.’d willi slalurc 
thou Weight and Height arc with Ago, and (iii) that llio prolmltle ernn- in slalnrc 
of a single individual (deloriniticd from a single set of boin.'«, iioL llini. of a rt»cc fmtii 
numerous skeletons) is very cuimidemlile. One would iirit Im siirpriHod a priori lo 
find a standard error of 2 to 3 years in ilelcrmining u proiaiblo Ago from Hoiglit 
and Weight, and sucl) a range would possibly re»(h,‘r Ihf! didnrmiimlimi or.-«jmi|| 
value for Dr Andemon’a purposos. Howover, that is only a siirmiHe to be vi-rilird 
or not after the standanl error bos been found. Kn.J 

* Th* writer lins not (so fnr been ssblo to boo a copy of A. MuoPonalil'B KxiMrnwfHiflf ffiwfo «/ 
Chmreu, ISflO. 



THE rROlJABILITY INTEGIIAL OE THE OOIIKEIATION 
OOEPIHCIENT IN SAMPLES I'TIOM A NOIIMAL BI-YAIIIATE 

POPULATION. 

By P. GARWOOD, B.A. 

1, Samples of size n aro drawn from a normally distributed bi-variate population 
in which the cooffioiont of correlation is p. Dr R. A. Fisher has shown* that the 
probability that the coefficient of correlation r of tho sample will lie between r and 
r + dr is 

■j/n (»•) dr, 

ii-i 


whore 


!Jn ir) = “rg-i Y; ' 


(^(rpV-nVl-'pV 

Tho problem is to ovaliiate j t/,, (r) dr, which is tho chance of drawing a 

samplo with a correlation coofficient less than r. Wo shall obtain tlio integral for 
tho first fow values of n, a symbolic method for tho caso of n odd also being shown. 

2. 71 = 3. Wo shall iiso tho notation 

„ cos-H-’T) n»7r , „ 


Thus 


Put 


' = smfi, «J ^ 2 /adr=>l ^DUdB. 


Now we find later (6) that if s >p, then 

. 


whom 

Thus tahing = 0, a 1, wo have 

i) 1^-"" lA/ 

and since cos - P) wo have 

r /) ■ — ~ ^ - ?•* p cos'^ -- pr 

.L, ^T" ■ 

' nioniMrifcfl, Vol. X. p. 607. 


3V 
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3. tt = 5. Using iiitcgrfttioTi by wo fiinl llniL 

a-?f 

r* 


I (I ~r'*)W>*rA/r ^ //’^/+- 


1 f r J. 

‘ INhtr. 

p) \\‘\ p 


P P' 

f* 

We thus have to litid | sin 6 IflllUO, and using Llie funnula tibUiiuvl Iwluw in 

J-i/a 

Section 7: 

3*p + l S»»“l . 

— cos $ j U (Ii« > i2jj + 1), 

we see that its value is 

(»j)(, !;.)■- " *. "y '"i ■ 

Honco 

f , (1 ~ p“)* Vi — r* , ,,r Vi-r'f ti till Ki sif'l ‘ ■ I* 

It is convenient to express | ytdr in lonns uf the corresf^Knidiiig ortlinaU'S nf 
the frequency curves for smaller samples; we use the siiiwtilulimis 


Thus we obtain 

Vl-pVflr' r 
Zp 


w -1 (I - >") y. - - ■ f.'! w - ■■. 


f Vidr : 

y^P 2'* Sirp 

4. n=> 7. Integrating by parts twice, wo have 

f;/! “ J\(l r*)* miilr 

P P* P*i ' 

Wo thus have to find f' (1 ~ 2Hin*<?) D^UdO. and using tho roriniik in Soetion ti 

below with ««2, j;«0 and 1, wo find its value to bo 

(<? +1) A - cos 5 A (sin 0 « ,.) 

■ I) 37 * +2 cos d 
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- (" ^ ^ ti’ 


Substituting as before, wo obtain 


• ?•«/)» Z/cos 

1-/3 


fr , Vl-j-»Vr-p* ,(l-p*)r Wl-rVl~pV2-p*) 

-- y, - 


4p* 


8p 


_ '>' (V" V+V) _ 8 + op» - pi ^ ^ c£?.7".r ^. 

8p* Bttp ”■ 


TT 


6. yltiy o<W iiite^rer 3i = 2s + 3. 

Wo shall have 

——Jn r y„dr=^ r (1 f' (1 - ain^0)'dO 

(1 ® (sin 0 = ?■), 

and by the formulao obtained below this is equal to 

+ (s+:) [ja*~(*)i,ii-> + (2)3^ A-'- - +(-)’a^}rrp] • 

( 7r*\ TT 

5 + by putting ^“2' when 

J yndr — 1 and co8^ = 0. Thus we have, finally, 

( 2 ) V ^1 r-p]' 

where n •» 2s + 3. 

Owing to the complexity of the operator A, the above methods of oaloulatiug 
J y„ d)' for 71 “ 3, 6, 7 have been used in proforonco to tho above formula, which 
lias been included for theoretical interest. 

Wo now proceed to obtain the formulae mentioned above. 

6. Evalmtion of the integral /(^) = sin®? 6 { ] d6 (s > p). 

This U achieved by expanding [~ttszi ) , i>e. in an infinite series, 

\(lW^ /xtjptlnl 
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multiplying each term by siii’J'f, integratinK, ami then siiintnitig in n iwrticnkr 
way. The infinite aorie.^* is 

jifl I .= '^1®. (2j(-J)* j + Ij’j! + (*+ ^ + ... j 


r* 1 

•ii* .1- 


+ 2 ''. 4 ‘...( 2 a~ 2 i» I 1 + ( 2 »)* 2 , + ( 2 »)*C 2 « + i 

so that wo shall bo concnrneil with the intcgmlH 

f aiii’"‘Scie anil I 
J . »/i 

and these we proeceti tn evaluate. Calling the lirat ii* and integrating by [»rte. 


WG have 


-r 


0 sin 0 dO — — cos 0 0 + (Jim — i) I sin*** * cw,* 0 d0 

rli * 

= - cos sin*"*'' $ + (iim — 1 )«« i "* («n(. ■* t) . 


jc„ a cow 0 


r I ' 

i--8U 

2 /n 


:i t» ~ cos 0 + ,, J. 

27/1 2/71 

‘>HI - 1 

"/ . 

27/7 (27/i 2> 


( 2 »i-l)( 2 w-:l) 
2 m(^m- 2 )(Sm- 4 ) 




'2)(2m-“ 4).,,2 

(lai-' 1)- !l)-3.1 Hinoo «,-/'(?+ 'T'l 

2m(2i»-2),..4,2 V 2^ + 


Similarly we obtain the second integral 

2»i 


= - cos d 


.£ii'+1 


ain*m fl + ^ sin**"* 8 

( 2 m+ l)l 2 m — 1 ) 


2 ot ( 2 m — 2 ) 


-;i-.sin*--*i9 + ,.. + ,.i 


2 *n( 2 m- 2)...2 


( 2 m + l)( 2 m-l)( 2 »i- 3 ) (ini+T>( 2 m - l)... 8 j 

The power series in p is uniformly convergent for all vnluea of 6 . so that the 
series may be summed after integration. Wc then have 


fW-J*^^^sin*i'ej^|l>.3*...(28~l)*(psinfi+^^^j^^fr*»iii»S.(...,) 

+ 2 *. 4 *...( 2 »- 2 )*(l ...jj 


m 




+ 2 ’, 4 »,., ( 2 s- 2 )* 




2i 


5 I 


= -deuaS,l!,3a,. 


.(2s-i)*rp|®™-::i+_ IP^ _ 


-J 


* Biomtrikaf Vol. xi. p, 1 


4,» .0 

8 + ■.. 

+ ¥i2R"«---2 ) 
(2p+I)(2p-lk..3i 
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I (S 7 I I_? 2 , + 2 _ , J%± 2 ),( 2 ;p )2 1 ] 

K2.S + 1) S![ 2j) + 3 (•2;p + 3)(2p + l)®'“ + - ^ (2p + 3) (2?; +1)... SP 


-cos^'2^^1.^..{2s-2)® 


'ain3ji-ifl 2p-l 
2p " ■^2^(2p-2) 




2!| 2;; + 


+ ((^ + ^12“ 


^ 2p(2ji- 2).,.2 J 

^ sin“<-* 6» + ... + ein el + ... ] 

p + - 2 ) 2 p ( 2 j) + 2 )( 2 ;))... 2 ) J 

4= f2s - 21= f , (2s)^P^ (^P +l)(2p-i);• -3 

4 ...(2s [ •2p(2p~'2)...‘2 *’ 2! (2;; + 2)(2p)...2 




The Berios inside the two sets of brackets [ ] both converge when ® = 

for thin value of 6 each aeries can be expressed as a double series, the terms being 
those inside each set of brackets [ ). The corresponding double series for any value 

of S will have its terms leas in absolute value than those of the aeries for d = 
and so cunvergm absolutely and may be summed in any of thu standard ways. 
We sum by diagonals, viz. we sum the last terms in each of the brackets j j, then 
the next to last, and so on, On the cancellation of common factors we have for the 
value of the integral; 

/(d) = - ^003 d ^l«ip + a3r.* + «6p‘ + ..-I 

+ 1= ^ [«ip + (l3p“ + Ksp* + ...) 


+ l=,3>“‘2y Kp + a.p* + «tp“ + ...) 

+ . . . 

+ 1=. 3= ... (2p - 1)>-g- I [uip 4-a3p= + Usp' + ...j 
+ 1>. 3=... (2p + + otp' + tt,p’ + ...)' 

uiuSj>+4l f) 

+1». 3«... (2p + 3)* iusp' + o,p’ + «.p* + ...| 

+ ...J 

-eosfl p™[«Q + ajp’ + aip*+ ...'j 

+ 2= |«o+aap* + tt4p=-b ...] 

+ 2=, 4=®-|y-{a<,+a,p= + a4p*+..,! 


+ . . . 
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1 (3 

+ , -t*... (2/1 - t f jjp _ j, + "«/'* * ! 

+ 2*.‘l*...(2/i)’"^^-jf 'dtp*+ + «'</>* + 

Jil ^ ® /? 

+ 2*. 4‘... (2/1 + !i)’2jj + •! ( ■*■ "’f'* * * ■ ■ '* 


where 


, -1 
■ + I) [<h + «>p’ + ''4p‘ + — J. 


d, - (r +1) (r + 2) (r + 3)... (r + 2/») <>• + 2/1 + 2)* (r + 2p + 4)*... (•■ « 2s -- 2)*. 

1 3 B 

Now A is used to denote the operator ^ 3 ^ P 


A'p" -n‘. (« -- 2)‘. (n -4)* ...(ri - ‘ip + 2**^"* *>• 
Thus it is clear that 




and so 


flip +0»p“+ «!/)* + ... “3p»,^'"*'‘tp**”* '■ P*"' + P*"* + ...li 


inside the brackets [ ] we may add any number of the terms prerimiR to p*‘" *, *ii«i« 
they will all be annihilated by the operator. 

•?ki*e‘ 


Thus 


cup + a,p» + Bsp* + ... » A-»^*I 


(0 < 


similarly a<i + a,p‘+aap‘+..." 


l-p* {0<m< 


t, <»>. 


Substituting these values in I {B), chooaing in each rauKj a auitablts value of m, 
we have 

12W+2-1’' 2! i::pr + -. 


+ |,1*.8'... (2p+ D*!™*! -f".,* .. 


•• C08 $ 

op^ 


1 irrr^^ 


2/1! I - p* 

”*^*y £*”' 

Sp 4 2:1 - p" 


. M sin* e 

sT 't-p*''' 


+ 2‘.4‘...(2p_2)». 






ginV-ip 
‘ip~"U l-.p*’' 


...( 


3p^ 


1-p*- 
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The sum of the two series inside the brackets { ) is 

BO that wo have, finally, 


7. Evaluation of the integral 


^ A .-^-1 p 

li-p* vrvss^r 

)/ the integral 

[ (2s>2n-]). 

By an exactly similar method we can prove that the value of this integral is 

r + 2j3p'>J'+i^ 1-/ |l_p. Vl-pWpJ' 

8, JSv^n values of n. 


. 9*'’+^ 1 


The term (1-r*) ’ is now rational, so that the substitution r = aiD5 is not 
used. The integration proceeds either by expansion of this term and repeated 
integration by parts, or by the method given below, which has the advantage of 
giving the integral in terms of the previous ordinates. 

For completeness we include the easily solved case of n = i, Wo have 

J.j vr Trp '■ ■‘.f 

Now we know that 

dU, 1 ,,, , Vl —T^TT 

5^ “= + «?7], and 

rr Vl-D*-/r=^ vr=7» coa-V 

J -I p Trp IT 

9. n «■ 6. 

Assume that J jfjdvsn A+ SI7+FiDt/++ F,iX'(7, 

where A, B, Ei... Ef are functions of r. Differentiating with respect to r, we see 
that 

A' + B' D + (Fi' + pB) D tr + (F,' + pF,) D*D+... + (F,' + pF,-i) lEU + pE^ 

= = 

. ■. J) + I w 4, i.a ^ = 3, and A' ^0, B" ^ 0, Ff + pB = 0, Fi + pFx = 0, 


pFt 4- j^s = 0, pFi '■ 


(l-p»)fa-r«) 
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Girp 


iv 


n ■■ , 


■ IttP TT ,')«> .V 


;4(i 


V 


;ip’ 




/i=0 and d. => const., aiid to find d lul 1: W)> loivi' 

1 rpfm-H-pr) 1 pm'fi 

I - ry 11 ~ rV‘)* I “ /»’ (i - ph}' 
and +iJrp((i + V)r<*i«‘p- ^V v! f’l 


;?» 


Thus 


. , (1-P»)t(i-V), 


i'<« 'j» 


f , S't“p’(l-yi (I-0*1^''1 - r* |l-|dtr 

1.^’'^ 'V.,r “ v V 


jij 


10, 11« 8. 

Using the same metliod, wt; obtain 
j-i 15 V 


\ 1 pU r r« 
'.ip 


»• 


r Ctl " si's' 
;h- " » i" 
■V' 

(3(’»-l)(l-ny(l-iV* (I~p‘)r 


15p' 


Off 


11, Proceeding in the like iimtiner we can obuin t!u* probaltdily iisU'gnii f<tr 
larger samples, but the formulae then becoiric loo cwnidiMV hn jirflctira! tipi-, 
Mias P. N, David, who is computing the Pmbitbility Iiitegral Tidili* fnr t!if diRlri- 
bnfcion of r in small sarapla, is using the above Ibvunihw fut tlin jsmsIM xamplet, 
but proceeds in a different manner for the larger wuiple aim 



A. FURTHER NOTE ON THE RELATION BETWEEN THE 
MEDIAN AND THE QUARTILES IN SMALL SAMPLES 
FROM A NORMAL POPULATION, 

By TOKISHIGE HOJO. 

1. Introductory. 

In a previous paper* I have considered certain properties of the median and 
qnartiles in small samples from a normal population, and have investigated methods 
of linking these up with the limiting values in large samples. The latter problem 
has since been further investigated by K. Pearsonf. If the population mean and 
standard deviation are unknown, the most satisfactory estimates of .these, when 
sampling from a normal population, are obtained from the sample mean and 
standard deviation. But a variety of altenialive estimates may be calculated from 
the median and quartilos, whose relative value may be judged by a comparison of 
their standard errors. In the earlier paper the following comparisons were made; 

(1) Standard error of mean with that of median. (Tables 11*“^, loo. cit.) 

(2) Standard error of an estimate of 5 obtained from the sample standard 
deviation with that of another estimate obtained from the interquartile distance, 
(Table VIII, loc. cit.) 

In the present paper I shall add to these previous results; 

(3) Standard error of the mid-point between the two quartiles, i.e. of J (jj + jj). 

(4) Standard error of an estimate of 5 obtained from the distance between a 
quertile and the median, i.e. from ji -m or m-q^. 

The fimt result fellows from calculations previously carried out; for the second 
it is necessary to determine the coefficient of cori-elation between quartiles 
and median. 

Certain experimental sampling results will also be referred to. 

2, The Standard Error of the Mid-qmrtUe Faint, ^ (pi + jj). 

In the limiting case of large samples, the standard error of the point mid-way 
letwoon the two quartilos has been given by K. Pearson as 

” lT12e?/Vn .(1). 

It is easily seen that frito+g.) = Cg VRf+7j,„') .(2), 

from which the ratio of <ri(g,+g,) to the standard error of the mean, ?/Vn, may be 
readily calculated from the results given in Tables IV** and VP of my earlier paper. 
Some comparative results are shown in Table I below, the figures in the last 
column being taken from my previous Tables IP and IP. 

• Biomelrikay Vol. xxur. pp. 315—360. 


t Vol. xkiii. pp. 861—B97. 
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Median and Quarlileft iti Small Sampke 


TABl,E 1. 


71 

.5 

"-TT. 

Vfli 

. 

ff 

■ ijli 

!i 

1 

4 

I*lfl00 

•4«a« 

l-fKX) 

l-r»ii! ! 

7 

V3400 

*,3116 

1-0H6 

1-2H 

10 

1'3220 

■3717 

l-OfKl 

M77 i 

12 

1-2740 

•aaof) 

1*062 

I'lmi ' 

22* 

1*3419 

•3463 

1*101 

1*217 

K) 

1*3626 

•3333 

1113 

___j 


Owing to the four different forms of quartilo dnfiiiitioti, corroapaiiiing to the 
cases = 4p + l, 4p4-2 and 4^ + 3. the tabled standard errors dii not elmtige 
uniformly as a increases, but it is seen that in all oasos tho atandanl tirror of 
i (?i + Sa) is *^*'*‘1’ Avords a more reliahli! ealimate of the 

population mean is obtained from the inid-quartilo jaiint than from thi! nusiian. 
though both estimates have a larger standard error than the snmplu iiinan f. 


3, The Correlation between the Quarlile and Median I'oinU. 

Tho chance that the }th individual in a ranked snmpli! of n Hus in th« jnti-rraS 
® ± {die is given by 

-n I • _ . 

.(a). 


71 ! 


df=.- — r;' ■ -Ox)""*' V— 


where 


fi 


dm .... 


This is the fundamental relation used in the following analysis. 


..(4). 


Since the mean value of m, tho sample median, is at the origin, the inumirator 
of the correlation coelfloient, or 

^Tn,e^r^n,i ^ Onj X ..6), 

will be the mean product of [m x q], and it is necesaary to consider wpanutely the 
four oases previously defined. 


(a) Case n — 4ra + 3J. 

Here both median and quartilo correspond to values of obsarvationa, and we 
are oonoemed with the mean value of a product i*i!rj) ; in foot 

^ ] C+® raji 


* Th« figarea 1-94X9 and -8468 are due to K. Pwirion’s oalattUUona, iw,. cH. pp, W and liift 
figure 1'217 ie obtained from my e^nalion (6), p, 828, ioc. <sfr* 

t Pot the limiting valaea of other forma of esUmHe of the mean from ranked individuaia, em 
K. Pearson, Uior?ictrika, Vol. xni. pp. 118—126. 

X This m is an integer, and must be distingaiabed from felvo ni used aa a subaoript which denetei 
the median, 
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n! /*+=« >» 

" (2m + iyi'^5 J-» 

° 2V,(2'm + 1)!m I> ,lo^^^{^’"‘''■'rlo^” l/^OrCZm + r +1) 


whttve 

md 


m I 

+ 2 (-!)'■ ».Cf(2«j + r + l)(«t + «-r)„+,.r_il'2,„+i 
f+OI «-«»• 

: dX . 


71^ 

1 P^'® P*i 


for 7n£ l*--(6)i 

.(f), 


dxn 


.( 8 ). 


(6) Case n = 4»i + 2. 

Hera is the mean Virlue of the product (J (.lis + ira) x a'l), since tho median 
(as defined) lies midway between the two centra! observatioUB. 

“ (2m)T77T(OT. -1)! j-a.r„ ^ ‘ 

X «i dc,, dBi. ria^, 

“ r(2?7i) rTTrcsn -T) i ~ *‘®' '**“■ 

®** 3m'M 

fxi —*»' Q^8m-+f+l t 

+ ‘^"'3 + ‘Hi +T . 

Biometrika xxv 0 
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Median and QnartUeH in .Small Samphm 


in which 


m + A-r-1 ri--“ 


= ( 7)1 + S - 1 - - l)„,.i,,-^.. a^ 5 m.hr+ ? 3 m.|« -I 




.'♦iji4fl ■ 1^'" 


\''27r 


, ffj'i 




j'+oo fjei rxi H (1 1 xi* f xi'+ix** 

I f I “ firsiirsifat 

J —00 J —m J —<o 

M.«) ra „ , (nl»)<-l-!jci 7 If , ..teilrtl-wl*! ' 

II;-J„ 

/■.|.!n i-Ji . •■'•i I •'■I' ‘ S-f)' , 

= 27r(2'2,„_l/„+a_l - Jm_l/„l4.,_l) + (7)H-K—7‘ - 1)| ^0*“ *k~A* 

b'+ ' ^ ]-« V27r Jo Jo^’'+-5 

|7n+«--l-^27H—1 |^An+l-r-~a (-^Sm-l “* 

" ■^t7H-fl-r-a^3m-l + Swu-r^wH-t-c-a ^Ifft-it a«l jj 

of r J/t 4 S — r — 1 , f I 

“ (m+ii-1 * Sm-^l *“ m4»“-r~a^ f)| ..^ 11) 


1 

*,(! s t(d-, 




rjm+.e-*'‘]+“ [+»3»i + s 3m+,-i , 

' L“« ¥ j “ J 2 ■ “^. ‘^*1 + + r + 1» 


\L J -as V ZTT , “« 
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. "-to VStt 


^ dmn 


a m + s 


*■ \/2, 

J—w V 27 r 


9 ' ^3Hi+a-l(2^^^ -I- »■ + 1) ((7n + Jf ~r — 1) m+jt-r-a^^m+r ^am-t8-il 

.(12). 

On aubsfcituting (10), (11) nm) (12) into (9) we obtain, on collecting terms, 

’^“(2m))m!(fli-l)!47rsro'' '' ^ \Z(i^ ^ | ■ 'r + V 

(2m —r) (2m +r +1) (w+ff — r ~ 1) 3m + s-27’,„ 1 

(2m + 1) (r 4-1) ^ 2 ”“ 

.(13). 

( 0 ) C(«!e 71 = 4 ?)l + 1. 

Heivj the median correaponds to an observation value, but the quartilo point 
lies midway between two observations. is thorofovo the moan value of the 
product (iCg X i (a-g 4 - a’l)], 01 

^ = (2m)! ((m - 1) Ip L„r» 

X a-j i («j + »,) ila^; ((a,, i/o,, ...,, .(14), 

.'ollowing II aiiiiiliir proco-aa of development to that uae.d in the previoua coaea, 
it may bo shown finally tliat 

p _ l' r'*v*/ ly 2m + r 

■'’^"(2mjT((m-lj'rp 4ln-,ro^ '' ‘ '{m'-rl(a + l) 

X {(,s + m-r)(s-m + r+ 1) 

+ (?)i- r) (m -r- T-)m-r-ihm+r-i - «(a + 1) 

+ (« + r)(2's„,_3-2'3 „+j_i)) for mil 2 .(1.5), 

(d) Gase n <= 4m. 

Hero both median and quartile fall midway between obaervations, and is 
the mean value of the product |i (ic^ + ®a) x i (aij + icij), or 


n! 


( •I'W fx» fou* rsc» , 


'vw (2m-l)i(TO-2)i(m 

X i (*4 + ®») i (*a + »i '> doxi ‘Jk*. .(1 fi), 

and it can bo shown after a rather lengthy process of reduction that we obtain, as 
a final result, 

„ I iji-l m -3 

“ (2l^r:^(m-‘ayn’!^-1)! ISmir ,5o 

f(m4-s — r — 1) (s -7714- r 4- 2)(2w4-7’)('^ ~ 2m 4-1) t- 
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(m - r - 2) (2m. + v) (r - 2»!^+1) 
{s+l)(,'+i) 




771 — 7” — 1 ^ 


■1^31 


2/77 (27/7 - 1)(W-1) r 


2»^2m ” 1) (7tt 4- .‘i) A 
r + 1 V»J 


IN , ir- 8«i + 2 
«Tij"‘I-*- i^Sm-3 + ■ 2(,v4,1) 


^ 2(7+rr' 


for m Z 3 


.(IT), 


From the preceding equations the values of may be caleithitcri fur 
2, ...12, using the numerical values of the integral forma T^, If and ji^r 
previously computed*. The values of tr„ and requiral to find r„ij have ulreiwly 
been oalculs.ted, The results are collcoted in Table II. 


TABLE II. 


Size of 
BRmplQ,n 

P 

■* Hvl 

<r„ 

ff-. 



1 

vooooo 

I'OOOOO 

I'OOOOO 

I'OCKM) 


1 

2 

•fiOOOO 

•70711 

•B256B 


•HWM 

'1 

8 

‘27D6« 

•00983 

•74798 



•6WW 1 

4 

•2B000 

•64Q08 

■67»62 



i 

6 

•17820 

•58667 

•54948 

■COflR 



6 

•10432 

•40340 

'52875 


•0700 

1 

7 

•13074 

•45874 

•60000 



■MtW‘ j 

a 

•12354 

•41011 

■43777 




-9 

•10364 

•40705 

•42436 

*6990 



LO 

•09842 

•37214 

•41835 


•6322 

i 

11 

■08590 

•37044 

•40708 



•6Gf>|{ ,1 

12 

•08269 

■34346 

•00717 



1 


■liKKi 

■im\ 


•MM I 


4, Limiting values for 

We may use again the method given by K. Pearson tl four eases will nrisi! uh 
before. 


(a) Ouse u= 4m+ 8. 

Here the median and quartilo points oorrcspoiid to obsorvulioiis, and thii rtaiilt 
has been given in the paper just vnentioned, i.o, 

.... {U}. 

(h) Case 71 *4771+ 2, 

Here the median and quartilo are of form ^(iFa + a'j) and ».‘i ro^qwcyvnly^ and 
^mq ~ 2 (Mean («ja'i)+Mean {<ejati)| 


1 

2 



+ J?.... !5 
usaSfc n 



• See Table I. pp. 3S5-826, loc, cU. 


f Siometrika, VoL wu. pp. llS—lll 
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where 


n 2 %i* n 2 2w/ n 


and and Sfg are the tabled ordiuates of the normal probability function, cotre- 
Bponding bo bhc proportional arcan 

l(l+a^) = --(l + 3. = 

It follows that ^ ^^ ..................(19). 

on 

Further, from equations (1*2) and (16) of my previous paper, we know that 

. 

5. 

Vahios of may ba aaloulatod from (19), (20) and (21). ffor example 
a, = '02, = •3988109, = •3177706, 


ifn=50 

while if 


= -gsosis ~, <r„ = 1-24111 = 1-36263 , 


, = •S832, 


n = 102, 


•3802. 


(o) Case n= 4711 +1. 

The tnedian and qunrtile are now of form a-j and J (s, + k,) respectively, and it 


is found that 


.»■ 


where and ajt, are the ordinates corresponding to 

1/1 ,3 1 1., .3 1 

2(l + a*.)-j + ^, gG+ ««.) = 5-2-„. 


'Further, 


: 1-26831 


iJrC' 


,.(23). 


^/ n 8 


' 1 / 4 

4 N 

. 1 (l 4 

* ) , 2 / 

8 4 \1 


iiPj 



3n SriVj 


If 


49, 7'„„=-8880, 


.(24.), 


[• The limiting valno of given in Equation (18'1), BiametHka, Vol. xxiii, p. 8SS—Profoajor Hojo’e 
previooH paper—appeara to be in error. I do not follow the values given for jg, H", and On 
p. 3i6 tha oorroot valuea aro given for the .'a, hut tha valuea of the iTs, differing from thoeo on p. 988, 
appear to bo in error. The limiting valuea for tts =(0 would not, however, be aSeoted. En.) 
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Median amt QunHiku in SnmU Sami)Lt» 


{(i) CasG n — 

The median and (jiiartilo an; (d funn J (J"* and n-t^iandivtd^^ 

and again as in (32) it i’h fituiid that 

. 

where Zft, and nru as bnfnm, while <r„ anti tr, arn hntiiil fnmi (HO) iiinl ( 2't). 


If 02, 

n = 100. -a-5841. 
n = 500, i’„„ 7 87. 

Wi! sec that as ii incrcasca, the values of in eases (h), (e) ninl (fil l"tnl tii 
the litnitiii" value tif case (it,), viz. •5774 


B. li)ii]iiriil<d furmitlaa it) liridyu the (rti/i lietu'fm HmHiny tind «m«W tVrtra/t/e 
Values. 

In the previiiu.s [laiier the nclliiwinjf rnrinulae witn* xiven In jtlitvi'li' v,tinea hir 
o-,„between the computed series (ns 12) ami the limiliiix vahie: 

ff,„/ y- = l'2533 -'2fl,'5lVn--omil)/«> + '0822/M» ('..i-„ ,sM | 

/ V j ' '1 •in I 

=. 1'2633 - ■82Gl/rt + 'THSe/n® - ht «. .-v.^n I 

Those “host-fitting" asymptotic curves were iihtiiiiiisl using the nielli's'l "f 
moments. Similar equations have been calculated for Ixith rr, awl luu n« hens 
tboro wore only three computed irointe for each of the four r.ws, Uie euro's 
actually pass through these points The equations arc as follows; 

:'302e -l-2ll5/n + l-86fl.3/n» - IT251/ie<. for s -- -Hm | 

= l-36'26 - l-004(i/« + l-i)330/n« - 1'2(I10 /k». for n •.« tat + .1 *- ...f 27|. 

= 1'3626- 'SSOO/n- •2n0/>i* + -SSUVu®. font-tat+ 2 

= T3826 - '1065/71 - -SaOB/it* + •278«/n3, for««+m + :i 


r„„ = ^ '777 74 + r0160/» - l'4064/)i» + 2'98S2/m», 
= '5774-1 -imin- 'SHlB/ti^ + VOGOO/na. 
= '5774-1- '5260/71+ '2778/»»- •4230/7t''>. 
= -5774- '0209/,t- •8210/n> + l'm2/n» 


fur n 4m j 
fur tt, ' 4m f 1 
fur + 2 

for n a tat -I- :i j 


A combination of results is given iu Table III, consisting of (tt) ottrtwet 
computed values, (J) limiting values obtained by the lacthwl of section (it) abttve, 
(c) results calculated from equations (28), (27) and (28). 

The column dealing with <r,_„ is referred to in the following ooction, 
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TABLE III. 


( Oases: A, ?i = 4m + 1; B, n = 4tii. + 2; C, n =■ 47(i + 3 ; D, n = 4m.) 


Case 

Size o£ 
sample, ii 




'■‘'-“‘A'a 

A 

1 

I'OOOO 

voooo 

1*0000 

0*0000 

B 

2 

roooo 

1*1 G76 

■8664 

0*8626 

0 

3 

Mfi02 

1*2056 

•5502 

1*6656 

D 

4 

1-0022 

1-1590 

•7900 

1'0355 

A 

6 

l-lD7fl 

1-2287 

•6068 

1*5237 

B 

6 

M3C1 

1-2952 

■0706 

1-4100 

0 

7 

1'2137 

1-340G 

•5626 

1-6070 

I) 

a 

1-1600 

1-2382 

•0881 

1*3431 

A 

d 

1-2226 

1*2731 

•5990 

1*6816 

B 

i{) 

M768 

1-3229 

•632-2 

1*6275 

(J 

11 

I'Baso 

1*3001 

•6690 

1*0986 

1) 

12 

MfiOft 

1*2740 

•6539 

1 ■■triad 

A 

13 

1 -2325 

1*2«02 

'5942 

1*6120 

li 

M 

1-1982 

1*3346 

•fllOI 

1-5788 

(,J 

If) 

1-2363 

1 *3640 

•5725 

1*0995 

I) 

1(3 

1-2047 

1-2030 

•6300 

1*5118 

A 

17 

1-2375 

1 -3100 

•591J 

1*6310 

H' 

IH 

1-209H 

1-3400 

•0073 

1-6070 

0 

in 

1 -2392 

1*3601 

•5739 

1-7005 

D 

20 

1*2139 

1-3000 

*0250 

1*6480 

A 

20 

1-2426 

1*3266 

‘5873 

1*0631 

H 

3(1 

1-2266 

1*3497 

*5951 

i-ew 

c 

30 

1-2467 

1-3603 

•5700 

1*7022 

1) 

40 

1-2331 

1 -3335 

*0019 

1-0244 

A 


1*2474 

1*3412 

■6832 

l*(}7r»4 


(4U) 

(1-2033) 

(1-3440) 

(•5850) 

(l'B777) 

B 

30 

1-2371 

1*3649 

•6880 

1*6703 


(.'■>0) 

(1*2411) 

(1-3626) 

(•6B32) 

{V6879) 

T) 

(fl2) 

(1-2410) 

(1*3450) 

(*5903) 

(1-8614) 

0 

33 

1*2485 

1-3R00 

*5766 

1*7035 

1) 

60 

1-239H 

1*3430 

•5039 

1-6511 

u 

99 

1*2606 

1-3016 

■6770 

1*7040 


(99) 

(1*2633) 

(1*3626) 

(•6774) 

(1-7002) 

D 

100 

l'24Ql 

1*3607 

•6074 

1*6727 


(100) 

(1*2471) 

(1*3538) 

(•6841) 

(1-6827) 

A 

101 

1-2607 

I '3629 

•5801 

1-0920 


(U)l) 

(1*2633) 

(1*3530) 

(-6KU) 

(1*6921) 

B 

102 

1*2463 

1 *3680 

•5H25 

1-6887 


(102) 

(1-2473) 

(1*3620) 

(•6802) 

(1*0972) 

I) 

R(K) 

1*2627 

l*3(K)8 

•6787 

1-701H 


(600) 

(1*2621) 

(1*3600) 

(•6787) 

(1-70111) 

1 

CO 

1*2633 

1 *3626 

*5774 

1-7062 


Tho immbora up to 12 iiro oxaafc, tboso in brftckofcs Aro the limiting values, obtained by the 
inethods of Sootion (•!), and tho remainder aro obtained from the Equations of Seobion (6). 


6. The Standard Hrror of the Distance between the Median and Quariile Points, 
The mean value of this distance in repeated samples is clearly the mean value 
of the distance of the quarfcile point from the population mean, or A toble 
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Median and Qnartile^ in Sinull Samplt;.s 


of q wiis given in niv pnjviouH ]ijhkt (loc. eiL p. 841), and thin wf*a nsUtnii^Hl l>y 
K. Fearaon (loc. cit. p. 872). 

The ataniiarii en-iir itf(q->n) may kr caleiilattsi from thi! f'lllowing- ralatiini 


.2 —, 

-m'- 


+ .. 

■which has Vwca nasi Ic give the valaia uf th« catio nf to the innmistinale 
standard error of a atandard deviation, aldtn, ahown in Ihe Inal ewhiinn of 
Table HI. 




On p. 8f)H of ray other paircr two cstiinnti's of the ptipwlatiuii atantianl do. 
viation, a, were oomjau-o.d; A\ based on thu aantple almidard dcvialion, mid A** 
based on the interquartile distance. Both estimate# were ro tuijisHlm! that their 
mean values in repeated samples would be a. It ia jHiwiblc to obtain n lhir«l 
estimate from the distance, r/ —m, between the nicdinn ixiini and a quarlilt- punt, 
namely 

7!i3“{'/ “»k)/ 5.. ..(dfl) 

Wo shall have 

Mean Aj a 5 .(til). 


O'#, 


Oc-^i 

“5 




a 

\1S« 


..(82). 


Values of 6^ and of tho corruajwnding tnullipliiira fur A'j ninl Kt ba* »ht>wi> in 
Table IV. 


TABLE IV, 

Comparison of Standard Krrort of AVfinudw. 


n 



», 

2 


1‘5U 

1-»U 

3 

1*280 

I'SHO 

1 *956 

4 


1‘2MJ 

1*561 

& 

1*U8 

M8B 

l*H3« 

e 

I'lao 

1'501 

a-lf>7 

7 

MOO 

iMOft 

S'iMI 

8 

1*080 

l'45i0 

aua? ! 

0 

l'07(l 

1*360 

»dt»s 

10 

I’OftB 

l*50H 

8-3SK j 

n 

i-uai 

1-526 

I'm 

12 

1-080 

1*498 

S'lST 

(O 

l-OOO 

1*049 

*•830 i 


H is clear that would be an estimate of o? of very little value, ,md one which 
18 distinctly worse than Afj, In addition to its large standnrd error, it ia far from 
normally dietnbuted (see Table V below). 
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7. Go'tnpai'ison of i)\tevpi}lvA,ed Values wWl those found by K. Pearson’s Method. 

Cort(un of the values of ^ and o-g obtained from the empiricnl equation of 
Section (5) were recomputed by K. Pearson's method* in order to obtain some 
measure of their accuracy. The appropriate formula for the mean value of the 
product of two ranked individuals is his (xx!)**”". Taking the case n — ^p-^ 8, 

for which both median and qnartilc points correspond to observations^ wo obtain 
using his notation, in which in refers to the median, 


Moan ■= Ka«n ~ h 


m+l _ (a —1) (a»t-f 2) _ 

+ ^2 /,, , 1 \ t o\ <2'* nH-2 


n + 1 


(u + l)(n + 2) 

(ii — m + 1) (n — m + 2) (n — 'fli + 3) , 

3 *^*"(33)' 


where he hiia given numerical valuea for the 6’a up to iiu {loo. oit. Equations (xi) 
and (xii)). 


Ouse (i). Samples of 15; !4 = 15, </ >= 4, «4 = 8, 

After oaloulations similar to those carried out by K. Pearson {loo. oit. pp. 388— 
389) I find that 

Moan {a!,„«,l/5« =-003,271,809. 

Eurthor, cTj and o-,,, may be obtained from his formula (xvii) and Table VI 
rospeotivoly, as follows, 

erjs- = '347,01-t3, ajs = '818,092. 

The former leads to a value of 1-34398 for the ratio of o-, to Sjn/n, which may 
bo compared with the value of 1'3540 obbainod from my formula (27) above. 

Since = 0, it follows that 

rm<! = Mean {»mffial/(<r„a- 5 ) =-57213, 

which may bo compared with the value of ’5725 obtained from formula (28), and 
given in my Table III. 

Case (ii), Samples of 35; re =• 36, j ■= 9, m =» 18. 

Hero I find 

Mean =•-027,763,212, 

and from K. Foarson's formulae (xvii) and (xviii), 

0-,/f = •229,4863. a-„./5= --210,6806. 

Hence 1-3677 against my 1-3593, and o-,„y'“ = 1-2456 against my 1-2457. 

It follows also that =-67441, 

whereas my formula (28) has given a value -5760. 

* Siontetrika, Vol. xxm. pp. 884—890. 
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There is little doubt that K. Pearaon’n method is likely to ki muni accurate 
than that which I have eiuploycd for interpolating Initwcen n 12 niui the limiting 
values, but it involves oalciilations of some length even in the sinipUwt nanc. when 
n~4ip + S. For the eases jit=: + 2, n»=4|)-f 1 anti n^4ip the wtu'k involvctl 
would be very muoh longer, and no compariBon haa boon nttemptwl. 

8 . Some eaiperimenial SampliniJ liestilUi. 

The following further results have been ahown for coinparisun. 


TABLE V. 


Size of Sample, n 

•i 

7 

10 

in 

* I 

3Q 


(Ho, of SamplCB, iV) 

(lono) 


(1000) 

(1000) 

IIOWJ) 1 

(.’KKl) 

f 

/Ex^icHTnciut 
\Thi! 0 ry ... 

•80 u 

’r,(l27 

‘r.Jisn 

•.VJ1K1 




•ViHK) 



•.'i72f> 


‘.MCil 

OJ'fJO i! 

/ & fKxiioriuiuiit 

TOl.'il 

1-741HI 

1-0021J 


i 


I'nari: 1 

'"’"7 VSiRiviiy 



I'.W.I 


I'fllWj •; 

1 -0 (07 

1’8‘j.n 

/3| fo»’(f/-w),Exi)orUnorit 


•wiw 

•7ttU7 


i 

•or,20 

■lua; 

^3 i> « 


8MJ72H 

3-7011(1 



a-otiM 

'AVinti 1 

.! 


The values of were calonloted tlirecbly from iho data (except in the raw 
n = 16), and it is found that none of them diffom frtnn the theiirotiral vaii»*» hy 
more than twice the approptjiate standard error, wtui then calculate! from 
equation (29), using the experimental values for tr,, and rr„ tahlmi in my earlior 
paper. In the case of n«= 16, r„, was calculated directly from the data. 

It will he seen from Iho values o( and ;9, that the Bain[iling tlislritnition of 
j —771 is far from normal, even where the samples are large, and as lm» tamn (juiiitel 
out the estiinato of 5 obtainable from this inter-rank dietancr is not a milisfnctory 
one. 




A FlJRTlIKll STUDY OP METHODS OF OONSTIIUCTING 
LIFPl TABLI5S Win?N CERTAIN CAUSES OF DEATH 
ARE ELIMINATED. 

Bt M. NOEL EARN, M.A 

In a risi'iit. jajjer KUtillwl "A>i Iiitjniry into Yiirioua Death-rates and the 
Com[»rnlivi' Inllnenei' of certnin DisuaBim on the Duration ot Life"* D'Alembert’s 
mrtliwl «na iiplilti'ti t<f thu wiiwtriiction of lifij (ablos for a jiopiiliition from which 
oatiMr aiiii lulwrcutoNm wiw sup]Kisi>il to bo lilimiiiiitcd iis ciiiiscs of death in order 
to of tliisi- rliui'tuHW in siKirtenitifr tho diiraliini) of life. In that 

paj^'r no rcfiuT’itep vim niiwii! to the work on thin problem by Dr Farr towards tiie 
will of liiat W'liltiry, iior to Ijoiiis 1. Dublin'.a work in recent years. In the present 
jwppr a «iini«vimm him been madi'. of the results of tho sovoral methods when 
applii'd (<i thi' tttiiiU' (JnEo in order to dotoriiiine whiit, if any, are the prnoticai 
udvaningi'Ji of wuphtying ITAlomlu'rtH formula over others which have been nsud. 
Ah to tho thonrotiwl iifivniiUigM of D’Alembert's formula, I think there can bo no 
tpieHtion. 

Ciim]»imuu hltmn llmilk of Farr's Method and D'Alembert's Foriiiida. 

Dr Pi»n'‘a work wan published in thu Suppkmmt to the ThirUj-Fifth Annual 
iieimH of the KepsHrar-Geiteral, lb7.^, and entitled ''Effect of the Extinction of 
any single Disoime on the Dnmlinn of Lifot.” In this ho made passing referoitoe to 
the previon* work on the saniB kind of problem in connection with the contro'VBtsy 
over inocolation, wentioning Daniel Bernoulli and D'Alembert, giving Duvillardls 
value for the incranw! in liui mean life time which would result from tho extinction 
of small-jwx. He then refermi to tho short inolhod whicli ho had described in tho 
Apjrendix to the R,-Q.'«i B'ifth Aimiml Keport}, using it for this particular purpose 
M being snfficionlly «xafit,imd thus saving tho labour uf conatnroting and graduating 
full life tables, 

In Ida short method Pan- rnado ime of quinquonnial ago-grouiw. Thu number 
of deaths in age-group « to » + S years divided by the population of that aga-group 
gave tho probability p of living one year in the middle of the period. The fifth 
power was tborefore ti^en in order to obtain the number of survivors at the end of 
the period. Thus the chance of living for five years at ago« was ph 

• 9 / JtSfMte, Vpl. IV. pp. 279—826, J981. 

t P. iixilii, S 21, 

t !', M2, “ 4. theirt motUod at ooMtruoling LUo Tallies.” 
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lAfii Tables with eliminated Diseases 


The method wiia only applicable for ages after 5 years. The siirvivora at ago 5 
would have to be obtained from the known deaths and pupiilatAons year Viy year for 
the ages before 5. 

Farr attempted the prohlein of eliminating a jmrticular disease rrom Uie Hfo 
table population, taking, among other diseases, ns examples, ameer and phthisis. 1 o 
do this in the case of cancer he constructed a new life, tohic on tlie ImaiK id (.he 
mortality from all diaeaaoa except cancer, vi?,. tiij, - c**, using the short nudhiKl ahoeu 
described. This he assumed gave a life tahla population ns it would Im if blnTc were, 
no oanoar mortality, 

IliaveJirattried to ascertain how closely the uumhera of survivora and exisiclal,ions 
of life at different ages obtained by this method afiproximato to the more exact 
VBButo obtained by D'Alemhert’a full formula, 

The amount of error due to the approximations used in the short inethwi of 
constructing an ordinary life table was invcstigaUsl by Fiirr imd is given in 
Table 58 of tho S^tplemaUf for the ease of the Kiigliah Life Table for Males. 
The result is an excess in tho short method in tho oxjsjclatien of life, to the (mioujil 
of-Sf to ’Sa of a year in the raid-age groups up to «5, followed by a mpid inrrniuH' 
in the excess at the older ages, 

Table 60 of the same Supplmmt-\ gives survivors of a life tnhle hascil rat the 
deaths for the years 1861—70, and also tho survivors for a life table with oMiirar 
excluded. I have worked out, and show in Table I, the expectation of life for fodh 
these tables for oouiparison with the results tabulated in Table VI of ray previoiia 
paper^. 

TABLE I. 


Life Tables for Males {caloulated from the Facie recorded during JH6!—^70). 


Age X 

To dio oJ! eXl Dleoaws 

Cnnoer oxoludod 









4 


f. 


0 

610 622 

40'flfl 

BIO 022 

40*76 

’20 

5 

367 817 

60*32 

307 635 

WVOO 

•33 

10 

363 129 

<17-31 

363 lOS 

47*06 

‘.74 

16 

346 341 

43*32 


«'01 

•m 

20 


39*00 

334 061 

39*00 

•:«) 

25 

321013 

30'SO 

.121 ise 

SB'Al 

Ml 

36 

■ ' I/M 

SB'40 

«01038 


‘S\ 

46 

264138 

22*97 

264800 

M'W 

-30 

66 


16-77 

311 503 

17*03 


66 

IBO 844 

11*37 

163 946 

11'6S 

•1ft 

75 

77 409 

T'll 

60 801 

7*46 


88 


6'4B 

18870 

6*44 

■OJ 

96 

789 

6-11 

883 

5*U 

•CK) 

106 

1 9 

— 

0 




* See Table 69, p. okii. SuppUemt u Thirty-fffth Amml Stfort a/M,-0., J881~M. 
t 2bid. J Annalt <if Bugeniea, 'Vol. ly. p, BOO. 
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The order of the differencea in the last column of this table ia never greater 
than about a third of a year for the period 1861—70. Whatever method is uaed, 
the reaulta ahow that these differencea have increased to nearly one and a half yeara 
in mid-life for the period 1919—23. 

I turned next to the modern data and have found the effect of the elimination 
of cancer mortality from Life Table 9, applying Farr's short method instead of the 
formula of D’Alembert. 

In Tabic II are the results obtained by Farr’s short method from the data to 
which the full formula of D’Alembert was applied in my original paper. 


TABLE II. 

Oomparitton of the Increases in Eicpectation of Life due to the Elimination of Cancer 
Mortality, calculated by two Methods, 


Age 

dg (or LKc 
Table 9 

L for Ijiffl 
Table with 
OaQoarellml- 
nated byURoo( 
D'Alembert'a 
formaU 

Incroaiie 
in 4 by 
B'AIemberi’a 
formula 

4 lor Life 
Table with 
CaaodroUmiw 
oaled ftytiMof 
Farr’fl short 
me&od 

Inoreaan 
la ig by 
Farr's short 
method 

Bxoess by 
Farr’s 
method 

Feroentagd ox- 
oesson inoressA 
in expectation 
of Ufa due to 
using Fan's 
method 

0 

06^62 

« J * B 0 

1-27 

66*97 

1-35 

•08 

0 

B 


qO '20 

1-44 

60*35 

1-64 

'10 

7 

10 

e 4'64 

66-10 

1-40 

66-19 

1*55 

•09 

0 

Ifi 

00-12 

51-50 

1-47 

61*68 

1*56 

-09 

0 

20 

46'78 

47-20 

1-48 

47-37 

1-69 

•11 

7 

SB 

41'60 

43-09 

1'49 

43-21 

1-61 

•12 

8 

30 

37'40 

30-91 

1-51 

39-03 

1-63 

•12 

8 

3 B 

33 -ao 

34-77 

1 - B 2 

34-88 

1-63 

-11 

7 

40 

20 'ia 

30-71 

1-62 

30‘64 

1*65 

•13 

9 

Ar> 

25'22 

26-72 

1-50 

26-86 

1-63 

•13 

0 

BO 

21'36 

22-79 

1*43 

22*93 

1'57 

•14 

10 

B6 

17-73 

19-02 

1'20 

10*17 

1*44 

•10 

12 

60 

U '38 

lB -46 

1-09 

16*63 

1-27 

•18 

17 

65 

11*30 

12-20 

•84 

12'38 

1-02 

'18 

21 

70 

8*75 

0-34 

*55 

9-53 

•78 

•19 

32 

75 

0*50 

6'90 

-37 

7-20 

•61 

•24 

65 

BO 

4-93 

5-14 

•21 

5-40 

•47 

■26 

124 


The difference due to using the short method ranges from '08 to '26 of a year 
in excess, and would increase the additional expectation of life by the elimination 
of cancer from a maximum valno of 1’62 years at 40 to 1'65 years, that is, by 
9 per cent. 

An estimate of the amount of error permissible by using a short method ia given 
by Dr Snow • as '08 of a year, and if this ia to be taken as a criterion the evaluation 
of the increase in the expectation of life in this speoial problem would not be 

* “An tllemonUry Rapid Mnthod of Constmotiug on Abridged Life Table,” E. 0. Snow, Supplement 
to the Seoentp-Fifth Annual Jteport of the Fort n. 
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TABLE III. 

Cojnpcii'ison of the TjiGTetioes in JSsepectcUiOTi of Life duo to the LliMintiiion of 
Pulmonary Tuberculosis Morkdity, calculated by two Melkod,s. 




foi' Life Tablt- 
with PulmonRr.y 
Tiibereuloaifl 

IncreiiRU 

for Life Tabbi 
wiiti Puliuntiary 

iiiorenwi 

Exocrenby 

I’orwiiUHB (,'x 
w-ason incrcaw 

Ago 

4 for Lif(- 

in 4 by 

Tuborculoaia 

ill 4 liy 

in cxpoel-Rtiim 
of lifm due 
using Farr'w 
nil* Hi cm! 

Table 9 

(iliminalodbynno 
of ])’Alcnibert'« 
formula 

D'Alcinbflrt*N 

funnula 

oliniinatod by 
UM of Parr'a 
atiurt tni-thod 

I'art anoti 
mollLiMl 

metlKiil 

0 

55 •02 

57*40 

1*78 

57*48 

l-HG 

•CJ8 

5 

6 

08-81 

60*79 

1*5)8 

(K)‘H9 

2'OH 

•If) 

5 

iO 

64*04 

r)6‘03 

1*99 

66*72 

2-08 


5 

16 

60*12 

62*07 

1*95 

52*17 

2*1)5 

■10 

fi 

20 

46*78 

47*58 

1*80 

47*70 

1*5)2 

‘IS 

7 

26 

41*60 

43*13 

1*53 

43*24 

1*64 

'11 

7 

30 

37*40 

38-67 

1*27 

38*79 

1*99 

•12 

i\ 

35 

33-26 

34*28 

1*03 

94*41 

l-l(i 

•13 

13 

40 

29‘lf) 

29*08 

•79 

90*12 

•93 

•H 

IH 

46 

20'22 

25*80 

•58 

25*91 

•72 

•14 

24 

60 

ai*3G 

21*76 

•40 

21*5)1 

•55 

•15 

3M 

65 

17-73 

17*09 

•26 

18*15 

•42 

•ll! 

(52 

60 

14*38 

14*01 

•15 

14*71 

*35 

•20 

199 

05 

11*30 

11*44 

♦08 

11*04 

•28 

•20 


70 

a*76 

8-78 

*03 

9*01 

•26 

•29 


76 

0-69 

6*60 

•01 

6*91 

*32 

'31 


80 

4*93 

4-93 

•00 

6*31 

•38 




TABLE IV. 

Gomparison of the Increases in Bhcpeotation of Life due lo the Jilimitutiittn of 
Heart Diseases Mortality, calculated hy luio Melhode, 




for Life Table 
with Heart 

Increase 

ig for Life ThUo 
with Heart 

iQOimao 

ExooMby 

Karr'# 

mothoil 

PtimniagR ax> 

Age 

/-for Life 
Table 9 

DlsoaseH olimt- 

in 4 by 

Diaeaeoa elioiL 

in 4 by 

In nxpeolatinn 
»f iife due to 
tising Farr'j* 
melhod 

nated by uee of 
L'Alombert’H 
formula 

O'Alembetl'B 

formula 

nated by use of 
Farr’u abort 
inotliod 

Fnrr’a aliorl 
method 

0 

66'02 

57-32 

1*70 

67*41 

1*79 

•09 

5 1 

5 

5a'81 

60-74 

1*03 

60*80 

2*04 

'll 

8 

10 

54-64 

6d'56 

1*94 

66*07 

2-03 

•09 

B 

15 

60*12 

62*03 

l*Dl 

52*12 

3*00 

•09 

a 

20 

45*78 

47’07 

l‘H9 

47*78 

2*00 

•n 

8 

26 

41*60 

43-46 

1*8D 

43*57 

1-07 

•la 

7 

80 

37*40 

39-20 

I'flO 

39*32 

I’Eia 

*12 

7 

35 

33*26 

36*01 

1*76 

30*11 

1*86 

•10 

6 

40 

29-19 

30*90 

1*71 

31*02 

1-83 

12 

7 

45 

25*22 

26*80 

1*07 

27*00 

1-78 

•11 

7 

60 

21*36 

22'97 

1-Bl 

23-*10 

1*74 

•13 

a 

66 

l’7'73 

19*26 

1-63 

19*39 

1*86 

•13 

0 

60 

14*36 

16*77 

1*41 

16*94 

1*68 

-17 

12 

65 

11*36 

12*61 

1*25 

12-78 

1*42 

*17 

14 

70 

8*75 

9*77 

1’02 

9*90 

1*21 

•19 

19 

76 

6-59 

7*39 

•80 

7*62 

1*03 

-23 

29 

80 

4*93 

6*50 

•67 

6*78 

•83 

'26 

48 
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aiifficiently ftocurate!/ worked by the ahort method of Farr, especially when a com¬ 
parison IB to be miuie of tlie alteration in the expectation of life due to the elimination 
of oanoer inorlality for two or three past decadca. 

Farr's short method applied for tho elimination of Pulmonary Tuberouloeia and 
Heart Diseases separately from the ordinary life table shows differonoeB in expecta¬ 
tion of life ranginj} again from '08 of ayear at birth to '38 in tho case of Pulmonary 
Tuburculosia, and from '09 to '20 i)i the case of Heart Diseases when compared with 
the fuller method, as shown in Tables IH and IV. 

These differences become large in the later ages when regarded as percentage 
excess on the increase in expectation of life, especially in the Pulmonary Tuberonlosis 
investigation. This shows that the method of Farr is not necurate enough for this 
purpose. 

Ke-oalcttlalion in five-yeaiiy Qroups of the Data on which Life Table 9 is based. 

In estimating the additional expectation of life resulting from eliminating a cause 
of death by the shorter method, tho calculation should perhaps be mode not from 
the standard life table, but from one based on the same dativ but calculated also by 
the same luolhod. Tho comparative values of the normal expectation of life calculated 
on this basis are sot nut in Table V. 

TABLE V, 


Hrpectation of Life. 


Ago 

For 

Lite Table 9 

For 

Lite Table oalou* 
latcd in llyo.ycarly 
porioda 

by 

Fnrx’s mebnocl 

0 

56‘02 

DB-71 

•09 

6 

58-81 

.ss-ai 

•10 

10 

54-64 

54*74 

•10 

If) 

BO-12 

50-21 

•00 

20 

46'78 

45-80 

•11 

25 

■tvao 

41-72 

•12 

30 

37-40 

37*52 

•12 

35 

33-35 

33-37 

•la 

40 

29-19 

39-32 

■13 

45 

2f)*33 

25-36 

•14 

50 

21 -30 

31-51 

•15 

05 

17-7.1 

17-80 

•10 

00 

14'36 

14-50 

•20 

65 

n-36 

U-67 

•21 

70 

8*75 

8*0ft 

-23 

75 

0-6D 

fl-90 

•31 

80 

4-03 

5-.1l 

'38 

85 

3-72 

4-14 

■42 


In Table VI the increases in the expectation of life due to tho elimination of 
the several diseases considered are shown, the results by Farr's method being com¬ 
pared with the standard life table re-calculated by tho same method. The percentage 
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difference on the increafic ia now dimmished, m coniparal with the «f 0 ulto in Tnbl(!S 
II, III and IV, to an amount less than one, throughout the table in the case of 
Pulmonary Tuberculosia, and to age 60 in the table with Cancer oliminatcd. 

TABLE VI. 


Tiimase in Ewpedatim of Life. 



Wiih Oanooc elimiaaled 

With Palmooary Tnb^alfliU 
cllmlnatad 

With Heart Bifewntes ^imltialtid 

Age 

By Barr’s 
method ooni' 
p&red irith 
le-oalaolated 
Life Table 

As in 
Table 11 

By 

D'Alembert’s 
formnls com* 
pared with 
Life Table 9 

By Farr's 
method oom^ 
pared with 
re'calonlaled 
Lifo Table 

As Iq 
T ablfllll 

By 

D'Alembftri's 
formala oom- 
pared with 
Life Tibia 9 

By Farr's 
meihod oott' 
pared with 
r«-MlQuUt«d 
Life Table 

An in 
TablelV 

By 

D'Alftmbwt'B 
formok cora- 
pared with 
Life Table 9 

0 

l'S6 

1-35 

1‘27 

1*77 

1*66 

1-7H 

1'70 

vn 

I'70 

6 

1’44 

1*64 

1*44 

V9fl 

2-08 

I'iW 

t-M 

a'CM 

i'#a 

10 

1*46 

1-65 

^4a 

voe 

2'08 

1*99 

1*93 

2’Oa 

I •04 

16 

1'47 

1'68 

1*47 

I'OC 

s-oe 

1-06 

vn 

s-oo 

HH 

SO 

I'48 

1-59 

1'48 

l«81 

1*02 

vm 

1-ftO 

aoo 

I-89 

S6 

1'49 

V61 

1*49 

1*62 

1'64 

1‘63 

1-8S 

1*97 

i« 

30 

I'61 

163 

1-81 

1*27 

l^dO 

1’27 

1-flO 

I-flS 

!•» 

36 

1'61 

i-es 

1*62 

1*04 

M6 

1-03 

1*74 

I’W 

1'70 

40 

1*62 

1'86 

1*62 

•80 

•93 

•79 

1'70 

I-nj 

I'71 

46 

1'49 

1*63 

1*60 

•68 

•72 

•58 

1’64 

l»7fl 

m 

50 

1'4S 

1'07 

1‘43 

•40 

•M 

'40 

I'W 

r'74 

t'SI 

66 

1*28 

1'44 

1'29 

•28 

‘42 

■86 

1*60 

itw 

1’83 

60 

1*07 

1’27 

V09 

•16 

•36 

•16 

l'»8 

I'Wi 

1*41 

66 

•81 

1'02 

•84 

•07 

•98 

•08 

1-J> 

1'49 

i-at 

70 

•66 

•78 

•60 

'03 

•90 

■03 

'90 

1*91 

itw 

76 

■30 

•61 

•37 

•01 

•32 

•01 

•7a 

i-oa 

■afi 

AO 

•09 

•47 

-21 

•00 

•38 

•00 

•45 

-88 

•57 


Table VII shows the percentage difference for some of the later agat in the 
tables with Cancer or Heart Diseases eliminated, Farr's muthod now giving a defect. 


TABLE Vn. 



With OaQoar ellmloated 

With Heart DleMmetloitKHkd 

Age 

Defeoilaiuorease 





in expeotation of 

Faroentafie 

in expeoktlon of 



life doe to Farr's 

defeet 

life due to Farr's 

detMt 


method 


meUvod 

45 

■01 

1 

Da 

2 

50 

•01 

1 

•02 

1 

66 

•01 

1 

‘08 

% 

60 

•08 

2 

•03 

2 

66 

•03 

4 

•04 

3 

70 

•04 

V 

•04 


76 

■07 

19 

•08 

10 

80 

•IS 

67 

•12 

11 
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08 Life Tables toiih eliminatetl Di»emei< 

In deciding whether the short method is sufficiently acournto when a imrtjcular 
disease is to be eliminated the hum of the curve of mortality rates of the diuoaso 
must be considered. In Fig. 1 on the previous page are given: 

The curves of annual mortolity rates per 100,000 : 

(1) tor deaths from all causes, 

(2) for deaths from heart diseases, 

(3) for deaths from all cause-s c-vcopt mncee in five-yearly gnniiw are giviui 
for the period of the data under coivsideration. 

Simitar curves have already been given for canrrsr and for pulmonary tnlwr- 
oulosis in the former paper. 

The curve for deaths from all cau.ses rises rapidly towards the end of life, the 
curve for heart diseases rises in the same way but at a more gradual »lopt‘, afid the 
curve for all deaths except cancer follows a course sitnilar ki that for all ticrilhs 

The curve of mortality for pulmonary tuberculiiais is dillerent in form. The 
slope is generally gradual whether it is aacending or deaomsding. 

Provided then that one starts from a life table constructed in the aanu’ way, 
the short method of Farr is seen to lead to toloralily uccunde ilitTerrnctfa in life 
expectation due to olimirmtion of the diawwca which have been undor corisidumtion 
in this memoir, except in the muses of cancer and heart diminaoa for ages uter IKI 
when the inaccuracy increases. The method however involve* the nriditirmid work 
of first ro-oomputing the standard life table on the basis of five-yearly iiwtaul of 
yearly age-groups. 

The error introduced in the short method arises from the fact that ibn niimlwra 
saved from the disease in a particular fivo-yearly periml are regarded iw exempt Irom 
risk of death from other diseases for the whole of the five ywun. Tlii* ia not the 
case, for those saved from the particular disease will be subjected to the death-mli! 
from other diseases from the moment in which they would have died of the apoeial 
disease, which connotes on the avamge for half tho period. This error doiw not. 
occur when infinitesimal periods are used. In tho tiso of D'AleuilMrt'* forumla thnrts 
is the additional advantage that a series of annual ciuicer (or other) mortality ralis 
is obtained which is of interest and value in itself, and which proved to be of iik! 
in other problems dealt with in my former paper. 

Some Work oti the mme Problem from JOaia ofAe Metropolilmi life 
J'flsi(7'a»ics Company of Nm 7ork\ 

Some work on the same problem has buen published in the Statittiml 
Bulletin* of the Metropolitan Life Insurance Com])atty of Now York, uticlur 
% title “Effect of Cancer upon the Length of Life” and ” Loss in Exprsetation of Life 
on account of organic Heart Diseases,” for data of the Industrial Population 
f®Il—The tables for males, white, are reproduced as Table YIIJ, 

• Slat. Bull. u.L.L Oc,, Dot WaO, Vol. I. Ko, 10. p. 5i Ibid. Feb. mi, Vol. a. So. », p. «. 
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TABI.E VIII. 


Of) 


. . 

NjinilifT ttf ofAvi^raRp. 

Afl4v| lUfrUWieLontonAraouiit 

AvecaRp. Numbor of Yoata of 

rtf <An Fesnnii.) 

WhiCf, Mnh'K 

nfOrganio Diaoaans of tho Hoai't. 
Wliitd, MfileK 

*> 


1'II7 

1 

•70 

3*80 

2 


l-l)l 

rs 

•73 

1 

■7.3 

1 'flo 


‘ 2 

1 -on 

K. 

•73 

1 '03 

if s 

•TA 

l‘HD 

ft* 

*7$) 

l‘HK 


*HU 

1-H7 

.t't 

♦73 

1-Hl 

*lTt 

•ria 

I'Mi 

»•» 

*3'.l 

MO 


•;w) 

•on 


'17 

■•n 


Thu tuliiiim referring to cnnoar given amnllar figueen thnn thoao for English 
iliUrt of (iIkhiI the asime pori<«l, viz, 1008—191S, na given in Table VI of my former 
jMUtwr, hm. the rfwtih* ixwemble thnno of English data of the Inst three doondos in 
riniug til It maxiinuoi iiws of years btstwuen 40 and 50 years. 

The n*will« f»r hearl, diHoanes arc very nimilar to those obtained from the English 
ilabi I!J19-«l02;i, given in Table V a of my original paper. 


The ramiula nwai to obtain the results given in Table VIII has boon oom- 
rmmiaited Ut me by Monars Uublin mid IxitUa as 


9x<(. 




i- 


where f, denote* the usual life table funct’^when all causes of death are eff'eotive, 
tt,*’ denotes llirs coroMiiunditig life tabltfmnction whan only cause i of death is 
effcBtivs. and .jr,*-" denotm the corresponding life table function when all cause.? 
eseept » of death ars effective. 


The foniuila A may be obtained os followa; 

'Dm proSiability of living for one year ut age ic ut risk of death from all causes 
ia tsmuul to the ptmliict of the probability of living for one year when only cause 
t of dmth [8 effiwtivo and the probability of living for one year when all causes 
except i hw effoetivo, that is 


9 * 


l-i} 


- ?*“ 
i-V' 


A 
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Lifr Tahlea with, liimiiiutal tHseme« 

p* denoting the iisiuil life fiiiiclii.ii when nil nnuHi-s uf di iidi nn- ffrentive, 
denoting the cum!H]iiiiidiiig futinlitiii whim oniy i of ilcJidi is rlh'rlivi-, and 
denoting the oorriaimnding fimetiim when nil iiniiw* nf ilcnth i-sw-pl t am 
effective. 

I have applied the fnrmnhi A. in Ihe ilnln in hand in yearly perimls and litid 
that it gives n very near npprnxinintion Ui lint fonniilanf I)'Ah'irila*rt, the snrvivnrs 
in the life table excluding a sjKicinl di»nu«! being the fuvmi* In within it few nnits 
in 100,000 starting life together, at all ages ihrotigh life, whether the ditwiw foii- 
sidered is Cancer, Pulmonary Tul«rculo.siH, or Heart Diiwmc*. The exjun-tutioiiB of 
life are exactly the same for the two mclhiala. 


Gomparitim of formula A utilh fair's lUclhiid. 
The formula which Furr uned vvmild he 

TO,-fa," = 1 / 1 ,' 


where t/i, = 


2 '/, 

2-r/x’ 


and TO,'*', ///,'■■’' have similar meanings, 


Subatitiiting these values for iho jb’» Fornniln B gives im rcdurliim 

._ . 




1 " qf 


i! 


which diffora from formula A in the denominator of the right-hnnd sirli!. 

The amount of the diffeconcB in the expectation of lift; given hy Fomnda H »» 
compared with that given by D'Alorobert's formula, nr by Formula A, ha« alreatiy 
been shown. 


It may he of interest to apply Formula A to the oaiuler daUi in five-yearly 
periods in order to compare the expectation of life with tho results found in yearly 
periods. The results are given in Table IX. 

This table shows that thorn is no sensible error involvwl in ccitnptiling ihn 
additional expectation of life resulting from oliraiiiation of »nwr w a can*! of 
death by using five-yearly periods, so long ns the life tahle with which wm{SOTi»t» 
is made is computed in similar periods. 

In conclusion, the difference in the methods used lies in the I'whmtinn of ijf, 
D'Alembert’s formula giving instantaneous values, Dublin'* formula values jit 
yearly intervale, and Farr’s values at iiuinquemiial periods. 

For rapidity of calculation, combined with accuracy, the formula giving yeariy 
values has some advantage over that giving instantaneous vuluea 

In either case the results are arbitrary to some extent, as the original Bguim 
are usually only obtainable in quinquennial age-groujra. 
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TABLE IX. 

hxj[0:M:ivtt nf I.ifi mid /uerme in ikiU Expectation ovet' that of a Standard 
life Table in a I’opnlatm excluding Gancer. 


A#! 

' 

(laleahJtd It) i 
ywitij ^ 

hjfwinaltA 

1 

in ' 

«S|!»eUiUon 
»f lifo over 
UreTtblaS 

Onlenlatcd in 
R-yisarly p«rW« 
hy forraula A 

4 

Staailard 

Life Tahlo 
(sea Tahlo V) 

4 

lacroaso in ox- 
peatationotlite 
over Standard 
Life Tahlo 

."1 

0 

W'«» 

!•« 

r-e-as 

5,7'71 

1-28 

.% 

t«'« 

1<41 

l«-37 

riS-Dl 

I'dO 

l» 

W-tCI 

l-W 

Ml'2t 


1-47 

V.*! 

M-r« 

1«47 

51-(Kt 

riD'ii 

1'48 

SW 

4;'« 

1-,J« 

47'39 

.1.VH9 

1’60 

» 

W'W 

IMif 

4:)*S3 

41'72 

1’51 

sa 

.w-ai 

1-.M 

3!l’0.| 

m% 

1-52 

Vi 

M'T, 

m 

3.1-!K) 

33'37 

1'63 

« 


\-%i 

,■«)•«« 

2IP32 

l‘B4 

4f. 

mt 

vw 

2liW 

25',30 

ITtl 

. S(J 


!■« 

52-Bfi 

2!'51 

I'df) 

i u 

ism 

i-aa 

l9'St) 

U'WU 

V3l 

n 

Uf4.i 

m 

Ifi-MI 

Ipril! 

I'lO 

ffi 

1S« 

■H 


ll'ST 

•Hi) 

‘ 70 

@•34 

>m 

fl'J7 

8'!)8 

•59 

7S 

SAB 

•37 

1-m 

B'!)0 

•30 

« 

ffU 

.gi 

W. 

.7'31 

•20 
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A TEST OF THE SIGNIFIOANOE OF THE f)IFFEIiKNCE 
OF THE CORRELATION COEFFICIENTS IN NORMAL 
BIVARIATE SAMPLES. 

By FRED A. BRANDNEE. State University of lows. 


I, Introdactiott. 


The problem of testing the significance of the tiifferciici; botvMicn airrelation 
coefficients, n and n, found in two independent sample* of sisisf «id m tn«>' 
considered as that of testing the hypothesis that the samples have Iwen limwri 
from pupulationa in which the cocflicicnte of correlalion between the viaitWe* have 
soma common, but unspecified value, p. A method of piwcdurt! eommonly Hucd, 
which is adequate if the satnplea are large and p not Uw near either +1 m — I, in 
to compare the difference, with an eatimatc of its standard emir, 

But if these conditions are not satisfied, we aro at once, facts! with euriflin diffi- 
oultiefl; (a) the value of is veiyt eonsitive to the jowticulnr osUmata of p 
chosen; (ii) the sampling distribution of ri-i't will be asymmetrical, tiiflicull to 
calculate and again dependent on the estimate of p. 

To meet this difficulty, E, A Fisher has suggested the use of iho Uans- 
formation* 

a +r') - log,{l-r)}...,.....,(1), 


because it then follows that if the two samples have htten drawn from twjml 
populations with a common p, ai-*, will bo distributed in repoatod samples, 
approximately normally about aero with a standard error given by 





«» 


li 


.(».>. 


That is to say, by adopting this transformation, a test is obtained whitjh is 
both easy to apply and, but for a certain approximation t, eompletoly imiufwndant 
of the unknown value of p. 

In a problem of this nature, it is evident that an indeflnito iiumbor »f critori* 
might be found to use in testing the hypothesis of a common p. Owing to the 
nearly invariant form of its sampling distribution, the oritorion ai-n might hi 
chosen on intuitive grounds as one of the roost effident (as well w niMt amveniftOl 
^ application), but it is nevertheless of some interest to examine the logical l«i# 

• JVfdrmi 1 .4, 12—18, SlaliiKcol iUUmUJm PamiA llWcrt, Bsttlon S6. 

t Ihfi nature of the approximation iovoIveU has been owtalnetl nt rariotta Unwa. Sen tor 
Jl.'omciln'Iiii SSI. pp. S'|7—aoO; Joiininl of tiu Jiiurtetni SMItUmt Aimklion, Jane IMt, pp. UJ—ISg. 
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lor the choice between criteria. In a aeries of recent papers* J, Neyman and 
It, S. Pearaon have discussed how, when the hypothesis to be tested and the set 
of admiftfiibie altomatives have been defined, the appropriate criterion may be 
deduced from certain fundamental principles, without any preconceived notion 
what th^ Conn of the onborion ought to be. Making use of what has been 
termed the likelihoofi ratio, they have shown how a nimiber of existing testa and 
certain new oin^ are brought into conformity, and my purpose ia to consider the 
application of bhia method to the present problem. 


II. The liUcelikood. Ratio. 

The problem may be abafcefl os follows. Two samples, Sj and Sa of size ni and 
n%, have been randomly drawn from normally distributed bivariate populations, 
Hi and Hi (variables at and y). The two means, two standard deviations and 
product-moment correlation coefficient are defined as follows: 


For 

2), 



For 

2), 




The admissible hypotheses concern the set H of all possible pairs of bivariate 
normal populations. The hypothesis we shall test is not that TTj and tl* are 
identical, but merely that their correlation coefficients have the same value, 
or that 

.(3), 

while the relations 

ai«.ai, 0-1 .“crj, 


will not necessarily be satisfied. The population pairs (Hi, 11,) for which (3) is 
tme, form a saheet a of the set fl. The likelihood ratio, X, is to be obtained by 
ohoosing from (1 and <u, respectively, the two population paira which make the 
chance of the observed sampling result a maximum. 

■ The ohanoe of obtaining X, fhom IT, with oharaotor values falling in the ranges 
(*< ± ih, Jit ± ile) (»~ li 2 , ., n,) will bo asymptotic to 


n,».r——---i-—---al^'e >'1 / V 'i / nv, J 

* L2»<r,wi^rr^j 

as h and k approach zero- 

Likewise for the sample £3 of 7 t« observations, the chance is given by 

( 7 ,«r_ _ _,1 0 V| / \ ) '.'a J(A 


(W)% 

.(4) 


(Ai)". 

(5). 


• Sm JNmttrlH m*. pp. lISi 264. Bulletin dt VAcaitmie PelcMiee det Sni.ncM el dee LiUtrei. 
fi4rlsA,l»S0, p, 7 a. 
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The comhinad prohnbility of the oociirreiice is given by the pnxluct 

6'(«) = Cir,.(8). 

If the values (4) and (!5) are aubatituted in equation (tS) and the ruitih siinpU- 


fied, the result may be written 

_ 1 ri 


y. ri?' ■ ”11” + IV'rJb'l':!!*.'? _ !(*> ■ “<1 if'"1 1 


' "J(/,.(T), 

where iT"=Wi 4- ih and = (2it)“^. 

Finding the viiluea of Oi, «/, otc. (i** 1, 2) to make 0((1) a tuaxitmnn gives 

a<s=s«?i, (t/« p<=»ff . 

This gives the jiair of populations of maximum likelihood. By 8iib«tiiHting 
relations (8) in (7) the chance of the joint occurrence becomes 

a(n„„)=/rr.-.,.l....(!»). 

(1 - n*)*J L*i«a (1 - »■,’)* J 

Now consider the ohanoa of the snmplea belonging to tho Hiibset a 
above. The total probability is given by 

x« c f,” 'iC DM'f-'-OOi. 

Again, if C (a) be maximized in respoot to cq, oj', otc. (v = 1, 2) it gives 
(A) o< = Si, cq' = 5i 

Si’ 1 - p’ Sf'* 1 

o-i»~r-np“tr('’ I . 

(C) iiiira+«B»’j) p“ —At(l + nr,)/> +ni7'i+ ii,)-*« oj 

Upon solving equation (0) of (11), 

Pjk = + nr ») - VN» (1 - nr,F^Vi« . '(ri~ "‘i^>» 


2 (»!)■« + njn) 


.(12), 


This gives as a maximum ohanoo 


0 ’ 


jff 1">r (l-0i.»l*^ >» 

[siSi'(1 - L*ss/(1 — pt/r,) 




Thus we may obtain the likelihood ratio 

x-2(^ 

0(n^.) 


...(H). 
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HI. Tfie Oiise when ni ~ Wg = n. 

The above ratio cannot in general be expreaaeci simply, but ■when 


by putting 


thu result 


i-j;=tanh«i, rj=t!inhxs, p = tanhr 


is easily obtained from equation (11 C). Also, from equation (13), 




_- msh.,coBhxg ^ .(18), 

t f U3 

filSi S».V COHh’*-^ - 


If the aama substitution is made in equation (9), it gives 

G (fl,„,> = A W’' .(!»)■ 

Finding the ratio of the likolihooda and extracting the (2n)th root gives 

X£f- 8 ech*‘“*‘ .( 20 ). 

It follows that if the criterion used is 


«i — xj = 2 Bcoh-*^ Xii . 


it wili be identical to that of E. A. Fisher referred to above. In other words, the 
oontours of constant X’s correspond exactly to the contours of constant values of 
(«i — xj). As the likelihood of the hypothesis decreases Xi — Xj increases, and the 
method already described can bo used to determine the significance of the differ¬ 
ence of the observed correlations of two normally correlated bivariate samples for 
which nothing is known as to the values of the parameters involved. 


IV. 27ie Gaae when nr ng. 

The cose of nr not equal to tij may now bo considered. Without loss of gene¬ 
rality ■wo may assume ri > r^. In order to express \ in simple terms it is here found 
nsoessary to introdnoo an approximation for the value of p to be inserted in (18). 
Equation (11 C) may be written in the form 

[f (rr + r,) - (n - r.)l p* - A (1 -H nr^) p + f (n + r,) + ”” (n - r.) ;= 0 

.( 22 ). 

Then by substitutions (16), 

[tanh (ir d- ^r) — c] p* — 2p + [tanh (xi -f ^r) + e] = 0 .(23), 


where 


«r-«a y-r-Vs 
A 1 + rti'j 


(24). 
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From (23) 


p = tanh/ = 


1 - 'yaech*(?i + ^j)-l-£’ 

, tanh (^1 + ?j) - « 


...(25). 


^ 1 — */l — [tttnh*(2i + ri) “ e’J 
tanh (*i + 2j) — e 

_ 1 - [1 - i jtanh* ( 2 i + 2 t) - «*! - A j tonh* ( 2 | -h ft) " t*j° ■■■ ■.] ^ 

■” ~tanir(it+^) - e 

If all powers of [tanh* ( 2 i-H 2 g) — e*l greator than the aocontl. whveh in meet csme® 
will be small, are neglected in (26) the approximate value 

_ i [tanh* (xi + 2t) - e*l + -ii [tanh* (xr 4 Xt) ~ t*]* .. 

^ ~ tanh (2t + tj) —« 

will result. The above approximation tends to slightly decrease the value for p. 

^ ^-1 A .A*j5 

s»iTl“2+"8~ . 

where rl «tanh ( 21 + 2 *)+« and ..&*» tanh (Si t- 2 ») — « .. 


.,.(27), 

...(28). 


Solving for e** gives 
from vfhiflh 


, A A*2) 

1 + - 2 + j, 


-Wi 

' 'T 


.m, 


22 , 


»log(: 

A 


y4,^-5)-iog(l. 


2 


2 8 j 


. , 4*fi 

2 -*‘T' 


. 


..(30). 


Again, by neglecting all terms in A and B of the second order and higher powers, 
another slight decrease will be made in the value for p. This gives the approxi¬ 
mation 

i-i[tauh( 2 i + 2 ,) + 2 ] 

1 r n + r, tij - fl, n - Ti 1 

"2Li+7ir, i(~’l+r,rj 

SlTl + «|, 1 '| 

“ jrp'+nfi;)' 

These slight decreases in the value of p, and oonscrjusntly the value of s a« noted 
above, are almost exactly counterbalanced by again approximating in (81). By 
expanding each of the values for Ti{i ■ 1,2) in terms of tt, the numerator is slighBy 
increased and the denominator is decrea^ by discarding powers of #r of aewnd 
degree and higher. The value 


.,..(31). 


is thus obtained as an approximation for the true value of ». 


.(82) 








fe Jt, - S„j «„t „, „ I j «i 1 «», luul tlie c!iaos examined are 

h«<. ,!». ^,„i ‘ (T>vble II), ,vhero ,ve 

*'t>ei. », > ^ I „ 1 ^‘p’" “:■■ *!ll bo noticed that 

tamiBK imm, .4.m.rM!i,w« crriw, f“»PIo con- 

t.k«i.h«,I than « ,ainw,Ki ft,r i„ the maximum 

V„„« , , arithmetic mean of X, and 

t. Pm and p, will agree exactly. 


'I’AHLK I. 


('■JUW Hi •S Sm j ,, 

^ j «|« Jjtj 



’4«ri(i 

-inxiii 

'IV?< 

Iir74 

•3«rw 

•ISM 4 
W4 


i 


♦•'. /<«, SOI 


•m 

‘SfiS 

•m 

.'tsg 

•4Wi 

K?4 

•l«« 

•m 

•7m 

•RJW 

'JHtt 

•7l« 

•mr 

•H7« 

•SST 


•lan 

•wu 

•m 

•3g» 

•IJW 

■nm 

■Tiw 

■7(pti 

•«lg 

m 

■T4t 

•>m 

*»w 

•f*?« 

•IjMJ 

•UfSi 


•Ul 

•nifi 

•A'M 

•OHi 

•w»i 

*A 4 l| 

‘714 

•Kg? 

^H\ 

•7.V. 

•Hr»3 

mi 

•IMfl 

•MiW 


j P- p'(J'j-’lO) 


‘IH}7 

•m 

'id] 

•JifKI 

•r»aa 

*HgA 

•7JW 

•f^HJ 

•741 

'HU 

'W 

•HBK 

•m 


'wy 

'm 

'm 

'm 

"m 

'm 

•tm 

Mfig 

•6(}') 

•045 

•77ft 

•682 

'747 

•HH 

•H44 

•\m 
•Jiia i 


! 


’o:)8 

•no 

•201 

•253 

•33d 

•132 

•522 

•m 

•fido 

•017 

•742 

■073 

•732 

•823 

•830 

-m] 

•039 


*1“^: 

v/iV+1 


0*43 

O'flO 

VfiO 

0'4rj 

Ml 

2-00 

2-89 

0*07 

1*50 

2-45 

4-23 

0-89 

1*78 

U*a6 

0‘80 

2'H7 

1*78 


It th»ttW I*. sHai Ihp „f ^amnUstl hv R A m i . • a , 

*w * we#Mm of t, luid i.. ^ »«KR«t«i )y R, A, hiBlmr* m baaed 

their wiinpSiflg «««««„, ^ Iho apiimximaUi values of 


• binh 


K-i 


.'ll J, + (n, 

.V-« 


■3)3,1 


,.(33). 


»j tai»r™,“:; «p™ *. «».i ..lu,.., 


"I ■ a>, (%« W; and «,■!{>, » {Table 1 } 

80, »,. W, a«j gQ 


....(34). 
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TABLE 11. 






Cbm? It}» Oil, 

Csbffw fit - |h.j 

Z| •• Zj 


Zj 

’■i 


Pm 

Pd 

p'(n| -'OOl 

Pm 


. 

* f 

0*2 

O'O 

797*1 

■Of.KX) 

770 

•170 

‘176 

•OiS 

'im 

•022 

0'4tt 

0‘7 

O'O 

'6044 

•DOCK) 

•B44 

•537 

•054 

•091 

7W 

•070 

1-75 

07 

0-2 

'Q044 

71)74 

'659 

•flft? 

•6(l« 

•2BS 

•205 

‘249 

I‘2B 

1-6 

0*2 

•(K)52 

•1974 

*877 

•BOB 

*876 

•m 

•3«H 

•329 


I'l 

0-4 

■8006 

•3800 

765 

7H2 

•771 


•402 

•1« 

vn 

2-3 

0-4 

'9B01 

'3WK) 

•973 

•9fl0 

*970 

'*.507 

•580 

•543 

'4'*"4 1 

1‘5 

07 

'9062 

•6(144 

•885 

•882 

•888 

•805 

•m 

•1157 

«•» 

2*3 

17 

■9801 

■8006 

‘!I7I 

•972 

•074 

•813 

•Kf.I 

■843 

3'IK) 


It will lie seen that, althougli po is genemlly n better iippriiximiitiua hi pn thitti i* 
p' (for the range of cases lakoii), this is not always no; aoimi light is thrown on the 
position by calculating the ratio 


Zl-l, 


.(35) 


for the values of ;ii and tij given in (3i). These ratios ani entered in the last colnmn 
of each table, and provide a measure of the aignifloanoo of tho differenwa between 
the pairs of sample values n and rj. It will bo seen that p* is closer to ps, than ia 
p' 80 long as (si- r»)/o'n-i, < 2'00, but that when the ratio exceods 2’Ofl, the posi¬ 
tion is reversed. Of course, as Ki and n, increase, p'-rp„ ; but the approach of p, 
to pa will depend on tho ratio of ni to tit. 


Finally, if the approximation (32) bo accepted os adotjuatc, and p, subetitiited 
for pu in (13), we obtain from this equation, and from (!J), 

. 0 .) 

Taking the ratio of these likelihoods gives 

h. “ (“ ~ 'i)]"* [aooh (* - * 1 )]'% 

“ (*i“*»)] ‘ [swh^(*1 - *,)j"'.,.,(38). 

Thus with approximation the contours of constant X again agree wife B, A, 
Fisher's contours for (ri - sj), 

The following example will illustrate the use of the test. Snppwe 
»tt=60, )is = 10; r',='6044, r,=.'1974(806 Table II). 










10!) 


HKIi a. Bhasiikkh, 

Hr,. .'«■ IV7, -,.= 0-5 

aici ' ' !' -■ 1*17 -1)ij/v^.o +; = l-a."), 

II »(( f< )'< f » •*■=“ '>■' pi'dliiiliility Ht'iile we timl Jj (! + «) = ’Hnii. 

W, Kiiiy !!■'» s= .la llu* ;ilt<Tiiiitive III lliii liypotluiaia tested 

Ipi - " '.X „,,r atlcnliim is tliivt pi> pt, wo ask 

tilial »» ')»' ' )•«*"' *)“■’’ 's w-itiO i''s«.nl j, l,y (I'ri nr mure, wcto pi = pa? 'I’Ws 
eliasif*’ >» I*) »■**" ****■- •k'HiJil r«ndii{I(> that there was no clear call to 

pj.|i<'! «'h< }sj j»4ie«», jn-p( fiii-tjrni «ti (iltmiative pi > pj. Evidently there 

3»’ *'* " 1 ,. 1 )! ,j, fav.itir «!mitiu; ivlternative, pi< pa- 


Tj>.-: „( di- h.V(iiil.!ie«iK tlint two Bamples have 

l>e<'n v,« m ?h<- of correlation has some 

It,, ihit '!)“ 5 >di. swiiiiiwl is iiiirmal, following 

ikf '•{ iwoi V- .e -M. < .1 wtiiii. tliey liavi* tennwi aeomiJOBito 

* ai!« t. )-'« (.,r is exactly, ami for 

riiMW'iff rh’iwu'-ly. y'-)<'• '‘-to -'ni,, j-iuij i;( jji sngge.stisl by H, A. I'lahcr, 
t 1 ii» »(bwH **> ’***>'»'• riiai-lied by the two wriUOT in 

liiv mj»»w I'l fc'i*"! *'• !>)■»'''■- »*“ « )* oliowa that by I'ltnilnying the raothod 

ul ||Sw.|sf»<«!»l 1-1 IJ« ««•' in testing It Blatiatioal 

fciptsllfw.. O'- «*»- i--*'* in •-hi" 

i4»»i »» f»« I’"’" » ■i''’’"- 5 )!.r ..I ajtj<r-«h. 


• li **» «f Mr*' t* * •‘.'S'- ■** *> 51 “ •'*>»”* *•" t***®) «taulilitin of a 

as#.- »*»»'* »-•<* j tut >M .W4*a«BWK tlai uKOitlancB 



PLURAL BIRTHS WITH A NEW riCDIGRBIE. 

By JULIA BULL, M.A., M.IW'.P. 

(1) Some two years ago, Dr E. A. Barton, working in eomicction wi th tlw f >!»b*l,riF 
Department of University GtjllegK Hosintal, caitiu acrow an intercaliitg hiabiry nf 
plural births in three goneiutimis of a family, transmitti’il, in the particular caw*, 
under his observation, through a malo, III, 10, who was bt'iiovisi himself f.<' have 
been a single birth. Mr Herbert Spena-r warns iw* that atutistiw of {tatiMiitfl 
treated in lying-in-wards are alone reliable in reapt^t of nmlliple birtlw, i« ono of 
a twinsbip often dies and the fact nf a twin pregiiniicy may not k; meiitionid t<i 
the patient. However, their history of multipln birtlm ha.s kscii nf inUuistl, not 
unaocompanieil by anxiety, in the family whose ja'digrcc is given mider Fig. 1, 
and 60 far as his mother and his gramlniotlier wrrre aware, 111. 10 wiw Imrn at a 
single birth. 

It will bo seen from Fig. 1 of the ailjoiuing plate that one qnatirnplot, probably 
two triplota and seven pairs of twins have been born in five sibhijia. 

Dr Barton kindly sent the mother, III. 3, to hob uh nlb;r the birth of h<>r 
second pair of twins, IV. 12 and 13; she iaan intelligent woman, with no hiatary 
of twins or multiple births in her own feiinily; she and her hiishauti pn<vit|wl mwt 
of the facts shown in the juidigree. There was Homo dilferuiiw of npiiiinii in the 
family regarding the triplet of III. 18—20; the mother, II. 12. believing «1» had 
no triplet, whilst her mother, I. 4, declared that tluR triplet was born in Middh'aejt 
Hospital, and reanltod from a shock to the mother on hearing llml her elder son, 
III. 10, was to have a diseased bone removed from his face, This cxpjririit'i! fully 
support® Mi Herbert Spmccr'a warning. Dr K. A, C«kayne kindly tibteniml 
verification of the fact from the Registrar of Middlesex Hosjiitel. It is of inU-fi'sl 
to note that though both parents, II, 11 and 12, had »ibliiig« kdonging to ttwilijde 
births, they themselves apparently piodneed eight ehildn)ii at single birth* in 
addition to two pairs of twins and one triplet. There i* wime imcersaitily about 
the triplet II. 4—6; its ocouiTonce is a family tradition, but nothing i* now known 
regarding the sex of the childron or whether any of them survived birth. 

II. 12, who is still living, is sure that her mother had only one nmlliple bitth 
in a large family; this consisted in a quadruplet of four toys imiiid iftithew, 
Mark, Luke and John; all the boys lived for tome time, but did bfom the ig# 
of 20 years. Of the fifteen children of II. 11 and 12, only four are now living; the 


• In 1 psteonal letter to Profesaot Kind I'eerwn, 
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triplet ef this BiWiipwM born promaturoly and all its members died. One brother 
of this family^ II. 21, was kiUed in the war. One twin sister, III. 14, is still living; 
Kht‘ IB marriwlaiid Ijm had two cunfiiiements, with three daughters; one of the 
twin (ifttightor* died ymuig, of diphtheria. 

111. !i, the wifii of III. 10. has had nix children at four cnnfinamonts; each pair 
of twirw wen' of like «cx, but their mother says the children arc not at all alike; 
lino of the fitnl pair of twins dial aged 13 months from pneumonia. 

III. 3 is a young woman, aged 30 at the birth of her last twins; she suffers 
from aatbma, and. with a husband nnernployed fiir nearly two years, considers 
anxiously the pewibilityof further multiple births; she reiuarkod that she had 
indeed married into a dangerous family. 


(2) Bemarkablu examples of multiple births have been reported from time to time 
since the days of Ariatolle. TIicbc include; (a) Individual cases of large numbers 
of children bom at a single birth. (i>) Hi-stories of .successive plural births to the 
same individual; of somE special interest are a number of histories, some of them 
undoubtedly authentic, recording a sequence to the same individual of the same 
type of nmllipla birth, the mother producing, aay, always twins, or always triplets. 
^c) Family histories recortling plural births in a number of individuals of the 
samn stock; the more intoreating of these refer to oases in which the liability 
to the occurroncp is transmitted through the male, as may bo seen in our Fig. 1; 
also in Figs. 2 and 3. 

(a) Writing in 1850 (i/otes and Qusnes, p. 469), Richard Owen says that the 
largest number at a birth of which any authentic record appears is five; there 
was at this time, in the Royal College of Surgeons, a specimen jut containing five 
foetuses from one birth, of which three were still-born, the two bom alive survived 
for a short time only*. 

Oarthshore, writing in the P!vil. Traits. 1781 f, recorded the occurrence of this 
pa.rticular oawt; ha states that he had employed various friends at Petersburg, 
Berlin, Vienna, Lyons. Paris and Ghent to collect for him well authenticated 
cases of this kind, and that he hod not yet been able to pvooure any. Oarthshore 
coUeoted and published at that date a number of records of multiple births, but 
exBresacd the opinion that, when wo advance further than livo at a birth, we get 
into the region of tradition and improbability, 

Foyt who in 1890 again oollooted all roooi-ds he could find of plural births, 
including quadruplots and upwards, expresses the opinion that we may err by an 
excess of incredulity, and that we need to be very cautious before rejecting definite 
statements made by medical men recording their personal experiences. 


• TUo jpeoimBU may »U11 te Bum in ths Musenra of Iho OoliBgo, togsthor with BBTaral more reoent 
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112 Plural JiirthH with a Nrw Pedigrer 

Ambtoiso Par6* exprusHUS no doubt in quoting tl«: stntcnwiiil of Martin 
Cromer, the PoliRh iiiatoriaii, tliat" ono Margaret, a woman Kprimg from ii mibli! 
and ancient familio near Cnieovia, ami wife tu Count VerbiwIaiiH, hrimght forth 
at one birth thirtie five live cliildreiit, upon the twentieth date of .bumary in the, 
year 129(i"; Pan'* was a ooiiteinpomry nf tim hiskirian and pre.siinmhly iiiigtil have 
satisfied himself of the evidence on which the Htivternent wan made. W(» ulan Irarn 
from this diatingiiislicd surgeon that “Ifrancincim PicuH Mimmliila writeth ihiit 
one Dorothio, an Italian, hi«.l twuntic chiUlruii at two births; ui this first nine, aad 
ai the second eleven, and that shoe was «o big that ahee wiw forced In bear up her 
bellie, which laie upon her knees, with a broad and large scarf tied alKiiit, her neck, 
as you may bob by this figure"—an illnalmtion of the said Dorothy is given, 
with her scarf in position. At a later date, in 1(IH4, Dr fSeignette writes of jui 
"Acoonchoment Surpreuant'' which he, had Keen at linchefort, where “ imo femmi; 
de Xaintonge etoit acconohde de neuf mfans, toms bien fnrimsi, el aus(jiii.!lK on 
distingnoit le aoxe; at tjue ccUo nicine femme I'annde prihnsdefib* iivoit aeemichi" 
de anze'f." It ia difficult to believe in or to deny the [tosKihility of any tjf thw 
ooourrences. 

Waa Martin Cromer (1.512—1580) a relinbli*. Iiislorian? Me n-isirts lliat 
Mathias Qolanoevius, Bishop of Vliulislavia in Polnml, mm the only survivor 
of twelve sons delivered at one birth, the reest dying as hihiii as they were 
The name hore recalls that of Margarita Uonvalez of V'aleiieia, whi,»(e remarkahli; 
fecundity waa noted by Henrique Clock when travelling in .Si«tin with i’hilip Ii 
in 1685. “The midwivea and several doctors of Valuiiciu are witneBsei*. r.ttunting 
the children that her two husbands hod the good fortune to have. They found 
one hundred and forty-four males and fourteen femaloa Amongnl them thert! 
were baptised forty-niuo sons and three females]!.'' This case is obviously either 
a fabrication, or some misprint has occurred, or the midwives and doctors v»cr« 
unable to count, for we are told that this Margarita had thirty-thruts parturitions 
between the ages of 16 years and 36; the woman, however, may have providwl 
an example of remarkable fecundity, and my attention wiwt drawn V* it by the 
similarity of the name to that of the Polish report. Margarita Qonijidcx wa« mid 
to he the daughter of a Basque father and a Parisian mother; slut married first 
a Neapolitan and secondly a Basque, so was oosmoimlitim with regai-d to her 
connections. She was again pregnant when the travelhira left Valencia. 

If Amhroise Pard waa ready to be credulous, Owen and Oarthalwre would 
appear to have unclcrstabocl the case, Thera are eertaiiily mnneroua atithoiitic 
accounts of six at a birth, and there is what surely one must accept »i« diifltiite 
evidence of a soptuplot, from a memorial stone on a house at Hamein a, Waser; 

• BW. No. 1. 

t lo edflioM ot Oromer’s work, publiaUed in German in, 1582 end in Imtio in USSS, I Bud tl» nnmbw 
Bwen as tiiity-eix live oliildren. The oft repestod elorj of the GtSBn von Hetmei)®* and to* »« 
childien ai a. birtli is andoubtodly a myth. 

t Bibl. No. e. § BIbl, No. 2, p. 197. 
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kiioeling parents and seven babies in swaddling clothes are represented on the 
stone below a crucifix, and the following inscription, is given: 

Allhicr ein Bitrgor Thido liomer goiminifc 
Soino Iliiuafmu Anna Broyern woUlbokannt. 

Ala man zlihUe 1000 Jahr 
Den 0 Jaiuiariiia dcs Morgoiis 3 tlUr war 
Von ihr zwoi Kniibeloin iind fiinf Miigdoloin 
Aiif cine Zeit gcborcn soiii. 

Habon auoh die heiligcn Tauf erworlwn 
Folgenda den 20**'* 12 Uhr Soolig geatovben. 

Gotfc wnlle ihn [-cn] gclwn die Sccligkoit, 

Dio alien Oltinbigon ist boi-cifc. 

Obigo« original Donkmal hat durcli die QUto dor Herrn Biirgormoiator Domcior, dor jobidgo 
basitx.or diosow daniahla EOmersohen Hauaca Gcrichtflaohrcibor Hoppe wieder erhaltcn und anf- 
gosfcellt ira Jahr 1818. 

A photograph of this atone is given by Barfurth*, whose account, in 1895, is 
the first roforencG to it which is known tg me. Wc must conclude that seven at 
one birth is the greatest number of which we have an' authentic account, but wc 
have no reason to believe that this number has never been exceeded. 

(?)) With regard to succoasivo plural births in the same individual, the most 
astonishing report is one whose first account I find in Th$ Gentleman*s Magazine 
(Vol. Llli. p. 763, London, 1783): "In an original letter now before mo, dated 
St Poteraburg, Aug. 13, 1782, O.S., Feodor Wassilicf, aged 76, a peasant, said to 
bo now alivo and in perfect health, in the Qovornmenb of Moscow, has had—- 
By his first wife; By his second wife: 

4x4«lG 6x2«12 

7x3 « 21 2 x3^ 6 _ 

16 X 2 = 32 8 births IS children. 

27 births 69 children. 

In all 35 births, 87 children, of which 84 aro living and only three buried....TKo 
above relation, however astonishing, may be depended upon, as it came directly 
from an English merchant at St Petersburg to his relatives in England, who added 
that the peasant was to bo introduced to the Empress.'^ 

This history was published independently*—with a caution—by Hercnannf, 
writing on Statistics of the Russian population in 1790. My impulse was to 
reject the cose as unworthy of serious consideration, as apparently the cautious 
Garfchshore did in 1787. However, from a statement in the haricet of 1878 (Vol. i. 
p. 290), we learn that a few years earlier the French Academy of Science had 
endeavoured to obtain verification of the ocourrenoe j they appealed to M, Khani- 
koff of the Imperial Academy of St Poteraburg for advice as to the means they 
should pursue, but were told by him that all investigation was superfluous, that 
members of the family still lived in Moscow and that they had been the object of 
favours from the Government. Are we to accept this case as an established record? 
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What then of thu following report*: "In the year 17or> a Mimcovil.o, pK.'Uiiint, 
named James Kyrioff, and his wife were presented to the Einjiress of Rnwia, 
This peasant had been twice inarrieil and was then 70 years of age. His firat w-ife 
was brought to bod twenty-one tiinea, four times with four children each time, 
seven times of three, ami ton times of two, making in all iifty-seven children whtt 
were then alive. Hia second wife, who acouin()anied him, had already been delivered 
seven times, once of three (ihildren, six times of twins" 8nndy both tht'se Russian 
oaaea must bo regarded ns under suspicion; other similar oases have bt'en K;[K>rtoi, 
one of which referred to a handworker in Lille who had KS children by two wives. 
There is, however, this point of interest about all these and other rciwrts — they 
may exaggerate the details, hnt they each suggest the probable rrccurrmico of a 
rather remarkable sequence, of mnitiqrlo births in the two wivis of one man, and 
thus indicate in these cases examples of the probably inherited liability to pnaluce 
multiple births, transmitted by the male. 

At a muoli earlier date Aristotle writes IHinlonj of A nimuhi, Lib. Vtl, Cap. A): 
"As a rule and in moat oouiitries women have but one cbild at a birth; yet 
frequently and in many districts they bear twins, particularly iu the land of Egypt. 
But even three and four occur at a birth, and this quiti: frecjmmtly in certnin 
places as it has been stated above. A woman dues not bear more than five at a 
birth, and this has been observed to happen several limes. ludiietl a cerUiin woman 
bote twenty children in four \)arturitiona, five at each, and most of them weni 
toated." This cannot bo tegai-ded as proven evidence of the oeourreiioo of a atMpienec 
of four quintuplets, but the reforonoe is of great historic interest, am! there i» 
some measure of probability regarding its accuracy. 

To return now to Ambroiso Pard-f. He writes; " In our time, kitwocn Sarto 
and Main, in the parish of Soanx, nor far from Ghamliellay, then! is a fainilit; and 
noble hous called Maldotnoure; the wife of the Lord of Maldemeure, the first year 
shoe was married brought forth twins, the second year sheo had three children, the 
third year four, the fourth year five, the fifth year six, and of that birth she died; 
of those six one is yet alive, and is Lord of Maldomeure." We must receive with 
caution ParAs recital of cases taken from other writers, but this statoraont re¬ 
garding a noble family in bis own countiy, which oould bo refuted any day if 
untrue, cannot easily be rejected. It is of some interest to note the incroMiog 
number recorded at each birth in this history, in view of the fact that there i» » 
good deal of evidence in favour of the statement that on the whole plural births 
tend to occur later in life than single births j tho average age of the mother at the 
birth of twins being older than that at the age of single birth*, and tho average 
age of the mother at the birth of triplets being greater than that »t the ago of 
twins. So that mistrust of tha case, which has been suggested on the ground* 
of the improbability of the regularly increasing number at birth, loses perhaps 
some of its j ustification, 
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None of fchesQ remarkablo cases really carries conviction; wo cannot refuse to 
believe in the possibility of their occurrence, but if we were able to obtain verifi¬ 
cation of one extreme case, other accounts would assuredly receive U measure 
of support. I have tried unsuccessfully to get into touch with a more recently 
published case; in 1886 the Naples correspondent of the .Parin Register writes*: 
“About twenty-five miles from here, and by rail two or three stations beyond 
Pompeii, is the liistorioal city of Nocero. In it lives Moddalena Granata, aged *7 
who was married at the age of 28 to a peasant just nineteen years ago. Maddalena 
Granata has given birth to, either dead or living, fifty-two children, forty-nine of 
whom were males. She enjoys florid health, is robust, and twenty-four hours after 
her last accouchement was ready to go out to her accustomed labour in the field.... 
Her physician. Dr de Sanctis of Nocera, says that there is not the least exagge¬ 
ration in these statements...,She has had triplets fifteen times,” It seems almost 
incredible that anybody should have triplets fifteen times. There should be no 
difficulty in finding out whether there is any truth in this report; a letter to the 
villagh Syndiodto has brought no reply; probably a visit to Nocera, by a traveller 
in those parts, would he the most satisfactory svay of getting into touch with a 
descendant of Maddalena Granata or of Dr de Sanctis, 

A similar history, published in the Oazette Medicate de Lyons (Dot. 1, 1863)f, 
reports that the wife of a medical man at Fuontemajor in Spain, aged *13, had just 
been delivered of three girls; it was the thirteenth time she had been confined of 
triplets. 

A number of authentic oases of a sequence of twin births are on record; the 
mother of the famous Dr Lottsom had twins seven times, all of whom were malesj; 
Dr Lettsom and his twin brother were the last children borne by her, and were 
the only two who survived. A patient of Mr Herbert Spencer’s told him that she 
herself had had six pairs of twins and no other pregnancy, 

A history due to Peiper (Fig. 2 of our pedigree plate) shows a sequence of nine 
twin births; each pair of twins were of unlike sex. Is there a tendency for a sequence 
confined to one type of plural birth to be uniform with regard to sex ? The only 
case of such a sequence known to me refers to three triplets Qonsisbing of nine 
boys; there was an interval of 18 months betw'eon each birth; all the boys are 
living. Uniformity of tho male sex may well have occurred in the triplets of 
Maddalena Granata, if we can trust that history, though she did uot have oxolu- 
sivoly triplets and wo are only told that forty-nine of her fifty-two children were 
males. 

An epitaph of some interest is referred to by Hakewill§ in 1685; “ Neither 
can I call to minde any example in all antiquity parallel to that of a woman buried 
in the Church at Dunstable who (as her epitaph testifies) bore at three severall 
times three children at a birth and five at a birth two other times.” This epitaph 

* See Medical Prat and, Oireular, YoJ, j. lor 1886, p» 67. London, 1886. 

t Beferenoe in The Lancet, Vol. n. for 1868, p. 486. London, 1868. 
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is ['ivi^ii by Fj-iit)ds Tliyniii' in lii.s willncljoii (Clripjiatm, i-. ;5, p. 114) IV.iiit ilio M.S. 
ill till' Cuttimiun liliriu'y; it was ctiiiicil by him in .SapL iriN:i, ami is fincii in 
the nppunilix tu H(>arii<'’M iV.'i-'i l■di^.illn nf Chi-riiiicnii aive Anti'ilUK rrinriitns <ti' 
IhiiiKldlite. Si'vi'i-al ri'pr<i(Ui(.'tiimK Imvn lii'i'ii piiblialn'd with siniii' larialiims in 
ti|ii'Hing. Ii'i-aticis 'riiynMi'’s niiuiiiHcripl is nut ansy tn lii-aipluT iiy Ilia iiimliillMt. 
ami wa iirn [<aaatiy iiidaiitai] in IVnfasHor l{. 15. Dlitlaa iiia aapyiiijf ilia aptlaph 
I'vom tha script Cov ns; it vuiis aa fnUiiws; 

llii! Wilb'mit 3hi)Hti iubi (|Uniii M<K.‘iiiuii Aliir 
Mill iliini omtcliiHit iw.n TO j'eru'rnliK 
Uv» luitvii fcvtiw 

Pov htiioMKOK Dimih hiH (‘lonMuiK 

Wr ;u't’ also imich infk*btctl to Mi* T. W. of llu- lluiiMliiliU' lAbnu'y 

and Musatiin, fur a da.scriptiiiii nf tlia iiKiiimrial atnmi (tnhaii frniii Dartiysbin-V 
Uisliinj of Duustable, 1S7'2), "In the middle aisle, nppuNiU,' tlia piiljiit is a laiyfa 
slab, bciiaatli whicli is buried a wiiiimii who hud niiiat<-aii childtt'ii ill live iiirths; 
vis, llu'aa .savaml times three ohildroti at a birth, and livicn five, at nthar times. It in 
not stmiigo that this account, ia freijueiitly disheliavad ;...hnl, if Imdirinii lha imwt. 
Bti'aightfonviu-d can bu accredited, it ia a lib'ral fact. tT(xiri the slab ware tlia 
iigiiroa of a man and woman in brasa, Victh dreaaed in gowns. iviUi their haiida in 
the atfcibiido of prayer, at their foot waa the iiiacri|ilinii. Hetieiilh the latter ware 
two gnmpa, nne of boya and the other of girls, with ihe type* nf the eviuigeliKt* at 
tha ournera.’' Derby.sliira, writing in the iiiiietei'nth century, ijiiutaK the insai'iiitioii 
fi'niii JIuanio'B edition of the Chroiiiclea; ho does not Hlaki wliara ha fniiiid tbi‘ 
dosci'iiition of the slab, which ia not, bo far as I have diseuva.rial. In la; found in 
Henrnn's volumoa. 

Hakowill’s interpretation of tho epitaph has been ixil)cati.«lly tjimUHl; itnhssl, 
I iiiiisl confess to having myaelf been remly to present the ease ns nn anthenlie 
account of a sequence of throe triplets and two quintujiluUi. Prufeswir Butler, 
however, is of tho opliuon that the epitaph by no iiicAiis juatifica this minclnaiun ■, 
he conBidora that all we can accept from the epitaph ia that Aliev had niuctiicn 
chiklroti by two luiBbands, nineteen being exprcaseil ns "Ter lr(j.s bi* ipdiuw" to 
meet the needs of the verac. The date of tho atanc ia not given, all we know i« 
tlmt.ib was prior to 16811. Possibly further information was iivailablv to Hakewill; 
in the abamico of any roforenco to it wc mnst reject tho caho fnitn oonBidcmtion 
as ail undoubted example, which would have been of iiiloroat for mir piirps'**, and 
e.vpi' 0 sa gratitiido to Professor Butlor for Ida caution. 

(c) 1 will now mid a few ilbistmtivo oxninplea showing the occiirrwieo of plural 
birth.s in the same family; those onaoa are all relatively recent and the hiatoriw 
are probably accurate as far as they go. Peipor, in 1023* Fig. 2, piiblialiea an 
extremely interesting history of a woman, II. 4, married to a man who had a twin 
sistRi", they had a sequence of nine pairs of twins; oech pair included a iriale and 
a female; all the eighteen children died, and one is reminded of the slateiueuta of 
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Arisbotlo* ami Plitiy regarding the high mortality of twins of unlike sex—such 
a pedigree as this in Aristotle's day might readily lead to a tradition, which of 
coume would have no general application. It is however of interest to remember the 
mortality of Dr Lettsom’s sihship. The mother of the twins in Polper's case had 
nine siblings and so far aa was known no twins had beon born in her family; this 
woman married a aeeond husband and had six single births, four daughters and 
two sons; the first of these children, III. 19, died aged three months; III. 20—23 
all died at birth; thu last child, III. 24, delivered by Caesarian section, was the 
only one of the mother’s twenty-four children who remained alive; moreover III. 24 
was not without difficulties as he had to he operated on for spasm of the pylorus. 
The interesting, points of this pedigree arc the marked inhavltance of twinning, 
through tho father; also tho long sequence of twins of unlike sex, without any 
triplota or single births. The high mortality rate would appear probably to be due 
to the mother rather than to her twins, since five of her six single births by 
a second husband shared the same fate. 

Another interesting small pedigree of twinning, due to Strassmannf, is shown 
in Fig. 3 ; it includes six pairs of twins of whom four paire were known to bo of 
like sox, one pair included both sexes; four of the cases liad arisen through the 
father. The only female of the family to bo married, II. 4, was herself a twin; she 
had only single births; the male twin of II. 4 was twice married and had twin 
children iiy both wives; the only male of a single birth to marry had twin offspring. 
No triplota or higher multiple births are noted to have (jccurrad in this family, 
Fig. 4, due to OriggI, provides a marked contrast to the two previous oases in that 
it presents a history of multiple births inchiding twins and triplets, transmitted 
through the female in every case, so far aa wo can judge. The family history is 
very incomplete; it was given to the recorder by hia patient, IV. 7; she said 
that her mother. III. 7, had two brothers who wore married, neither of them had 
any children; we are not told whether these brother.s belonged to tho triplet of 
that generation, or were twins. Did these brothers abstain from parenthood, for 
perhaps economic reasons, or were they infertile on physiological grounds 1 Apart 
flora this reference wo have no knowledge of any male of tho family having married, 
nor are we told how many males had been bom in the various sihships. IV. 7, 
aged 44 at the time of ob.sorvation, had had sixteen children, triplota twice with 
ton single births; she hod seven danghtoi-s living; we are not told whether the 
remaining nine children were males or females or at what age they died. Tho 
eldest daughter of IV. 7 had four children, of whom three were born at one birth; 
the second daughter of IV. 7 wa.s also married and was pregnant at the time of the 
record. A maternal great-aunt of IV. 7, aged 90 and still living, said that her 
grandmother had told her that triplets had occurred in the family as far back aa 
any record could be obtained. We have tried to get in touch with this exceedingly 
irjtevesting family, but have not succeeded in doing so. It is very unfortunate that 

* J)ii Aiimalihnsy Liber vrr. Cap. iv. AriBtotle, after statiag that mixed saxes in a litter do not 
affect surviving in the case of animals, adds: "but in tbe case of men few survive of twins if one is 
female and the other male.” t Bibl. No. 16. J Bibl, No. 18. 
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the only two inalcH itf fclio faiuiiy of whom W(! lutvo uriy rocord imu’rioHl, hut hml no 
children. 

Thrill! fm-Lluir caae.'i allowing the liiibility to multiple birth.'i tran.ainitti'd, .so fur 
as wo (am judge, through the mnthiir .seem worth putting oti record, J'/rn LancH 
(Vol. I. for 18Sf), p. ;i!)2) reports ii ciiae which wus communicated to the Lisbon 
Medical Society by Senor Pereim da t.lruz. of Avciro. A wiininu hail had four 
confiiiemouta in eight yeiirK; firat, twins were stiU-born or died Koon afterbirth; 
the fallowing year a triplet, including two boys luid nnu girl, was horn ; five years 
later a quintuplet waa born, of which the first child lived ,i0 day.s, the .second 
lived 2S liours, the remaining three were .still-born; two years later the woman 
had a single birth of a atiU-born child. The mother of thi.s sib.ship hud two .sisters 
and an aunt wlio were said to have been the subjects of .similar multijilc preg- 
nanciea; there la no mention of plund births among the children of any malo of 
the family, nor are we told of any plural births in the mother's sibship; no 
information i.s given iia to whether the aunt who hiul plund liirths waa on tho 
matomal or on the paternal «ido. The case is thus very iraporfeclly described, but 
the history of the quiiituplot in association with other plural births, of tlm heavy 
mortality and of tho similar history on the mother's side of the family provide 
positive information of onnsiderablc interest. In examining this case and the 
following we must remembec Mr Spencer's warning that when unu uiemliw of 
ft twinship dies the fvot often remains unrecorded; wu should not jHirha]* regard 
it as demonstrated that the mother of either of those sibships was certidnly born 
alone. 

In I90C, Dr Roberts, of Now South Wales, described a case of his cxjKirit'nce •. 
A woman, I. 2 of Fig, 8, aged 32, had been married twelve, years; she had a family 
history of twinning on her matornal aide; she had a personal history of aevon 
confinements at the first of which twins were delivered, at the second a triplot 
which was born prematurely at seven months and did not survive ; there followtal 
a single birth; the fourth confinement produced twins; tho fifth and sixth were 
two single births; then there was a misearriage and eighteen mouths later a 
quadruplet consisting of three males and a female of whom one male waa still-born. 
Ten of this woman’s fourteen children were living. At the birth of the quadruplet 
four adherent placentas were removed, they were distinct and Bojmrate; four 
separate bags of membranes are desoribed. 

Finally, it is perhaps worth while to inolude horo tho case of tlr do lawn, 
reported by Foyf, A woman aged 26 had given birth to fonrtaon ohildron by two 
husbands; by her firat husband she had one pair of twins and four single births; 
by her second husband she had eight children in three years-—two fsiira of twins 
and a quadruplet; all members of the quadruplet ware living, the weight at birth 
of the children was 6 lbs., 6 lbs., lbs., and A iba, respeotively. 

* This short account of a few selected cases and refotencos is extremely limited 
, in its scope; tho purpose of it is primarily to suggest through a few illustrativo 
• Blbl. No. 15. 
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examples the varied problems vvhioh arise in any consideration of the inheritance 
of multiple births. The historic extreme cases, which we must assuredly receive 
in a sceptical and doubting spirit, cannot for the most part he disproved, but 
unfortunately under modern social conditions it is difficult to believe that the 
possibility of some of them could ever again be demonstrated, at least in European 
populations. It is indeed astonishing that in 1886 the report concerning Madda- 
lena Qranata did not attract mote interest and comment and obtain verification; 
if this be an accurate history, it certainly justifies some belief in many other reports 
which have been discarded as too improbable for consideration. In our own country 
it is almost equally surprising that the family history due to Grigg was allowed to 
he lost sight of and remain without any adequate description. How very incurious 
most of us appear to he with regard to remarkable occurrences whioh ido not touch 
upon our own immediate needs and occupations. 

I would call attention to one further point of some impartauoe and interest. 
Dr R, A. .Fisher, from his very valuable study of Triplet Children*, concludes 
that “ The triplet data indicate that the paternal infiuence is only exerted in the 
production of diembryony.” Now my very small collection of a few exceptional 
oases cannot he used to prove anything at all, hut Figs. 1 and 2 do suggest that 
Dr Fisher's experience is not of universal application. In Fig. 1, the twin births 
of IV. 10—13 are presumably duo to their father’s influence, each pair is of like 
sex, but their mother had no hesitation in her stabeiusnt that they were very 
unlike in other respects. Again, in Fig. 2, duo to Peiper, the long sequence of 
twins of unlike sex must be attributed to their father’s influence. 

Should the production of multiple births he regarded as a mark of exceptional 
vitality, or is it a sign of degeneracy with lack of control, or can we deduce nothing 
from the evidence available ? There appears to be a good deal of evidence sup¬ 
porting the view that on the whole the older mothers bend to produce multiple 
births, but we are not justified in accepting this as a sign of weakness or decadence 
on her part; so far as I know, it is not necessarily the mothers who are worn out 
by repeated child-births who have twins, and wo need to he very cautious in 
drawing any general conclusions from the mere fact of the age of the mother at 
the birth of her offspring. 

For obvious reasons the infant death rate is greatly augmented at multiple 
births, and thus it would appear to be a wasteful form of reproduction. As long 
ago as 1820, Merrimanf gave figures from the Dublin Lying-in-Hospital referring 
to the years 1787—1793, showing that of 388 twin children born to 184 mothers, 
l7T'7g U' hospital or were still-born, whereas 10,199 uniparous women only 
lost 7 7„ of their children. Mitchell gives worse figures for the same hospital, 
pointing again to the excessive mortality of twin babies in 1862. Strassmann 
quotes Prussian statistics since 1871j: indicating that the numbers of still-born 
children (n) at single births, (6) among twins, and (o) among triplets are as 
3'3 : 5’8 ; 12T. Mitohell| formed the impression, and gives some figures to support 

• BiW. Ua 18. 1- Bibl. No. 10. t BiM. No. 10. § Bibl. No, 11. 
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it, that twins and triplets occurred with rather a tnarked frequency amonjfst idieta 
or in the faniiliea of idiots, but I have no knowledge that his auggeation hae btfen 
confirmed by an adequate investigation. 

Dr Fisher found no evidence auggesting that at a fixed age the surviving 
members of triplets wore undersized ab compariid with children of single births. 
It is of inberost to hear from Mr Herbert Spencer of a woman patiunl of his over 
six feet in height, who was one of a quadruplet; her three bwbhcrH were also 
over six feet in height and wem serving in the same regiment in Indisi. 
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ON CORRELATION FUNCTIONS OF TYPE III. 


By S. D. WIOKSELL, Lund (Sweden). 


1. As originally shown by Helracrt* the distribution of the second order 
moments in samples of M individuals, chosen at random from an infinitely large 
supply (parent population) will bo of the form generally called Type III if the 
supply be normally distributed and the moments are taken around the true moan 
(moan of the supply). Helmert also has shown that the same form of error dis¬ 
tribution will bo obtained if the sample moments are taken around the respeetivc 
sample means, a result which has later on been rediscovered by several wiiters, 


It will be the main purpose of this paper to study the correlation surface 
obtained for the second oi-der moments in samples of x and y, which are taken at 
randoiu from a normally distributed bivariate supply (suppo.sod to ba infinitely 
large). As it is clear that the marginal distributions of this surface will both be of 
Type HI, we have here an interesting object of investigation, i.o. a solid Type III 
distribittion. 


The most convenient way to study problems of this kind seems to be by the 
aid of the so-called reciprocal or c/iaraoteriitic fimcliona of the distributions, These 
functions are defined in the following way: 


Uiimriate case: 
Bivariate case: 


R(<) = jtfa/(ai)«’‘ . 


R(fi. 4)= dxdtjfls, 


..( 1 ). 

,.,( 2 ). 


Here / denotes the frequency function of the distribution in question and V its 
characteristic function. The integrations are to be extended over the whole range 
of applicability of /, 

Evidently U{i, 0) and f7(0,t) are the respective cnaraoteristio functions of the 
marginal distributions of the correlation/(«, y). 

If the Napierian logarithm of U is developed into powers of t (or 4 and 4) the 
ooeffieients of this expansion correspond to the so-called seminvariants A (of Thiele) 
in the following, way; 

Unimriate case: logi7(<)= S--*4* .(3)- 

Bivariate case: log{f(<ii 4)= 2 iS ,- 7 , 4 * 4 ' . 


® Bee Biomeirlka, Vol. xxiii. 19al, p. 4ltt. “Historical Note oh tho Distribution of the Standard 
Deviations of Samplea of any Siae drawn from avi Indefinitely largo Normal Parent Population.” 
Editorial. 
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On Correlation Fu77/^f iom of Type ITT 

If the charactcriafcic fvincfcion of ii diatribufcioji has ht-’en found fcho thcofom of 
Fourier gives the following Boliitiows of tho integral equations (1) an<l (2); 


/(ar) = V-f ihsU{'ioi'So'‘^'^^ ... 

SWi-oj 

and /C^* = f f dwidw^^U .(0). 

(."TTJ J-.TO.J—flQ 


We shall not here go into the (jiieHtions of convergoncy of thin iixvorsicni iw it ia 
quite evident that no troublm of this kind will arise in the applications contxiiriiKl 
in this paper. 

Furthermore, as is easily seen, the charaetevistie function of the tlistributiau of 
tt/«ncfion o/ic, {^ = gf(®)}, is given by the equation 

[7(«) = j(fe/(»)e»“‘ .(7), 

and the oharaoteristio function of the hivaruite tliatribulioi) uf two dilToreiit 
functions of » and y, y), rj=/i(!»:, y)\ is given by the equation 

ti) = jj<ii);dy/(x, .iH). 

Putting itsO iti' this equation wc obtaiji tlio characteristic function of tlie 
distribution of a function i;(x, y) of a j>air of corroliilnd variables x am! y, 

Finally, it is well known and easily demonatented that the cliaracliiristio funolum 
of the distribution of the sum of n number of indopunthmt variables is equal Ui 
tho product of the oharaotoristio functions of the distributions of the respective 
variables taken alone. 

This ws may state in the following form: If Ui{t) is tho clmractorisUc flinction 
of the distribution of «j, then the characteristic function of the distributiun of 

S!==Xi + Xt + Xt+... +Xs 

is ff(0= Pi(t). ... !/„(() .((I), 

if the variables ai, aj, irj’,... Xg are distributed indepondoritly of each other. 

Simllavly. If tTjfti, tj) is tho chaiaoteriatio function of tho DOTrolntiim of any 
pair Xi, 2/j, then 

If (tij t.) ts) • t»). Ha (lit hi) **• Ifw(lit fs) 

is the oharaoteriatio, funotion of the correlation of + ...and 

sa = }'i+ys+ ... + ywi if the diSbront pairs «i, j/j are chosen indepoivdontly of each 
other. 

2. I shall begin by demonstrating Helmert’s proposition with the aid of tho 
characteristic function. 

Assuming the frequency function of ® in the supply to be 


1 
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12S 


0^ 

the ch'avaeteriHtie function of the distribution of according to (7), ec^iiai to 
1 f«> i.'t‘ / 20*^ \~^ 

I . (W). 

(l(ins(H]U(^ntIy the olmractcriatie function of the distribution of the second order 
miiitieiit about tliu ''true" nioan, 2 ^=^, in samples of N will, according to (fl), be 

u{t)=^(i-^py'^ .(11). 

(hi accouub of (5) wc finally get the frequency function of 2 from the equation 

fs ( 2 ) = f jlwe~‘»'‘ ^1 - ® .(12). 

On evaluation the integral (12) gives the Typo III distribution spoken of. 
This will itvr»t oiwily bo seen by the transformation 

So"* 

i, 1S=T. 

HN y 

/V'a—f fto _ ^ 

which gives 1 .(13), 

01', putting (1 - Tt) f = f, 

If 1 1 f ff 

= 2^J/f .(14), 

f being a complex variable and the integration taking place along a lino running 
at the distance + f, parallel to the imaginary axis. As the integrand vanishes at 
the extreme ends of this line the value of the integral will not bo affected by 
a variation in f. Hence, aa the integral is clearly convergent, it is constant and 
independent of f, and it follows that we must have 

^ ^-1 

= . 

An actual avaluation of the integml will show that wo have /:= 
also follows from the equation 

f /(2)tia=l. 

Jo 

which must hero necessarily be fulfilled. 

I'hns we find the Type III distribution for a, 

= . 

Q.E.l). 
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071 Coiretation Fmietiom of Type III 

By taking the logailthni of (11) and eipanding in iiowera of t wo got llu* 
following wotl-known formula for the seiuinvarknts of Type HI ns given in (If!), 






3. X Generalised i'onn of Type III will be at linmi in Ihu liifiu- fuitclinri of I he 
second order moment, taken around a fixed point at n given diKtnnce a from the 
moon. To derive this function we have, in analogy to (10), the ohamelcriHtic 

function of the distribution of 1equal to 


1 p 

rVZTrJ -*« 


TT 

-.f 

(lx e 'In'' “ 


~"rc r 2 it* x"* 

W ‘‘ = A tj 


..(Uf), 


which gives for the frequency function of 
fallowing integral form (op. (12)); 


A' 


S(a:-n,)“ in aamplcH of K the 


a-'wi 

'3> 


. 

This function, which paaaea over Into the function (12) and tbo orilinary Type III 
curve when (i-» 0, generally* cannot be oxprossed in ehimentary functions, I'xcejit 
aa an infinito series, If, for instance, tho factor 

J?V)i 

c ^ 

is dfivoloped in powers of tho expononfc, and it is noticeii that ncconling in (1^) 
wo have, when 

N 

2a» 


f” 

ZtT J 


= .(I!!*). 


we find the following serial expression; 

W-aV'w+.W+||/'V4(s)~^'/"'s>.(*) +.(16**). 

which series may readily be reduced to a form fit for numerical applifiilions. As 
a matter of fact we may write 

/<"Vs.a(a) = (-l)''/iv(a)i'-‘„(»), 

where f„(«) is a polynomial of the ?tth degree in «. Its general r<i«u is. if we put 
'..W = (^=)'‘r(iAl) 


_N 

2v* 


r 


■ \V(iN] + n 


- 0 i 


' r(4A'+jr~l)*^(,2 

* Wliea N=1 (12*) juusk be iutegraWe os it is eftsUj shown that wo moot have 








S. D. WiCKSELL 


125 


Ife will be soon that (16**) is a special case of the development of a generalized 
roarsou T^'pu III, given by Romanowsky {BiomeUiJca, xvi. pp. 114—116). The 
objections advanced by Professor Pearson against Romanowsky’s goneralisationa 
do not apply to tho special form here arrived at^ as (16**) is, by tlie nafcvire of the 
problem of which it gives the solution, an analytically well-defined probability 
function with a limited number of arbitrary |jarameters (one more than in the 
ordinary Typo III)*, 

Taking the logarithm of (10*), multiplying by N and expanding in powers of ty 
wo got, on comparing with formula (3), the following simple general formula for 
the sominvarianta of the generalised Type III, as defined by formula (12*), 

■K = (r-\y.i^y\a^ + ra^) .(17*). 


Forming the standardised seminvariants 






If) 


WO stio that our goncraliaod Typo III will pass over into the nornml freciuoiicy 
function (of which y, = 0, except for r = 2) not only when N grows, but also with 
ii growing value of a*. 

As a frequenoy function to ho fitted to a given sot of data the generalised 
I’ypo HI hoe four arbitrary constants, i.o. in tho notation hero used, the paramotors 
2(,a 

fi®, and If, and the position, on the scale in which tho voiiate is moosurod, of 

tho origin (starting point) of the curve. These constants may bo determined from 
tho moan and higher moments in tho following way; Wo first have 
X, = ; Xs — r.; X4 ,= i', — 

if VI, denutos tho central inomont of the fcth order. We further put 


s = V9X3®-6XaXi. 

This quantity must bo real as a first condition for applicability. If s = 0, wo havu 
tho ordinary Typo III curvof. Wo now get 


OX, 


i(3X3 4-s)®; 




M — s 

2\." 


( 3 X 3 + 8 )®. 


of a, 


If Zo is tho starting point of the curve, wo finally have, m denoting tho meim 


~m — r~ or 


~7fi — (3Aa " 2^) ( 3 X 3 -f 4 


* As polnltid out byBrE, S. Pearson ibe fqnotion must also be idoutical with a ruiiatioii 

studied by R. A. Fisher in connection with his investigatiojiB ol the "General Samplitig Distribu¬ 
tion of the Multiple Correlation OoefBoient” (Proc. It, Soe. A.Y. 121,1026). Fisher uses another form of 
development, which ia obtained if the aeries (16**) is teavranged aooording to powers of f. 
t In Pearaou’a well-known notation we have 


s=y^ Vav-j (6-4-8/31- aPa). 
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It is suttn tlmfe wo iiinafc have on fcho one Bide (in order that the coefficientH 
should ho real) 

and on the other aide (in order that IN >0) 

Xg ^ Sf 

which gives 4Xa*<!)X,X<. 

It follows that must be positivo (positive oxceas). The aeoiinvarinnt X 3 van 
always be considorod as positive, as this only rsijuirea that the jwsitive dirMtion 
on the x-axia ia appropriately chosen. 

Thus the above inequalities require that we must have 
8X,X,<12X,’‘<0X,?u, 

or, in Pearson’s notation, S(3j —24< I2/8i< 9A — 2Y. 

In the /9j, /3a diagram this inequality defines the area hetweon two .straight 
lines, intersaoting in the point /3i=>0, /Sa=3, 0110 of the liiUM being the line on 
whiati the ordinary Type III is strictly valid. The angle botweou the lines is 
rather narrow, but ono has the impression that it must crabnice lU) im[H)rtant part 
of the combinations of /3i and 0i occurring in practice. 


4. We shall now treat the following; 

Problem 1. From an infinitely large normal bivariate supply saropkia of W 
pairs of a> and y are taken at random. What will bo the bivariatu rlislribution uf 

* 1 =^ 2 **, and x, = ^ 2 !j/’, if a; and y are reckoned from tho true means! 

Putting /(a, y) = 

CTlO-J 

we find from ( 8 ) that the charitcteristio function of the bivariate distribution of 

ef , , y* 

'‘“Iff 


, 2 ir\Ti^ 


e - 8 (T-'ri) ; 7 v, *■ 






\( 2<r.‘ W 2o^,‘ \ ,4o,W I"i 

'If ‘‘Jr'"Tr**j■ 


.,.( 10 ). 


Consequently Ibo oharaoterlatio function of the bivariate distribution of »i and 
Xi will bo ^ 

U(h, t%) •= - -y- <1^ {jtjj * . 

and the correlation function of ei and s, will bo given by tba double integral 




fi'i M 

- 2 crj* ,\ 




j4(ri*ffj“ 
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IiitracliiGing the transforiniition 

f. _ 2iN y _ 

and putting Wi = t, ; ^ luj = tj, 

wo find for the coirektitin funetion of fi and fj the aoinowhat simpler formuhi 

,/(?ii Ss) = |_^dnrfTa[{l-Ti;)(l-T2i) + )-®TiT2] 3 ,..(22). 

It ia immediately seen that if r — 0 this formula reduces to the product of two 
integrals of the form (IS), and si) will then be the product of two Type III 
functions of the form (16). It ia also easily seen that for any value of r the 
marginal distributions, 

/(&,&); ./i(r*)=f“dfi/(ri, 5-2) .(23), 

J(l 

take the form (13), As a matter of foot the characteristic functions of the marginal 
distributions arc U(ti, 0) and U (0, tj), respectivel.y, Tlio correlation function (21) 
or (22) is thus of Type III in both its marginals*. 

Now', as our function baa only ono more arbitrary constant than the Bravais 
funotion (18), it must bo a rather special form of correlation function. As a matter 
of fact it will be found on inspection that both the marginals of (21) have the same 
skewness or, which is the same, that the marginals of the function (22) arc identical 
in form when reduced to scales in which the standard deviations are equal. Further¬ 
more, the regression may bo shown to be strictly linear, which, in a way, is a serious 
restriction to the applicability of a skew correlation function. But, on the other 
side, the coeflnoient of correlation is free and not a funotion of the marginal con¬ 
stants f. 

The linearity of regression will most conveniently be shown by finding the 
sominvariants of (22). We evidently havo 

- iN log [(1 - h) (1 - h) - tt%‘ .(24). 

llonoo we find (bosidos boo= 0), 

>-«,“Xoii = 4N(l!-l)! .(25), 

which gives Xio = Aoi = 4 N; Xa) = X(s = iA'','| 

X!b = X(b'=N’; Xio = Xm=3N./ 

* 01 oouTSo, the same would bavo beon the oaoe if wo bad taken the corccl&tiou suifaco of the 
second order moments about tbo sample means instead of, as hero has been done, around tbo moans of 
the parent population. In PioHiclri/ia, Vol. xvn. 1928, Professor Peavaon has studied the error Buiftyjs 
of the sample standard deviations (r^ and a^. Deriving from this the Burfaoe of and 

a formula very similar to (21) and (22) will be obtamed. 

- + Op. Karl Pearson: “ Notes on Skew Frequency Snxfnces,” Diometn'/ca, Vol. xv. pp. 222 f. 
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Further, we easily derive the general foraiala 

= ... 

which gives Xn — 

I = X]a ~ 

Xm = Xui=3JVj'*. 

For Xjj wo find the particular value 

Xa = if( 2 ,-»+r‘). 

Ab the general criterion for linear regression is * 

XjnXao — Xjt4i,oXii, XutX(B»=X(i,i+jXii .(28), 

respectively, for the two regressions on fi, and on fj, it is seen thatlKJth the 
rogrsasinns of (22) are linear. The coefficient of correlation of and (na well as 
of and ii) is 

P‘ 


.(29), 

..(30). 


__ Xii 

VXjjXia 

whence wo see that we have />»■)•*.... 

The regression lines in the plane of fj, fj aro conacipiently given by tho etpiations 

. 

In the distribution of vi and tho sominvarinnts aro olourly 

/ 2 ffi«v* 


..(,31). 


Xw‘ 

X*i' 


. 

. 


...(82). 

..,(33). 


Hence we have 


Xm “ <ri’ i Xoi = cTj*, 


Xao, 


2 <rj‘ 

"W 


2iri’crj*)'’ 2cra' 

A.j,=,-jj— ; = 


Jf 


Xm' 


Xso = 


Xti, 


So-^Vj" 


r*; Xu: 


SiriVs* 


A" ' 

jY a ' ) > 

16o'iV,*(2*'*+r*) 

". A'“ ’ 

4Str,* 

" A'* ’ 

The regression equations in the ri, Ja plane are thus 


= jys; 
48o-i» 

= jV-3 


„48a-jV,‘ 

Xsr— jf, > , Xa = 
48oaVa' 

Xo," 


ia = era’ + r* ~ (i-j. - o-i,*) 
= + o-a*) 


...(34). 


• Thia formula may bo goaetahy known only wton tha aanoto oentral monwnl.. It may, howaaor, 
be shown that it is valid also in the oaae of acmlnvarUntB. 
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The regression of the means may also bo deduced in another way from the 
characteristic function, and this method has the merit to be applicable also in 
finding the regressions of the higher order momenta in the arrays (the acedasticity, 
the olisy, etc.). Writing any correlation function in tho form 


/ {®. y) (y) .f35). 

jo* (y) is the relative frequency function of y in an aj-array. The moments about 
a fixed point in the a;-arraya we denote by 

»*' W “= ..(Sfi). 


If now the nhovo form of/(*, ij) is inserted in (2) wo get 

0'(ti, h)’=^dxd^if{x)^dyeo'‘p^{y) .(37), 

whence we find that 

f W . 

Using tho Fourier theorem we thus get the important formula* 

.(39), 


Now WG have, in the case hero in question, 

Thus wo get, remembering (13*), 

/w({:x)V(ri) = JV(A'-+2) (N + 4)... (i\r+2(« -l))i [/«(fi)- (i)rW»(5i) 

+ Q) >V'V«(W +...(- l)”r*V<'W(fi)] •••(«)• 

But it will bo easily verified that we always have, as already remarked in §3, 

/^*V42s(^x)=(- .(^2). 

whoro is a polynojnial of the ??th degree in Hence wc find that avo have 

< (fi) = N (iV + 2) (N + 4)... + 2 (n - D) Q r'^'P, { fr) .. .(48). 

and it is seen that the array moment of the nth order, when taken around a fixod 
point (tlio total mean for instance), is a whole rational function (of tho nth degrou) 
of tho iridoporidenb variable. 

Carrying out the development for '» = 1 and w = 2 wo now get for tho rogressiou 
of the mo<an 


* By the aid of tbis forraala many regreswion pxobloma can be readily solved, even when the correla¬ 
tion function is not explicitly given. In a fortbooining paper I bare used the formula in developing 
regreBBion formulae, depending on the marginal frequency function / (x) and the Beminvariauts 
only, thus allomng ua to take a fulV advantage of the theory of univariate frequency funotiona, in 
particular that of Pearaon. 

Biometrika xxv 9 
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ill accurdaiico with (31), and for the rogi’cseion of the variance (KCtjda^ibioity) 

(Xt) = v-I CrO - K = (1 - r^) tt (1 - + 2;*^ 

It is coneequontly eeen that thecontral moment of the accond degree (the variance ) 
in an array is a linear function of the independent variatK^. 'J'lui Hcccljisticity an 
measured hy the variance is thna linear as well as the regresHion of the nieaHv 

Finally, it may be pointed out that although the marginals of our (.■^irKslathm 
function lire both of Type III this is, except when r «=0, not the wvhc. with the. 
arrays. It will easily be seen that the distribution of an army must be equal to 
the sample distribution of tlie second order moment taken around a jKunt which 
does not coincide with the mean (except when ra^O), Thus this distribution is of 
the generalised Type III given in |3 (Eqs, (12*) and (IG**)). Wt! may conclude 
that (21) and (22) generally cannot, except aa an infinite hcHch, be cxpn^e<l by 
elementary functions. This follows from the fact that a correlation fimction in 
alwEiys expressible as the product of the marginal and the array dintrihutioii. 

In order to solve the integmls (21) or (22), thus tolni able to compute/(/*» s«), 
we shall thorofdre liavo to use expansions of one sort or another. Hiich cxjMnaioiis 
liave at my request been developed by Mr Tage I.rfim6uiK f)no Hindi expauHiem i« 

obtaine(3 by putting 0 = ei,-a’ = <7-i® in (l(i) und i = a’“cr,’(l-f*), a*« y r’i! 

in and multiplying tha two expresoionK. 

From this davelopmont it follows, on Inking nooovmt of (17*), that not only tin* 
mean and variance but also tho saminvariants of higher order of in a ii-army 
are linear funations of ti. 

Out correlation function thus hoe tho property that nil the army-scminvatiHJiite 
have linear regression. 


5. Tho problem treated in the preceding section led to correlation funetionu of 
Type III, but of a rather special kind, the number of nrbitrary iw-rnmctism being 
only one more than for normal correlation, the skewness being tho same in Iwth 
marginals. 

In order to increase the number of parameters, in particular to get a snifaen 
with different degrees of skewness in tho two marginals, wo ahull give the prohlom 
in the following somewhat generaliaed form. 


Problem 2. From a normally corrolatod supply samples of n + «, x's and n + nt 
p's are ti^en, Tho n first sample values ore takon from individuals for which Iwth 
eo and y '&e given (n pairs of « and y are first takon). The remaining Wj as are 
taken from individuals for which y is not observed and the «, remaining y'a from 
individuals for which « is not observed. Find tho hivariate distribution of the 
sample moments 


0 

^ n + nt‘ 


and 


08 


V 

ii+nj’ 


® and 1 / being reckoned from tho mean of tho supply. 
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In fchia caao, tia may easily bo verified, the chivraclieriBbic fiincfeion tabes the form 




4)crra*2^ 


(« + %) (n + jh) 


hh 


Introducing the variables 


4 



L 

11+in J L 

11 + 112 J 


+ ^ n + ??2 


and 


Ti = - 




Ta— — 

n+Jii 11 + 112 

we have for the ohanictariatlo function of the bivariate distribution of fi and 


20-2*4 


...(44). 


y(Vl,Ta) = [{l-Ti)(l-T2)-r*TiT»]“3[l-Tl]" 2[1-Ta]" 3 ...(46). 
Thus we have 

J to Too _ 11 

{^ir) J _oo J _al 

«1 ri, 

x[l—Wif] 3[1—«)ai] a e-fiViWi'V ...(4G). 

In this function thera are throe more arbitrary paramotors than in the Bravnie 
function and two more arbitrary parnmotors than in (22). 

The seminvariants are here evidently, as far as the marginal sominvariants ate 
conoarnad, given by the formulae 

= = .(47). 


For the mixed acminvarianta wo evidently have the same formulae as in § 3, i.u. 


=!*!»*■ .(48). 

The criteria tor linear rogroasion, 

X,jiXio = Xt+i,o hu, 

\lJtXoz == ho,fc4-lXll, 

are here ovkloutly also fulhllod and thus also hero the regression is linear. A further 
oaleulation -will show that the scedastioity as given by the variance is of the .second 
degree in except for ih — O, when it is linear. The ooeffioient of correlation 
between and fa (and also between and j?a) is 

P-^\/. . 

But the akewness is, if ?ii and 7is are not equal, not the same in both marginals. 
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Wi3 have indeed = \ • 

)tlo’ « + Kl 

, ' . Xo,“ H 

.'ind 1 *“ • 

W n + 713 

Expjvnsions for tlio eompntatiim of (46) havii al«o boon dovolopoti by Mr I^tr.sRotj. 
ij. Aijollier intoroat-ing oorrolation surface will bo obtainocl if we stdvo t ht‘ folloW' 
ing Third Prohltmi'. To find the correlation of and if .r,. 

arc impairs taken at randiim from a normally distributed supply (*• and y Uoing 
deviations from the moan of the supply). This surface will evidnUly hr nf Ty}>c III 
'i)h one inar^m and of normal type in the other, Ita chamcfcrrisbic fimutioii ta oas^ily 
obtainod. Evirlontly 

U{ti, i,)= r r r du^dye - * '-’A I'' 

LcriCTaiiTT vl —'7'* J -« vJ 

.(SO). 

n 'aW i-W ^ ‘W 

which gives U(ii. ti) - h) « ‘ .\ .(">1). 

ItwevvnU, ’'“W' 

it ia soon that U{i, ij) = (1 — tj) ' i.. r,...(52) 

is t.ho characbcriatic function of tlio corrolution of ^ and y, Henco wc huv»,t in this 
case 

fii:'n)'= , ^ J [ I o!m;iAo,( 1 - Wii) " '-i C ■ '-i "'“‘D*’''I-it, 

^XiTTJ i-<aJ-ca 5H), 

which ('Hnetion may easily be oxjmndcd in n aeries suited for nninericiil cttmjniintiun. 
So, for inatnnoo, we may write the ohuriicteristic function in the fnrm 

U (n, Tj)» eS (1 - Tj) Jg- fj'j T,**' (1 - Ti)-*-’.(54). 

and it follows that if wo put 

1 ^ 1 s 

-TiS-f’' . 

vsrg) 

tho oorrolation fmiotion of f and i; can be expanded in the series 

• . 

which is a combined Oharlier and Romanowsky series (witb given coefficieafe). 
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Uaiiig the same methods as in the previous sections wo find the following values 
of the Semin variants; 

“ 1)1 

Xoi = 0 (except when i = 2) 

.(57), 

X -<; 1<=0 

Xii = 0 (when 3) 

By the same mothorls aa in the previous sectiona we further easily find that 

m=o. 


f,=iif+’^(J-l) .(58). 


We thus see that the regression of i; on f ia constant (noh-regreasion), and that 
the togresaion of f on t? ia parabolic of the aecond degree. Similarly, the soadasticity 
as expressed by the variance of i; in the f-arrays will be found to be linear and the 
soedastioity as exproased by the variance of f in the r^-urrays to bo parabolic of 
the second degroo. 





ON THE PARENT POPULATION WITH INDEPENDENT 
VARIATES WHICH GIVES THE MINIMUM VALUE 
OE FOR A GIVEN SAMPLE. 

By KARL PEARSON. 

(1) Thi.s paper lU'isea from a very Rad Plunder miide by me in tliR Insl itimic of 
Biometnka, Vol. xxiv. pp. 461—‘t63. It hM probably been ni)tic(‘d by otliera. ami 
I hasten to correct it, for I recognised my error as aoon sis the printed Juiirnal wan 
in my hands. 

My problem was tlie following; Given that a sample in the form of a hivarinte 
contingency tabic has been drawn from a parent population, what is the Iwat form 
of patent population to take on the iiasiiinption that the vsvriaftia are noteorrclaled 
in that population ? 

Clearly we ought to take that form which will cause tho wean WjHftre cm- 
tingeney in tlio sample to ha a niiniimim. We will diinoto this mswi mjuareti 
contingency by Wlmt choice shall we make of the relative frcrjiioiicies jf, and 
qt of the sth and <th categories of the two variates in thu parent iwpulnliun in 
order that we may have the maximum probability that the two varinto in the 
sample come from an uncorrelatcd parent population ? The fallacious proof irferreii 
to professed to show that jf, and ji should have the values provided by the marginal 
totals of the sample. 

(2) Let us suppose we have a parent jKipulalicm classed wwjording to two 
independent variates and that p, is the probability of dmwing an individual of the 
sth category of the first variate, and qi the chance of drawing an individual of the 
Jth category of the second variate. Then the chance of an individual cumbining 
both these categories being drawn will be p,qi. 

Now, if we have a sample of size iV, containing ri„ individuals in the sth-tth 
category drawn from this population, the meanstjuaro ooiuingency ((i*will bn given by 



Here is a measure of deviation from the assumed independent variate popula¬ 
tion, and it is usual to take ATp.^n,,, and Ngtsji.i, where n,, and n,i aw the 
totals of the individuals occurring in the sample with the sth category of the first 
and the 4th category of the second variate. This is to assume that the sample 
adequately represents the parent population as fat as the totals in the various 
categories reached. But if the parent population bo unknown, and we are dMiroua 
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of determining whether the variates in the sample are or are not independent, 
then it would appear that wo ought to choose the quantities p, and qi so that wc 
have the greatest probability of their indepcndorioe. In other words wo ought to 
ohoose p, and qi so that is a minimum. 

Lot U.S write n,ijN = so that «,(ia a relative frequency in the sample, and 
/S(«m) = 1 .(ii). 

Kit 


= 2(9,)=! 


We need to find a minimum value of in (iii), aubjeot to the conditions (iv). 
Let represent this minimum value. 

Wo have in the usual manner 

2 Sp, ~ 2 2 Sq„ 

^ ,P.^ I qi I q?. p, ■' 

XSp, = 0, 2 S 9 (== 0 . 

f t 

Or, by the aid of indetenninato mulbipiicra \i and Xg, we find 

12 ^ = 21 , -| 2 '^!- = Xs.(v), 

p> t qt q?,p, ^ ' 

Multiplying these reapuotively by j), and q, and then summing rospootivoiy for 
a and t we have, by (iv), 

Xi = l + i/>», Xi, = l+^“ 

and aooordingly, writing = 2 , hf = 2 ---, 

i qt , Pt 

both right-hand aides being positive quantities, 

a,j'^l + $^=p„ 6 i/vT+^= 9 , .(v 6 ts). 

If the number of the categories of the first variate be m and of the second m', 
we have ut-l-m' equations, which are, however, owing to the relations (iv) not 
independent. It is interesting to note that this dependence ia illustrated by writing 
(v) in the form 

p, = 2 --'t 1(1+ q, = 2 /{1 + ^ 6 ’), 

^ tlW ^tp,qt/ ^ 

contribution to IH-of sth row 

or J), = ■ ---;— ---o— -, 

sum of contributions to 1 - 1 -of all rows 

contribution to 1 -h A’of ith column , 

qt-- --- ————C—r ... .(vi). 

sum of contributions to I of all columns 

These conditions of the values of p, and qt to give the minimum (f>^ will not as 

a rule be satisfied by taking Pa-^ ®nd qt-^> I’tit they will he satisfied in the 

case when there is complete independence in the sample itself, i.e. n,i — n,n,ijN. 
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Parent VopnUition inith IndvpPMdent V ariM(’>i 


Equations (v) present coiiKiilevablt?. difiicHlties in snlution iu the gotu'ral tttsn, 
which it is to be hoped sotmi competent inatliematicijiii will overcome. Tliiqy 
appear to lead to very high onior e(iuatum.s. 

We cati, however, illn.stratc the matter on a simple case, that of a fonrhihi table. 

!fjh 


We have from (v) 
?< 


I'll 

iin 

Mill 


Wj» 


N}H 

in 


, tv + “la’/f/s 

= Pj«( 1 + 0''). J>i“V ■ ; 

1 + 1^* 

+ + or p. = 

qi t/5s ^ V 


'^11 


:qi’a+h or ,/,= /''''’'/o+y/'” 

pi 1'^ ^ .i+^« 


..(viil. 


Accordingly 


..(viti) 


Pi’ + ‘ 

Substituting for qi and qi from the last two equations on the right, wu have 
'"“’v ] 

© . 


^ pi P* ^ Pi _ 

Writing & = z, we obtain on rataonnlising an equation of the 10th onler Ui Rn.l 

s, and since Pi+ys = l, theoretically the problem is solved, for the same proceMt 
may be repeated on the gfa. 


pi Pt ” V pt m 

V J5, yij 


where 


We can, hosvavsr, shorten the process by using the 1/,‘b of Ecpiation (v). For 

«u*6«+’«k*6i . 

Pi Pi 


& 




ifh Pi 


{ix'p. 


Solve these equations for - and —. Wo find 
Pt pi 


1 _ 

.■“ r'"' 


p,s 

Pi 6j*an’- iii*»«’ . 


.(xi). 
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Now write hijb^ — X, then 

\ _ 1 = 

Pi Pi Uii^-Xhiis^’ 

_ 

"n* - «ai^ - X'-^ - Wia”) 

^rhiH pi wliiin A' iH known. Now, roturniug to Equation (viii) and uaing (.v) 

luul (xi), wo have 

- ll^iy _ „u^ + 


^>l=. 


,.(xii). 




lY_’ _ 

\Wn* ~X^ «aav Wu^ + UizX ' 

which on oxpanaioii leads to 

X*'Uia® Ua‘ (u^‘ - Uia“) + X* (uai' iiii‘ - Wu'* Uai®) 

- 2A'=Uia“ usa* («m“ - iq/) - 2X^ti!i‘Uu^ - itis^) 


+ X (iiai’* I(i 2 * - + a(ia“ Un“(-ii 2 i“ - Uii“) = 0.(xiii). 

The appropriate root of X being found from (xiii), (xii) will then give pi and 
Pi being known pj'=l—pi. Henco by (viii) we have tho ratio pa/?!*, and Binoo 
'/a + ?i = 1. we find i/j. Lastly, from pi, pi, qi and pj we can find and so complete 
tho problem. 

(3) I'Uttstrations from Tetrachorio Tables. 

"We may illustrate this first on the following example, showing tho volation of 
Intelligenoo to Athletic capacity in 1708 achoolbOys. The decimals arise from 
boys placed on tho boundary lines. 



lufcelUgent” 
and aboTo 

“Slow Intelligent" 
and below 

Totals 

Athlotjo ... 

581*26 

566*76 

1148 

NoivAthltttio 

209*26 

360*75 

560 

Totals 

700*5 

917T> 

1708 


Treated as a fourfold table tho correlation of Intelligence with Athletic Capacity 
is '2035, But this result really measures the correlation within this particular 
sample. We may inquire what is tho probability of this as a sample; 

(o) B’roin a parent population with independent variates, determined by the 
marginal totals of tho sample itself. 

(6) From the most probable independent variates' parent population. 

To answer these questions we first rewrite the table in terms of u's, thus: 


«n ='.3403,1030 I 
Uji='1225,1171 

«u ='3318,2085 I 
1 w*j ='2053,5714 1 

ai.= '6721,3115 
nj.= '3278,6885 

«,i='4628,2201 

•a., = '5371,7799 

Total = 1'0000,0000 


*' Wq have X=:&,/ia=9i/9s twooquatiana of (vii), or 

Q,=X/ll+X), ffjs=l/(l + X) . (xiv). 
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Parent Poptilatioa with Iitdepcndeiit Vai'iatm 

(ft) Htira K2.“7a, if fci'i' 

ji'iinilatioii to have its probii.bilitii.'ii (leteriiiined by the marginal tetuis nf the 
sample. Call the reuniting </)r. 3'heji 

II 1 III. n.i %. I'.si's. 

»■;iT22,!l()(i.H + ‘;)0+!),34r>+ + ■tl‘l«H,K)20 + ■3;i»+,43r;l 
= i'0ir.5,!i7SJ:i. 

Hwice 1 ^ 11 ,*= OlSo.nTlIS ami ;^®=s= 2y'(i413. Tim nnly cmwli-aint i« ihr 

total .size of the .saiiiple, iinil in a aiictniil Hnmple hj, ami iii, wdhM liiircr. Tbiis 
we interpolate for onr ^ with «'=s4 in the 'I'able* tinrl we firni J' ‘fHlU,(X)7. ami 
accordingly it i.s highly im[irobablfl that aiich a coiiceiilralioii of intelligmum ami 
athleticeaiJaeityciiiild luivo been drawn from a jatiamt iiopiiialimi in which (he two 
charaetors were inrletmnilent provkted thnt jmrenl piipnhifinii hiid tlui mime relutiee 
pyoportions of inlelligence and ulliletic cajMcilg nw nre .ilwwn in the mimjita. 

But why shnult! wfs limit [Htasible parent |io)mlatii>iw having lln*»« twit 
oharactera independent to this pnrlicnlar raise t lUither we. might to wok for the 
moat likely population of inrtcjieiident variate.s from which tlmsnmph' might have 
hoen drawn. 

(ii) To solve tills problem we mii.st solve Ii<|iiat.iiin (.viii) for mir iMrliculitrjviw*, 
and then use (xii) and (xiv) to Hiiil pi and i/j wliirli for the nniiiitmm vidiie di’ we 
will term pi and ift. Wo have 

ttu>“-1158,1 no, Kis> =-1101,0508. u,i"«-0160,0812. iia* «-tU21.rir>R. 

nu‘ =-0134,1221, i(,j< -0121,2313, •0002,2.627, ««»»-0017,784.4, 

whonoe wo readily find, on aiibatituting in (xiii), 

- -0003,1643(hY» + ■0000,24005X» + -OOOO.SOIOKX* + -0002,30 UI7X* 

- -OOO5,40KnX - •0001,7,6310 .» f). 

or in a more convenient form 

31-648eX«- 2-4005A'-‘- 93-6108X!'-23'0107X’ + 54-OHnX + 17-521(; « 0. 

This equation hss a positive root between 0 and 1 npiiroaeliing the latter vnliii*. 
Two approximations by Newton’s method gave 
X •804,7l).63, 

whonoo 9 »«•6362,5183, 

since by (xiv) A', or si>» X/(l + X). 

From (xii) wo find 

Pi - •6894,086f!. p, »■3303,9144. 

Thence we have 1 + d’ >* 1‘0166,6244, 

and accordingly = 1708 x ■0166,6344 » 26'680(), 

This marks a slight inoroaso of probability on tho i«wont jjopiihaioti b«id on 
tho marginal totals, but tho increase would have in this case small im|K)rtanob for 
practical statistics. 

* TahluSor BtmelHciam and Slalltlltiuia, Part I, p. 3(1. 
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I will take as a second illustration of tho method the following fourfold table 
giving a tetraclioric correlation between '3 and -4 



A 

Not A 

Totals 

11 

270 

as 

338 

Nuts 

33 

33 

(58 

Totalrt 

303 

121 

424 


To obtain an accurate equation for X, ten figures were taken so that the 
relative froquenoies were as follows; 





•6367,924,528 

•2075,471,698 

•8443,396,226 




•0778,301,887 

•0778,301,887 

-1556,603,774 

a.i 

«,s 


-7146,226,415 

•2863,773,585 

1 -0000,000,000 


Here 

= ■40S5,04G,2'79, ids* = -0430,758,277, hsi* = lisa* = -0060,576,383. 
Whence tho ordinary <p’‘ is given by 

1 + 1-0416,404,760, 

x* = 424 X -0416,404,766 = 17-66, 
and P = 000,531. 

This results from assuming the parent population has the class probahilitiea given 
by the mai-ginal totals of the sample itself. We now leave the marginal frequencies 
to bo found so that they give a minimum j;*; wo need the following values-. 

«j/ = -1044,340.032. == '0018;665,269, mji* = -0000,366,931 = tisa*. 

Hence wo obtain the qtiintie equation for X, 

9,659,306X * - 3,e39,S81X‘ - 208,459.178X» - 181,860,477A'* - 994,484,656X 

+ 081,190,690 = 0. 

This equation has a positive root between 2 and 3, and another between 4 and 5. 
The latter gives a high value of </>*. The former root is 

X = 2-442,129,416, 
and as this equals qi/qi, we have 

qi = -709,482,161, qj = -290,517.839. 
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Parent Popidatiim with IndqxMtent VarutKw 


Proceeding now to find the lutin pslph have from (ix)^' 
■5107,01,’iJSH 


©■ 


which gives 

These, viiliica of the jii's and t/'n pniviile 

H-i^« = l-0i0,KH,809, mill x*“*t'2+0*=. 17'CKI. 
giving P = ■000,707. 

The change, a.s in the previnun cuae, iiicremies the vnlne nf 1‘, but only Klightly. 
Thus here again the parent popuhitinn iif imuinium [irohahility seeiiia afiirci'ly 
worth the labour of computing. 

Lastly, I took a tliinl cage, in which the tetrochitric correlatitm wn« vn-ry !uw, 
namely the distribution of Boys and Girl.s by their hair euhuir, in two mlegfirieK, 
Dark and Light. 

The table i.s as follows; 

Hair Ottlonr, 


K(.'X 

Dttrk 

I.iRhl 

Tolni* 


r>^{i 

17<J 

' 


4H 

MH 

MM) ! 

ToUIh 

t>7J 

zn 



This gives us for the relative frequencies: 


Uli 

"u 


■4084,9420,84 

•1360,0783,59 

■.5444,0154,43 




■3413,1274,12 

■1142,8871,43 

■4,666,934.5,57 

li.l 



■7498,0696,06 

■2601,9304,94 i 

1 '0000,0(K)0,0« 


Whence with marginal totals wo find 

1-f i^».= l'0000,0190,8 or x*--0000,019,0« x ISO.'i -'OOa+.TOWI. 
which gives a high probability that the hair colour in these grimj* uf bt»j« and 
girls is independent of sox. 

Wa now turn to the most probable parent laipulation. It is iii-erwiary In wurk 
to a large number of deoitnal places, because the population of niaxiiiuim likeli¬ 
hood is sc close to that of the marginal totals. Wes have 


111 ,“ = ■1688,6761,80. 
On* = ■1164,9438,72, 
='0184,7080,40, 
Kb’= ■0130,8122,44, 


tin*-'0278,4476,80, 
«m* = 'O136,7O04,22,' 
wij*-'0003,4117,08, 
■«»<» •0001,7059,56. 
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From those values we deduce the quintio 
130-50(1,SaOX' +1127-761,a5Ui:*- 2430-616,818X® - 2,1031-603,410X^ 

+ 1.1302-055,758X + 9,7920-980,050 = 0. 
Lociilising a root near three, we find by a double Newtonian approximation 
X = 2-9969,2335. 

It may be doubted whether we can approximate closer to the root without carrying 
the ooefificients of tho quiutic to more places of figures. 

From the relation (jfi/g'i = X we find 

5i =-7498,0756, r/i,=-2501,9244. 

Then from Equation (viii) we deduce 

Pi = -5444,0146, p, = -4555,9854. 

We SCO from these results how little the p*s and 5 ’s have been modified by 
socking tho most probable parent population. 

Substituting in the expression for 1 + we have 
1-1^» = 1-0000,0190,8 

exactly as before, or X°=''f*®24,V086. 

Probably the last figure in 1 - 1 - is untrustworthy, and it is not possible without 
more labour than the matter is worth to distinguish between tho marginal totals’ 
parent population and tho most probable parent populations, 

To judge hy the results of the throe tables here discussed, it is not likely that, 
with the restricted freedom of a fourfold table, we shall obtain a substantially 
higher degree of the probability that two series come from the same parent 
population, when we take that population to be the most probable population 
rather than base it on the marginal totals. 

(4) Theory for 2 x n Tables. 

In the case of Biserial Tables, whore tho two aeries aro both supposed to have 
totals due only to mndom sampling, tho equations heoorno hai-det of solution; and 
thus far I have only reached such solution by a method of approximation. We 
will suppose the tables reduced to the form: 


11« 
War 1 

-Uja 

UjS 


1 

Wan 


Hif 

WjJi 


Uin 

Pi 

Pa 

7i 

5a 

... 



It 


?n 

1 


whore pi, Pi, j], 5a ... 9 .... Ji... 3n are the chances deduced from the parent 
population which we intend to choose so as to give the minimum to the table. 
ITsually they are found as we kno-w from the sums of the rows and columns. We 
have supposed the cell frequencies reduced to relative frequencies, their total being 
unity. is the minimum mean square contingency. 



U2 Parant Fopulalion with InOepeMlcnt VariatvM 

By the second equation of (v) ^ve have fur the minimmn 

Z "*•* ^ 1 

V p% Jj i! 


It fullows therefore that (/. 


aince )S' 


“V joi 

a.^ 

““V Pi ;>» ^/, 

y «1.* + ''‘V 


Av 


But from the first equation of (v) 

p.»(i+ 

Lot us write pi/pi* I'; tlien 

j.iV v«// /-i\ 


Now substituto the value of q, in (xvi) and Iho dunomiiintor will tiivijlf uiil 
and wa havu 

s '!i'!. 


l-l 

This is the equation to find Y and on its solution we shall have pi ami pj krinwo, 
and the q’a may then be found from (xvi). 


.. , . no Uu‘—Y‘ll),‘ 

(xvii) may be written 0= ib 

»-i Vttu’+ 1 Uj/ 


Now assume Ko is an approximate value of K, and take K»* F«(l +«), luting 
Newton’s rule to detormino an approach to e. Wo liavc 
0 -h «i.*- n‘u«‘ 

»«.i V «i/ + Fo a*,* 
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Now suppose Yo to be the value duo to pi and pi, or y=S(l+ e), then 
Hubstitufcing for Yo we find after .some reductions 


»=1 \jp/ PaV/vpi^Paj 


Uxt 


■1(2,' 

' pi pi 

•*=an 

J- Q ,<? 

pi 

/ill/ 1 «S,V 

' " «=1 . UuV 

V Til fh) 

u 

'5, 


.(xix). 


S 

«=i 


Accordingly we take suitable values for pi and pi, aay those of tho aotual 
morginal totals, from these wo compute Uujpu ^tajpi and tias7p»^ and then 

form the sums indicated in (xix). Knowing e we determine another pi and pa from 

Pilpz = 0- + ‘)pilp!i, 

together with J)i + pa = l. If e docs not come out adequately small we must now 
repeat the process using pi, pt for pi, pt. Next the q’s are found from (xvi), which 
may bo written 




«s.‘ 


•f - 
Pi Pt 


»-iVpi 


' 

Pi) 


.(xvi)“", 


where the values of - and — will already have been calculated. 
Pi Pa 


We can proceed to find <f)^ from (xvi)''*'* directly without determining tho g'a. 
«*« /u 

Let T=S{- 

.=i\f 


/UiP 

’^’pz/ ’ 


then oleaily 


tpi 

J-ao = JfjL + I'll!! • 

pi<f. Pi?,’ 


hence summing for s wo have since S (?,) = 1, 

?'»?, = l + ^». 

or ^«=r»-i . 

loading to = NCP® - 1), where W is the total frequency of the table. 
Wo may note that this result can be generalised. By (v) we have 

1 

qt-- ■' ■■ ■ 


.(xx), 




?i 


Jt __ 


P"' + 

_Jh 


("•©) H-i)) (*■&)) 


hence 
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Thus 


where 








T 


Thus 




.(xxi), 


and l=(l+^»)/r>, 

hy summing for t. Accordingly, as before, 

..(xxii). 

It is thja only necessary to find tho p'e (or the q's) in order to determine tho 
rainiinum <p. 


(5) Ilhaimiion. 

I take the following data for Anaemia in the boys of a sinull L.C.C. .School— 
one of the poorest schools of London—see Repuri of Medical 0fleer, 1(100, The 
ages of the boys wore 1 to 13. 

Ages. 



7 

e 

0 

10 

11 

19 

13 

Totali 1 

Non-An&Qroio 

10 

23 

19 

26 

14 

13 

17 

!81 i 

Anaemic 

34 

40 

8B 

40 

33 

34 

87 

236 i 

Totals 

B3 

63 ■ 

47 

66 

47 

47 

44 

387 I 

_J 


We take as our hypothesis the supposition that there is no rolution of Anaemia 
to the age of the boys. Now this is a sample from a population of boys froqnenting 
schools in districts where lack of employment, improvidenoo and drink are wide¬ 
spread. Assuming an indefinitely large parent population, we do not know the 
proportion of anaemic and non-anaemic boys in that population, nor do we know 
what is the exact distribution of ages. Hitherto we have asiumetl those to bo 
given by the marginal totals. 

Let us take pi to be the chance of drawing a non-anaetnio boy, p» of drawing 
an anaemic boy from the parent population. Let the chance of drawing hoys of 
ages 1, 8, 9,... 1.3 be ji, ji, q ,,... g,, rospeotlvely. Then the deviation of our sample 
from the parent population of supposed independent categories will be measured 
by ij>\ where 
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whore 4 ' ia 1 or 2 , giving the blood class, and t ranges from 1 to 7 . n,i is the cell 
freqnenoy and if = size of sample =367. It is convonioiit to write u^ = n,ijN, so 
that 



.(xxiii). 


If as usual wo put for p, and q, the values dodiiood from the sample wo hnd the 
table may be written : 



7 

8 

9 

10 

11 

12 

13 



•0517,7112 

•0926,4305 

•0626,7030 

•1080,8183 

■0617,7112 

■0762,9428 

•070M,4400 

•1089,9182 

•0381,0714 

•0899,1820 

•0354,2234 

■0926,4305 

-0483,2153 

•0735,6948 

•3568,4833 

'6430,5177 

(? 

•1444,1417 

•1716,6213 

•1280,6540 

•1798,3651 

•1280,6540 

•1280,0540 

■1198,8101 

1-0000,0000 


Using the p's and j’s of this table, hereafter to bo written p and 5 , wo find 
l + ^^ol'OOSS.ISll, 

and 867 = 30729. 


Wo now proceed to oornputo e from formula (xix). As wo have to find 

Pr' pj ’ \ jh pil \pi pj ' 

and ^ , for each column, the process is somewhat laborious. 


I give here merely the final sums, in case any reader cares to chock the 
arithmetic. We have 


t pi pa) ■ 


•0101,7747, 


Hence 



= -9730,6644, 



= 1-0000,3172. 


«= 2 X •, 


0101,7747 


4-9731,6160 


= -0040,9296. 
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UG Parmt Fapulaiion loith Pndepmdetit Variatex 

Or, if WG U 3 C pi and pi tn represent the p's which approximatn to the /i'h tif the 
paront population of greatest probability, wo have 

= a+«) ='5573,5660, 
pa pa 

loading to ='liSTS.BBlH, •6421.136G, 


We now proceed to find 

\1 ^ 
j in order to determine (j,. 

s 

(5-k)‘ 

and oocoixlingly q, 

1 

•1444,,1429 

•1438,1,539 

2 

■1716,8145 

■1709,61)48 

,3 

•1280,8311 

■1281,295,3 

4 

•1803,4440 

•1795,0650 

5 

■1290,0507 

;128,5,2983 

0 

•1298,9364 

•1293,6497 

7 

•1201,02.37 

•1190.0430 

,7° 2 = 

r0041,e483 



We have for the approximate rainitnuin <j>\ 

l + |^»-2’»»V008a,4600, 
or ^>=.-0083.4600, 

and ^ = 3'0830. 

In this particular case we certainly have made a reduction in the and but 
not one of any practical importance. The e is already so small that it does not 
seem that we should gain much by a second approximation. 

It cannot, however, be asserted that in other cases the jmrent population of 
maximum probability may not differ much more considerably than the present 
does from the parent population us represented by the marginal totals. 

We want far more experience of what differences cun arise between the two 
ways of approaching the subject, In particular we need the aid of a more omn- 
potent mathematician than the present writer to deal with the genaral ease of ^ 
for an » X n' table. As far as the present very limited data for two very ep«ial 
types of contingency tables reach, we might conclude, but hardly safely, that we 
shall not make large errors if we replace the most probable independent variates' 
population by a marginal totals' parent population, 




THE HKULLS FKOM EXCAVATIONS AT DUNSTABLE, 
BEDEOEDSHIIIE. 

By DORIS DINGWALL, M,A., B.Sa., and MATTHEW YOUNG, D.So„ M.D, 

Introduction, 

With the kind permission of the Conservators of the Dunstable Downs and the 
Stint Holders, the University College and Hospital Anthropological Society, in 
collaboration with T. W. Bagahawe, Eaq., P.S.A., undertook the excavation of the 
most northerly of a group of bell barrows known as the Rive Knolls, situated three- 
quarters of a mile west of Dunstable, Bedfordshire. The work was begun in 1925 
and was carried on during the four succeeding seasons 1925—1929*, The skulls 
aro preserved in the Institute of Anatomy, University College, London. 

The barrow is from 50 to 60 ft. in diameter and the primary burial was found to 
bo nearly central. It oon.sistod of the skeleton of n woman in the crouched position 
lying on the right side in an oval cist out in the chalk. This was surrounded by 
a flat-botloraed ditch possibly used for ceremonial purposes and belongs most 
probably to the Early Bronze Age. 

The secondary burials were of cremated bones covered by an inverted urn of 
the Middle Bronze Age type, and a collection of burnt bones in a shallow hollow. 

The tertiary burials wore scattered without any clearly defined plan over the 
southern half of the bai'tow and the adjacent surface of the downs. It is with these 
tertiary burials that this paper is concerned. 

The dating of the skeletons is diflficult because they were so close to the surface 
of the mound that it is unsafe to attribute them to the same date as that of the 
objects found in the same layer. The stratum contained a brooch of La Thne III 
type (probably 100—50 B.o.) and a gilded bronze buckle with iron tang of probably 
the 6th century a.d. Besides these there were various objects of Roman, po.st- 
Roman and Saxon date. 

Mr Dunning and Dr Wheelerf have discussed the archaeological evidence in 
detail and have come to the conclusion that the ''objects asBOoiated with the 
burials suggest the 6 th or 6th century a.d. for the date of the whole group.” 
Whether their conjecture that the series of skeletons "represents part of a Saxon 
raiding party which had been worsted by the local inhabitants and summarily 
executed” is a correct one will be discussed when the analysis of the cranial 
measurements has been presented. During the excavation there were clear 

^ For a fall raport aee the ArcJtMol. Jowm. Vol. lxxjcvih. 1931, pp. 193—217. 
t Op, cit, pp. 205—210. 
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TABLE I. 

FlhDmiiiff the Mmm and VariaiilUies of the Gharacters iti the Male series of iSknl/s. 


Cliaracbcre 

No. 

bfeuns 

• 

r 

C* 

2.") 

1524-80 ±21*32t 

106-50*15-07+ 

f}-uf>±o*ni)+ 

L 


)«44)2+ 0-81 

6-»4* 0*57 

3-ifi±<i-rij 

F 

ni 

l«2‘7n+ 0-01 

0-50* 0-04 

3'50±O-3ri 

n 

52 

145-42+ 0-73 

5-28+ 0-52 

8'63±O*30 

I!' 

fiO 

98-66+ 0-72 

6*07+ 0-51 

5-14*0*51 

ir 

50 

135-6B± O'DD 

4-63* 0-40 

3-41*0-34 

on 

4« 

116-25± 0-40 

3-32* 0-35 

2-««*U-30 

ut 

4H 

102-07± 0*03 

4*34* 0-44 

.1-23 ±0-43 


44 

317-30* 1-14 

0-54* 1-02 

3'01±CI-32 


44 

321-25* lUO 

O-Ol* 1*00 

3-0«±0'3:} 

s 

ao 

aTd'lO* 1-07 

13-91* 1*30 

3'72*0*37 


50 

128-86* 0-87 

4-76* 0-48 

3-00±0-37 

4 

51 

127-24* 1-36 

9-03* 0-06 

7-67*0-75 


52 

I17-B2t 0-93 

6-71* 0-00 

5n9±O-80 


50 

112-18* 0-68 

4-09+ 0*41 

a-fi5±0-.77 


51 

119-74* 0-90 

7-00+ 0*70 

0-20*0-62 

AW 

52 

87-27* 0-76 

5-48* 0-64 

5-03*0-65 

i] 

51 

627-10* 1-98 

14-13* 1-40 

2-08 ± 0*27 

on 

32 

118-03* 0-93 

5-24* O-OB 

4'4.i±lW»n 

a'/I 

34 

70-97 * 0-64 

3-74* 0*45 

5-27±0*B4 

tw 

33 

06-73± 0-78 

4-4D* 0-56 

4-(H±0-57 

j 

19 

138-11* i-on 

4-61* 0-75 

3-34 ±0-64 

iVW 

32 

50-69 * 0-53 

2-08* 0-37 

5-88*0-74 

NIT, Ti 

34 

51-65* 0-43 

2-50* 0-30 

4-8.J±U-5D 

NIi, 1 

34 

61-36* 0-40 

2-71* 0-33 

5*28* 0-04 

NB 

34 

25-24* 0-20 

1-54* 0-10 

«'10±0*74 

0^, li 

31 

42-81+ 0-28 

1-57* 0-20 

3-07±O’47 


34 

42*44* 0-28 

1‘05± 0-20 

3-HHt0'47 

OuR 

31 

33*48* 0-33 

l-80± 0*84 

6*57±0*7l 


34 

33*47* 0-33 

1*03* U'23 

ft‘77±0-7O 

Oi\R 

27 

40*74 * 0-25 

i*as± 0 ‘i« 

3-24 ±0-44 

i, 

20 

51*10* 0-51 

2-77* 0*30 

5-48*0-71 


27 

40*62* 0-47 

2-44* 0-33 

6*2B±0'7l 

ol 

36 

40*04* 0*43 

2*60* 0-30 

0-25 ±0*74 

30 

OT'Bl* 0-70 

4*74* 0-66 

4‘85*t»‘67 

/ml 

4S 

36*71* 0-32 

2*2«* 0-23 

0'21±O'03 

fiiib 

43 

30*40* 0*32 

2*10 ± 0-23 

0»l±0-76 

\m B/L 

62 

78*69 * 0-47 

3-40* 0-33 

4-32*0-48 

100 B/F 

61 

79*83* 0-61 

3-60 ± 0-30 

4-88 ±0*45 

100 R'lL 

50 

7a-40± 0-43 

3-03* 0-30 

4'13±0'<ll 

100 SjH' 

60 

107*28 * 0-71 

5-05* 0-61 

4-71 ±0-47 

100 G'HIGB 

32 

73*48* 0-80 

3*90* 0-49 

5-31*0-00 

100 G'BU 

la 

61*86* 0-58 

2-40* 0-41 

4-76*0-79 

100 NBlNir. R 

34 

48*95* 0*66 

3*20* 0--i0 

0-66*0-81 

100 NSINB, L 

34 

49*26* 0-00 

8-48* 0*42 

7-O7±0-86 

100 SB\NW 

32 

60*03 * 0-70 

3-96* 0-49 

7-0OtO'&O 

100 Os/O,, li 

31 

78*15* 0-87 

4-80* 0-62 

0*2a±0’7e 

100 Oj/Ot. L 

34 

78*80* 0-90 

8-27* 0*64 

0'fJ«*O‘8l 

100 o,/o/. /t 

27 

61*67* 0-02 

4-78* 0-05 

5-80*0-80 

100.^n6//mi 

43 

82*94* 0-98 

0*40* 0-09 

7'78±o*aa 

100 

20 

80*44* 0-91 

4-91* 0-04 

5-10*0-80 

Pl 

26 

88'’*04* 0'66 

3*-30± 0-40 

3®-75*0'S2 

N L 

33 

fl4*'l7± 0*68 

3’-82± 0-41 

6’-l7*Q-e4 

A L 

33 

74**02± 0-47 

2"-78± 0-33 

3"-65*0-4fi 

Bl 

33 

4l'-Bl± 0‘42 

2*-40± 0-30 

6“-82±0'72 

e^L 

26 

27-44 * 0-71 

3*'-e2± 0’60 

13**19*l'a3 

Q^l. 

26 

18-60* 0-76 

3*-81± 0*63 

28*-29 ±3-9l 

Oc. I. 

60 

60*30 * 0-36 

2-60* 0*26 

4-22*0-42 


* Ole on Oubio Capaeily. The mean oubio oapaoitj of 153i'8 o.o. baeed on 25 sktUls yras eeiLniAUd 
by fllUng the skulU with icuat&Td seed and iDeaeijiiDg the amount oontatned in the graduated oyllniier. 
The mean oubio content was also estimated by transformlog the weight in graine of flrn^y paek^ 
mnstard seed whioh each skoll could oontaiij into oubio oentimetws, the volume of seed when tightly 
packed which corresponded to 1000 grams having previoualy been determined by meane of the erttne 
dtolon {MaodonaU's method). The mean capacity thus found was 1495 c.o. The alight diflaraaoe In.lha 
mean estimates by the two methods is probably to be explained by (he faot that owing to the l^agUe 
condition of some of the skulls it was not possible in these to use aaoh firm p^anre in paoWng tho 
seed as in the erdne fitolon. The mean oapaolty of tbe 96 skulls computed irom the m ean length, 
breadth and height by Miss Hooke’s formula is 158,0*e>8 o.o. 

+ Standard errors, 
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indicatioTiH thab the burials had not all taken place at the aame time, and the 
haphazard nature of moat of them was emphasised by disturbance and overlapping. 
A certain number were in trench graves, and in one of th^se an iron buckle was 
found in close association with a skeleton. It is of a type common in Roman and 
later times. Thor© is nothing, however, bo show that the trench graves and super¬ 
ficial burials belong to different periods although they probably took place at 
slightly different times. 

An interesting feature of the group ia that about one-tenth of the skeletons had 
their arms crossed either behind their backs or before their chests. Such a posture 
suggests that they had been bound at death and this, coupled with the casual 
nature of the burials, points to the conclusion that the site is not a formal 
cemetery. 

The Crania: Means and Variahilities. 

From the total series of approximately 100 skeletons, about 64 skulls, 52 male 
and 12 female were, after a certain degree of reconstruction, in a suitable condition 
for obtaining moat of the principal measurements. The sexing of these skulls can 
be relied upon, as it was in almost all cases verified from an examination of tho 
pelvic bones. The means and variabilities of the cranial characters of the male 
series are shown in Table I and the means of some of the principal oharncters 
of the short female series in Table II. As the variabilities shown in the length, 
breadth, height and cephalic index of tho male skulls are not greater than those 
shown by the corresponding characters in the Farringdon Street series of 17th 
Century Londoners which were taken from one graveyard, or in the contemporary 
Whii/echapel series collected from a single pit, there is no reason bo regard the 
present scries as other than fairly homogeneous. The methods of measurement of 

TABLE II. 

Showing the Mean Values of some of the Principal C7«irac(er5 in the 
Short Female Series. 


Ghar&oidrs 

No, 

Moans 

L 

12 

170'1 

F 

12 

178‘3 

n 

12 

142*9 

J}' 

12 

D6*3 

M' 

11 

126*9 

os 

11 

110*5 

LB 

11 

95*1 

U 

11 

516*2 

s 

11 

368*3 

Q’ 

u 

312*2 

100 s/z 

12 

79*9 

100 B'll 

100 BIS' 

11 

71*1 

11 

112*7 




loO Shdlnfrom, Exvamtiom at DnmtahU 

th« .several cranial cliaracter.s jii'iici-i-scfl in the Bininclric Ijalioralnry wi're elnscly 
adhered to, and the ayinbok by which the chanictars nre ropreHCiik'il in the tnbli'K 
are those de.scribed and iiaui! in the viiriima mnielugicnl inemoirK iinbbshwi in 
Biovietriht'^, to which reference may bn mmle. 

The Ajjinitiee of the Bhulla: Ooe^oieiH* * * § ^ of Racial Tyikcneea, 

Thu ai'chiieologieal uviiicncc being very friigniontavy ami m>t at all cniiviiH'ing. 
the first point to lie determiueil wa.s the racial type tn which the skiill.s im a gnmp 
most closely confnrmed. For tliw piirjwise I’rofewior Pciirs'in's Chielbeient ol Kncial 
Likenesaf was used. The available evidence sccmcii to Hnggost tlmt tin* sUiiIIh 
were those of Angln-Sn.vona (vinfeljiimiiiigand Wheeler), lint a mean cejihnlie iiidfx 
of approximately T!l for males and for fetuali's did not anppnrt: the vlrov that llie 
skulls conrorinoii to the type shown by well-nntbonUcivted Anglo-SiUmi skulls sneb 
as tho.so preserved in the Lnndun Mu-senms which have been desfrilii'd by .’dnraiiij, 
the Bidford-tiu-Avoii cnUcetiou doscrihed by I!riish§ or tlu; Hnrwcll I'nlh-ctinii in 
the Anatomy .Dtspartment at. Canibridgo. 


TABbK III. 

Oaeficiente of Racial Likcncus between the DmteUiblo ffron/; autl other th-mqve 
of if ale Crania. 

Dunstable (SD'R). 


CruSv cvetnoiDniH 


All characters 



IhiducKtd cKwlTlcif‘.ut« 


All 

chamotetYt 


ludiBcs iwnl 


ISngliali Broiiiso Agu (27'2) 
Anglo-Saxon ... (3G'2) 

Hytho. (101-8) 

Britihili Iron Ago (riO-fi) 

Whikoliaiiol ... (I)2*:i) 

Britifth Noolithio (2H*») 


3’H6±-18 

0*18±'17 

7-18t'17 

a-*10±-20 

n‘ 50±-18 

17*5)3±*1H 


l-. _ 



** 

29 


.3'lS!±-i>9 

11 


11 ‘94 -J: 

'30 


7-07 ±*28 

12 


i3-ai}±M.i 

'30 


««l±'28 

12 


‘JK) 

'22 


i:(-2o±'Sfl 

F 



29 


l'C7B±-«) 

11 


20'UK + *.'lg 

27 


2fl-2a±'30 

10 


h3T.5±‘M 


l.rHitl’Sa 

Hl'77tO‘7H 

2H-31 

nri'OAtl’W 


* See more cepecJally Vole. j. pp. 410—illSj ni. pp. lOO- W? and xiv. pp. a«CI™~aOl. 

t mornetrika, Vol. xvr. 1924. pp. 11—14 and Vol, xvm. 1080, py. 105-117. Tlio alandard davIatiouK 
used in Table HI to lorni the O.B.L.’s are those for tho long Egypliau aeries E of lh« aOtli-aaLU 
Dynaatiea, provided by Davin and Pearson in JUtcfiutrikOf Vol. xvt. 1924, p. 888. 

t Ibid. Vol. xvni. 1926, pp, 55—99. 

§ Arcfbaeologia^ Vol. Lxxni. 1922—28, p, 106 (Appendix I). 

II This oollootion has been meaBured by Doris Dingwall, bttt the moan ineaaxireMienla have not yet 
been published. 

Tbrongliout this table the quantities following the 4* algh are '‘probable’’ not “alaadard’' 

errors. 
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The male skulls were thus omnpared not only with au Anglo-Saxon* aeries bat 
also with the Bnglish Bronze Age series, the British Iron Ago* series, the British 
Nisilithic* series, tho Hythe oraniaf and the 17th Century Londoners from 
\\ hitiicimpolj:. For the comparablo lignros for these several typos we are indebted 
to the authors of tho inemoira containing the data relating thereto which have 
1)0(01 ptihlished in IHometnka. The crude coefficients of racial likeness between 
the Dunstable male group and these other groups are shown in Table III. The 
rijiluccd coefficients which re.sult from an adjuatineut that is made to allow for tho 
variation in numhers of skull.H available in the different groups are also included in 
tho table, filhese eoeffieionts are relatively comparable. As the mean numbers of 
skulks available for comparison in the Bronze Age and Anglo-Saxon groups are not 
very different, the crude coelfioients of racial likeness between the Dunstable skulls 
and tliu.so groups may in the first place bo oompai'ed directly. Such a comparison 
aiiggcsts that the Dunstable sknlls aro more olusely related to the Bronze Age type 
than to the Anglo-Saxon type. For .shape characters (indices and angles) alone the 
coefficient in tho fortiiei' ease is fi'l and in tho latter 7T. For all characters the 
differonou is not so evident aa shown by coefficients of 3’9 and .o‘2. When due 
allowance is made for tlio difference in number of Bronze Age and Anglo-Saxon 
.skulls available for oempariaon, the difference in relative closeness of relationship 
just described is confirmed. In general form or shape the Dunstable skulls clearly 
reaeoiblo Bronze Age more nearly than Anglo-Saxon skulls. The reduced coefficient 
of racial likene.s8 for all characters between the Dunstable and Bronze Age type is 
still smaller than that between the Dunstable and Anglo-Saxon types, suggesting 
a closer affinity with the former, and tis the difference is about 2'5 times its 
probable error it may probably bo considered significant. In general form the 
Dunstable group is also more similar to the Hythe group than to the Anglo-Saxon 
group, hut, when all characters aro considered, though the coefficient between the 
Dunstable and Hythe groups is still smaller than that between the Dunstable and 
tho Anglo-Saxon, the difference is not so great that it can be considered really 
significant. The Dunstable group is distinctly more divergent from the Iron Age 
group than from the Anglo-Saxon group. It shows a divergence of about the same 
order from the typo of the Whitechapel I7th Century Londoners which, as is well 
known, closely ro,somhlea that of the Iron Age. Tho Neolithic type is, as might be 
e,xpocted, very different from that found at Dunstable, 


Gomparwon tif Individual Oranial Characters: Values of a. 

The characters in which the Dunstable type resembles most closely, or differs 
most notably from, the Anglo-Saxon and Bronze Age types may he seen readily by 


reference to Table IV in which the values of a = ■ 


ngnf_ /M, ~ 7lf,V 

1.' \ <r, / 


n, + n. 


are tabulated. 


The mo.st pronounced differences between the Dunstable and Anglo-Saxon skull 


* Diometrika, Vol, ix®. 1928, pp. 801—875. 
“t Zbid. Vol. x«v- 10S2, pp. 185—202. 
f Ibid. Vol. m. 1904, pp. 191—245. 
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Skulls from Excavations at Dunstable 


TABLE IV. 


Values of a = \ between the Dunsiabte and other 

■' n, + Ji, \ IT, J 

Sritiak Male Series. 


Cltaraoters 

Anglo- 

Baxon 

Eneliah 
Btnnxo Ago 

Hythe 

British 
Iron Afcc 

WlnUf. 

chivpel 

Britifth 
NerOliiUi« 1 

100 B/L 

57*92 

16-66 

75-20 

69*44 

1(X)*34 

llHi*WS 

100 ff'/L 

0*33 

0*17 

16*00 

21*49 

47*21 

27*37 

100 SIS' 

fl‘60 

12-01 

9*05 

0*69 

0*94 

20*40 

Oa. I. 

3*29 


0*70 

— 


1 

100 G'HIGS 

2-42 

4*47 

0*00 

__ 

7*30 

U*lh) 

100 SBim/, R 

__ 

— 

0*02 


3*07 

*■' 

100 Nsisir 

8*83 

1*70 

— 

13*30 


IR*H2 

100 OijOu ^ 

100 0%\oK R 

_ 

0*03 

0*09 

— 

0*21 


l-f)3 



4*22 


(}‘r)4 

KXifi^ffml 

100 OifOx 

O’H 

4-31 

3*09 

— 

2*37 

0*00 

0*29 

0-00 

2*41 


0*64 


Pl 

o-io 

f)-77 

«*43 


0*33 

7*30 

Kl 

4*34 

0'09 

0*36 

0-12 

2*04 

0*44 

Al 

0*73 

0*40 

1*63 

0*20 

2*68 

Oi)i 

L 

27*23 

0*12 

53*19 

6*30 

80*82 

(fS*13 

li 

20*88 

20*34 

2*06 

24*32 

36*00 

08*06 

S' 

3*23 

l'4l 

0*02 

0*71 

1*06 

0*00 

OS 

— 


0*09 


20*70 


H' 

0*12 

0'32 


8*74 

... 

o*tn 

IS 

2*34 

0*04 

10*82 

2*15 

2*03 

0*33 


4*18 

0-77 

1*71 

0*75 

33*85 

0'6l 

V 

3'80 

11*83 

13*89 

0-23 

]'62 

16*38 

s 

Q*83 

i*n 

10*86 

2*76 

9*14 

27*14 

O'll 

0*36 

3*34 

1*73 

3*34 

0*87 

D*(H 

J 

13'4fi 

O-IO 

10*87 

38*03 

40*418 

36'BB 

SS, R 

0*30 


1*50 

— 

0*70 


NS' 


1-61 


0-03 


S*5l 

NB 

2*40 

0*20 

1*32 

10*20 

6*02 

ia'89 

OuS 

0-04 

4*98 

4'26 


0*31 


0t\ R 

— 

_ 

— 

3*37 

— 

0*09 


O'le 

0*67 

1*06 

0-23 

0*00 

2*63 


1*07 

6*16 

0*18 

— 

U‘44 

.™- 


O'm 

2*66 

V95 


4*14 

0*42 

fnxl 

1*48 

0*83 

«-es 

1*19 

3*67 

0*33 


1*30 

1*12 

0*27 


0*07 

0*00 


types are shown in the maximum length and maximum hroadth and the indicw 
involving these absolute measurements, namely, 100 x B/L, 100 x Bjll' and 
100 X H'/L, The Anglo-Saxon skull is on tho average about 6'6 mm. longer and 
about 8-6 mm. narrower at ite broadest part than the Dunstable skull although of 
about equal height. It has also a longer sagittal arc, a narrower face (bixygomatio 
diameter) and a relatively narrower nasal aperture. The Bronze Age skull is on 
the average 4’5 rnm. broader than the Dunstable skull, but is practically equivalent 
to it in mean length and mean height. The indices involving the maximum 
bi^dth, 100 X JJ/i, and 100 x B/II\ are thus higher on the average in the Bromse 
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Age than in the Dunstable speoimons. The Bronze Age skull has also a larger 
horizontal olrouinference, a longer palate, a wider orbit and a smaller profile angle 
(A P); the mean sagittal arc and the mean bizygomatic breadth, however, 
correspond closely in the two types. 

The Dunstable skull differs from the Hythe skull principally in maximum 
length. On the average it is about 7 mm. longer. The indices involving length, 
100 X BjL and 100 x H'lL, are thus higher in the Hythe skull. The Hythe skull 
has also a shorter eranio-facial base (basi-nasai length), a shorter sagittal arc, 
a less extensive horizontal oircnmferenoe, a smaller profile angle (A P), a narrower 
face (bizygomatic breadth), and a shorter foramen magnum. 

The Female Skulls. 

As there are only 12 female skulls, any detailed comparison of the average 
measurements of this group with those of other types is not justifiable, So far as 
an average based upon such a small number of specimens can be relied upon, 
however, there is a strong auggoBtion that the female skull is definitely broader 
than the female Anglo-Saxon skulls described by Morant. Its mean maximum 
breadth is 142'9 mm. as compared with 136'6 mm. in the female Anglo-Saxon, As 
the mean lengths in the two groups are equivalent, the Dunstable skull is thus 
relatively broader than the Anglo-Saxon;'the cephalic index is 79'9 as compared 
with 74'4. The mean 100 x BjH' index is in the Dunstable skulls 112’7 as 
compared with lOS'V in the Anglo-Saxons in the London Museums. Comparison 
of these characters and of the mean measurements of others in the two groups 
seems to indicate that the female skulls conform generally in type to the male 
skulls and differ considerably from the female Anglo-Saxons. 

Bisoussion. 

It has been suggested by Dunning and Wheeler* that the skeletal remains 
found in the most northerly knoll at Dunstable are probably those of a Saxon raiding 
party which was exterminated in the 8th century A.D. by the local inhabitants. The 
detailed analysis of the cranial measurements ofthe group and the survey of its cranial 
affinities with other racial types, including Anglo-Saxon, Bronze Ago and Hythe crania, 
would appear to suggest that the skulls cannot be considered those of Anglo-Saxons. 
It might be regarded as more probable, if the dating of the burials can be accepted 
os approximately correct, that the skulls are those of a colony of the local 
inhabitants who were summarily disposed of possibly by a raiding party of Anglo- 
Saxons. This view receives support from the oircumstanoe that almost 20 per cent, 
of the more or less complete skulls that could be measured are those of women and 
that these female skulls oonfonn in their general shape to the male skulls 

It is not improbable that a definite broad-headed element derived largely from 
the Bronze Age population, may have persisted in certain localities such as 
Dunstable, On the other hand, the existence of a "moderate” degree of association 


/oc. cits 
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SkuUxfrom Excavations at Dunstable 

between the Dunstable and the Hytlie emnia is uf interest in view nf iSkH.!SBig<;r 
and Morant’s * cunuliiaioii that the latter are probably for the intjst jsirt the desceri" 
dants of a Roman ciiUmy with a large central Kuropcan element. The Five Knolls 
at Dunstable are in the vicinity of Walling Street and the Icknield Way, and it is 
not iinpoasiblc that the broiui'huiulcd tondeiicy which ia a feature uf the relatively 
htimogeneotis Dunstable aeries may ba ovidonee of asimilav J'hirojwan eleioeiit in 
the inhabitants, introduced at the time of, and persisting to a notehh' degree afU'r, 
the Roman ocoiipatioii. The various objects of Roman date found with the Bki’lelnl 
remains at least provide distinct evidence of contact with this [Kiople. 

The view that the skulls represent a survival of Homan invmicrs is, jasrlinpa, 
on the whole more probable than that they indicate the pni'sisti'nco of the Brniize 
Ago population. The C.11.L. between the Dun.stiible shnlls and an Ktrusean sericK 
has been found by Dr Morant to be lower than that butween the DnnstaWe and 
Bronze Ago groups, and he Ihitilca it not unlikely that the I’omjxrmiiK and poasjldy 
a few other European aeries would al.so resemble tlie Dnitstalile akiills more ehwt'ly 
than the Bronze Age typo duos. 

While some reasonable doubt may still he held as to the origin of the skulls, 
all the avidunce that can he derived frmii llie crania tluuiisclvc.s si'cms to indiciiU' 
(julto uncipiivoonlly tluit they are not those of Aiiglu-Sa.\iiiis of a reengnised lyis’. 

Msasurements of the Mandible), 

Comparatively little is yet known about tho detailed eonuMirison of moflsurc- 
uieiits of tho rnaiidibular chainoturs in adequate series of spxicinicns belonging tt> 
flifTorent types of skulls. Now that a comprehensive soheuio for tho measimnncnt 
of this bone has been devised and described by Merant'j it is probable that sniuVdo 
and adequate data for tho comparison of different typos will soon bo available. Thii 
records of mean values of measuremonto of numerous ehameters, using the tOBhniqiU' 
described by this author for series of mandibles associated with Anglu-SajmiiJ. 
I7th Century London§, Badari I5gyptiaa|], Tibetan Ail, NepalBsefl, Tamil**, 
Fukien**, and Hylam** skulls which have already been fiublished in nmmciirs 
in IHometrika, indicate that definite progress is boing inaclc in tho provision of 
material for a proper study of the racial characters of an iinjmrUnt part of the 
skull which has hitherto, largely through unavoidable circumstances. raGoivud but 
little attention, 

As there wore approximately 40 more or leas complute matidibloa aaaooiatwl 
with the relatively homogeneous series of male skulls in tho Uuustablu ooUectiou, it 
seemed desirable that the mean measuremauts of the principal mandibular clmraBtor# 

* Biomoiriha, Vol. xxiv, 1983, pp. 186—303, 

t Ibid. Vol.xiv. 1028, pp. 368—260. 

t Ibid. Vol. xvar. 1&80, pp. 66—98 (Table xviii}. 

I IhU. yo\. xviu. 1926, pp. 1—66 {Appondix 0). 

II Ibid. Vol. XTX. 1927, p. U9. 

IF IbFtl. Vol. XVI. 1934, pp. 108—104. 

Ibid. Vol. xxB. 1928. pp. 370—298. 
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slimild liii jilaocti on rocoid. Only male mandibles have been dealt with. The 
mejtsiiroim'nts bikeii were those listed by Morarit in his memoir in Biometrika, 
Vitl. XIV. 1023, and the tcehnit^ue ol measurement which he describes therein was 
ctirel'ully i'oUowiHl. The symbulswhich are used to represent the various characters 
life tlio.so introduced by Mtiraut and used in all the memoirs to which reference 
has btsm made. Atthouj^Ii the munber of mandibles was only 42, defects in some of 
wbleh nccuHiimally precluded the measurement of particulu.r charactera, so that the 
number is nnt quite so large as the number of Anglo-Saxon male mandibles 
miamured by Morant, it was deemeil arlvisable to calculate the variabilities of 
tile various cliaiuctcrs in order to provide provisional estimates of these. The 
uatimati: of llu; variability of a mandibular character, which is based on a number of 
obscrviilions that may possibly be no more than adequate to provide a reliable 
critcrhin, is bi'ttcr thnn no estimate at all of the variability. So far, no attempt 
has apparently In-un made to fnrnlHli, or at least to publish, even approximate 
measures of llie variabilities of the .sevoral mandibular oharaotere. 

Tlio mi'iiii.s and variabilities of the mandibular characters are shown in Table V 
in apposition to the moans of the corresponding eharacters in series of mandibles 
belonging to Anglo-.Saxuii, Badari Egyptian, Tibetan A and Euliien male skulls. 
The last-nientionod Asiatic group was selected for coinparison in preference to the 
Tamil or Hylain rnaiidiblo.H, for which mean measurements have also been published 
by Harrmver, beeauHc it pussesso-s, according to this author, a heavier and more solid 
type of nmudible tlmu oither of these two racial series. 

Fniiii a ootnparison of the data in Table V, it is evident that there is a very 
oloae vesuin bianco between the Dunstable and Anglo-Saxon mandibles. The mean 
values of many of tlui corresponding characters in these two types are almost 
iikmtical, mid few of the remaining characters diverge in average value to such a 
degree that the differences can he considered real or significant on such numbers of 
observations ns are available. It may readily be seen that the mandibles of the 
other skull typos in the table arc, as might be expected, less like the Dunstable 
type. 

Unfortunately, there is no other male aeries of British mandibles with which 
the Diinslabli) type can bo comiiared. Miss Hooke* has published, however, the 
indiviiiual incasurenuints of the characters in a series of about 60 imsexed 
mandihlcH belonging to the Farringdon Street 17th Century Londoners. For the 
indices and angles—the eharacters which describe the relative projiortions and 
general Ibrin of the mandible—in this unsexed series, the means and variabilities 
have been calculated. These are shown in Table VI in comparison with the 
corresponding constants for the Dunstable male series and with the moans 
computed for Morant’s Anglo-Saxon series by taking males and females together. 
Moront has stated that in his series the male and female indices and angles are so 
similar that, for the small numbers dealt with, the differences would almost 
certainly not be significant. From a brief scrutiny of Table VI it is evident that 

* Illonutrtka, Vol. xvill. 1926, pp. 1—66 (AppondLx C). 
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TABCE V, 

Shmmg a Gom})ari«ou o/t/i« Afau-n Valiutt af the MandUntlaf Oharaaiers 
in the Dunstable and other series «/ Male tHkulls. 


Oliaraoters 

Daim table 

AiiglO‘Ba«QQ 

Tibetan A 

Badati 

KgypUan 

Keans No. 

Fukian 

Cbiu«ftg>a 

Keans 

B.D. 

No, 

Ueani 

No. 

Means 

Ho. 

Means 

No. 

Wi 

12U'0S± 1'0«» 

5'47±a’72* 

29 

123*7 

26 

117*0 

25 

109*5 

30 

121*9 

Ji8 

Uli 

102'{)a±l'06 

6'03±0*74 

40 

103*2 

45 

90*2 

25 

RH'8 

32 

101-0 

38 

k 

32*51 ±0‘39 

9'40±0’2fl 

39 

33*1 

40 

30*a 

25 

32*0 

34 

35*3 

38 

tz 

45‘43±0‘37 

2*38±0*2C 

42 

46*3 

57 

4!i-7 

25 

43-4 

.-ifl 

40*8 

38 

C-Cf 

99-34±1'H 

6*92±0*81 

27 

100*3 

27 

03*8 

25 

H0-8 

29 

97*2 

3K 

rl 

38-«±0-8l 

a-29±0*3fl 

42 

30*4 

5B 

37*2 

26 

3fl-7 

34 

39*4 

38 

rV 

32*76 ±0*45 

9*93±a'32 

42 

33*2 

01 

32*1 

26 

33-0 

39 

34*4 

38 

0,' 

47*68±O'30 

2*30±0*26 

41 

48*7 

43 

4(1*7 

25 

41*1 

29 

43* B 

38 

c„(,V 

35*70±0‘M 

3-80±C*46 

37 

33*0 

40 

34-2 

25 

33*H 

37 

36*4 

.38 

5’ofl'o 

OS*40±MO 

6D6±0*7R 

*JO 

100*4 

33 

S2’R 

24 

»3-» 

3t 

96*4 

38 

1 

84’96±0*60 

3'82±0‘43 

40 

«7*n 

38 

fW*H 

S'l 

H2’0 

31 

83*1 

3K 

Mn ^ 

84'92±0-67 

4'26±0*48 

40 

R0*W 

41 

.83-8 

9-1 

K2*4 

31 

88*3 

38 

eJ 

21-31 ±0*27 

1'09±0-19 

36 

21*7 

3H 

|H*H 

26 

20*3 

3fl 

20*1 

38 

t,b 

9-01 ±0*26 

1*67±0*10 

39 

9*6 

42 

8*1 

26 

0*8 

37 

«*0 

3R 

Wi,Pl 

27-9dto*ai 

1'34±0-16 

30 

9HI 

611 

29 *3 

24 

27*3 

33 

30*2 

»3 

p.A 

M-aatO'da 

2'81±0‘30 

39 

28*2 

3h 

25-4 

25 

20-7 

32 

30*0 

38 


7-36±0*27 

1*77±0*19 

43 

7*1 

69 

8*2 

25 

«*B 

30 

*■# 

.18 


26-02±0-00 

2'94±0-3a 

09 

23*3 

41 

334) 

24 

93-4 

31 

27*6 

38 

?«“/ 

29*C7±0*4l 

2*46±0*29 

35 

300 

41 

38*3 

2.5 

89 

31 

.32*0 

3H 

Mi 

4*fl8tQ’4L 

2*1Q±0*2Q 

28 

3-1 

0 

3*0 

25 



ft*a 

38 

9>pf3> 

103*40 ±1*46 

9‘U±1'02 

40 

198*8 

39 

190*4 

S4 

189*6 

31 


38 

ft 

48*41 ±0'fl3 

6-07 ±0*60 

57 

47*9 

6L 

41*8 

26 

44-3 

36 

47*2 

38 

di' 

13*30±0-27 

1'00±0*I9 

04 

13*0 

36 

16*0 

26 

19'3 

33 

13*0 

38 

o,A 

06*OO±O*88 

6'41±0-Q2 

08 

60*7 

48 

eO'8 

S6 

el-a 

.33 

06 9 

38 

o.h 

68*66 ±0*92 

6-93±0'85 

42 

69*4 

44 

50-R 

25 

63*8 

36 

frS*R 

38 

ujA 

35'DO±0*37 

2*2a±0*28 

30 

30*3 

40 

36*0 

24 

30*1 

31 

39*7 

38 

mth 

S6*60±0*36 

2*26±0*28 

41 

27*2 

51 

24*0 

26 

24*6 

31 

28 0 

34 

Pif 

30'66±0-37 

S*37±O'20 

40 

30*0 

64 

2R-0 

25 

30*4 

30 

32*H 

38 

cj 

7e'10±0'79 

4*0O±O&6 

3R 

V-1 

42 

74*0 

26 

70*2 

39 

7.3*8 

38 

rl 

■64*89 ±0*70 

4*29 ±0*49 

38 

04*0 

46 

58*4 

25 

67*0 

33 

tii-fi 

38 

ml 

106'7e±0'60 

4*04±0-66 

34 

107*2 

31 

105*2 

26 

lol-s 

33 

108'8 

38 

100 Orhjml 

6fl'27±l'01 

6-Q6±0*7S 

31 

00-9 

97 

57*8 

26 

011) 

33 

04 *a 

jm 

100 

93'48±M1 

6*67 ±0*79 

26 

94-4 

16 

8tt*2 

26 

80-2 

29 

94'7 

38 


1S0*87±2-12 

13*06 ±1*60 

38 

199-0 

32 

124*9 

24 

110*4 

30 


38 

100 rt/ri 

49-66±0*84 

fi'ie±0'59 

38 

61*0 

45 

05*3 

S6 

Brt'6 

33 


38 

IWOfOjcul 

42-33tO*09 

6*80±O‘7O 

35 

44*0 

38 

43*3 

26 

48*4 

;M:J 

44*6 

38 

IdQ ffugJOrCr 

100'01±1'80 

9*es±i*3i 

27 

90*a 

19 

98*9 

24 

97*4 

28 

im-t 

38 

100 o^n/Cfh 

89*07 ±1*01 

6*21 ±0*71 

38 

80*0 

40 

83*8 

26 

80*9 

32 

8B‘0 

38 

100 iKjc^Or 

37*e6±0*82 

4*77 ±0*68 

34 

40*4 

36 

44*0 

25 

30-9 

32 

41-3 

38 

i^^di^Crk 

66*34+0*84 

0*02±O*69 

36 

66*2 

30 

67*9 

24 

58'8 

29 

00*4 

38 

Ml 

126*’88 ±0'96 

6**94±0*C7 

38 

120’*3 

47 

126**3 

26 

120’*0 

34 

i2r’*o 

38 

Rl 

68’’70 + 0'08 

6'’'9B±0’B9 

37 

72* *0 

36 

70"*B 

25 

73**7 

31 

71**7 

38 

<3l 

70**86 ±0*83 

6"*20±O.B9 

40 

08’*e 

31 

C7"‘l 

24 

9cr-a 

31 

7(r*5 

38 

GL 

68’-ll±0*99 

e-’OD + O-TO 

37 

08" *2 

32 

64"*8 

25 

Yr-7 

28 



C'L 

e9'’*04 + 0-&3 

6'’*60 + 0*60 

3« 

68‘*3 

36 

62"*0 

24 


28 

77‘'*l 

38 

Fl 

1 

8a“*40±0*81 

4’*31 + 0*68 

28 

87"*0 

6 

90**8 

25 



8S*-0 

38 


* Standard etrora. 
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TABLE VI. 

Shmeini) a Onjiijxmsiin 1 / ilie Mandibular Indices and Angles in the Dunstable Skulls 
mfft tbiwe in Anglo-Saxons and nth Oentunj Londoners. 


C'h&rocterft 

DutisUblc 

1 m 

An^lO'SAxou 
(M. an4 

Farringdon Street 
(M. and F.) 



IT 

No. 

M^ns 

No. 

UeauB J 

Ko. 



ri-Bri+O’Ta* 31 

69-1 

00 

r>8-r)9+0'78« 0'Oe+O'5fl* ei 


1 a3-4a±Mi 

»'.'>7±0'71I 


02-7 

41 

[K)'43±0*94 6'60±0'68 

49 

Wg,a.Kt 

1 wu'OTta-ia i3'iw±i'« 

38 

127‘6 

67 

128'3r)±l'50 12-21 ±1’10 

61 

1(10 ri'lrf 

t -m'5f)±Q‘«4 

fi'lB±0-6fl 

38 ' 

52-2 

88 

51-fi7±0-76 6-21-sO'6B 

63 

1(XI cJilfJ 

; -Isl-SaiO'OS 

S'«(it0-70 

38 

43-U 

74 

48-64±0'94 7-30 ±(1-66 

61 

IWff.i/.fef, IfflMIltl'KS 

9'82+I-3I 

27 

09-3 

42 

9B-87-H-26 8-46 + 0-88 

46 

KXI Cghiffh 

jl Hll'«7 + Mn 

a'21±Q’71 

3H 

89-8 

80 

87-71 + 0-99 7-80±0'70 

62 

100 ikk,r, 

1 37'(n±n-aa 

■l‘77±0-6« 

34 

39-7 

70 

40'04±0‘80 C'14±0-e7 

60 

mdik'lerb 



38 

85-7 

86 

04-10 + 0-60 C-7r>±0-61 

81 

Ml. 

liscr'W+U'Us 

n"'«4±o-o7 

39 

121*’4 

90 

124“-ll±0-88 6"'99±0-B2 

03 

Hl 

1 W’TUtO'flK 

f-ii.'itO'mi 

37 

7(r*i 

72 

70''22±1'00 7”-66±0-71 

5D 

CIL 



40 


06 

n7'-87±0-73 S*'70±0-62 

01 

Cl 


8”0.1±I1‘70 

37 

09‘’O 

07 

nr-42i 0-90 7“-05±0-(J4 

02 

Cl 

hir'lM±(l'!l3 

0*'BO±0'M 

36 

B0*'4 

07 

66'-40±O-86 0'-84t0-e0 

66 


’ HUmiAkcI enott. 

the Diinstttbie mfviitliblu iu its general form rcacmbleB the Anglo-Saxon mandiblo 
more cltwely than it tines that of the I7th Century Londoner. In seven of the 
ftmrUseri chftincters owint»wjtl, even though the number of apooimens available ia ao 
relatively gtnall, the Uunatable nmndtblu probably diffora significantly from the 
Londoner, whoreiui the moan VAiu«.H of the characters in the Anglo-Saxon mandible 
are « aimilar to thoae in the Dunstable mandible that probably only one or two of 
the differeiiera observed can be considered real. The fact that the Dunstable 
inaudible tMomliU* the Anglo-Saxon mandible more closely than it does that of 
the 17th Century Londonar from Farringdon Street in no way controverts the 
CDticlusinn that the DntistablR skull ia more closely related to the Bronze Ago 
type Ihim to tho Anglo-Saxon, as it has been eitovrii that the Dunstable cranium 
is moro eloMly relaUid to Ibn Anglo-Saxon cranium than to that of tho 17th Century 
Londoner from Whitochapnl, which is vciy similar to tho contemporary series 
from Farrinfpluii Stroot, 

Tho number of fairly complcto maadiblos available in the Dunstable series is 
ubviouely inadequate to justify any attempt to calculate the correlation between 
the various mandibular characters. 




ON THE APPLICATIONS OF THE DOUBLE BESSEL 
FUNCTION TO STATLSTIOAL PKOBLEMS. 

By KARL PEARSON. 


Part I. Tueouetical. 


(i) I left over from the diaouasion iu Biomelnka, Vol. xxiv. ii|i, 2 S)H—jW!) tlio 
case in which two vatiablea, u and ». fallow Type III eurvea of the fnnu 


. 


leading to the autfaoe 






whev0 71 and 71 and tj and tj arc not equal eivch t(» o.iuih. We require to diawiat 
the distribution surface of P™ e - it. 


Lot J = tJ + II, and wa have 

Let us write 


ilf7i'i+*7j'«''* 

I) T(f,+••• 


..(iii). 

.(iv). 


Now we want to integrato w from to.A=»to; lot us put A'»■ Ft ami 
integrate t from 1 to w. 

Hence the distribution curve for F is 


r o roe-i«'i-»tiJ' |"e-l'h+r<)y<(t _ 1 )7(t +1 fiA .(v). 

This curve is closely allied to the Bessel Functions of the socotui kind with 
imaginary argument, 

Let us consider the expression 

i/i (F) a Fn+'i+i - l)'i(t+ i)'idt .(vi), 

then if we had started below the OJ line (see Diagram Fig. 1 , p. 295 of the pqxir 
referred to above), we should have had to integrate AT from - F to co, or t from ~ 1 
to cc ; then by changing t to - t,we obtain precisely the expression (vl) with t, and Tj 
interchanged. Thus the only thing which remains to be changed when we put 
F negative is the term e~i(Ti"Tiir^ which we accomplish by interchanging 71 and 7 }. 
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Thus the equation to our curve is 

2 = .(vii), 

whuvG y is to be taken from — co to + oo, but tj and rg are 1)5 be interchaii^cd 
when F IB Tiogative in (ft, 

(ii) 1 start with the integral 

W = IVt'ii'«-ii+c-,r.. 


Then 


Jr.+r-W feo 

1 rtCj ® J1 / \ / 


dc: 


dt 


= (-1 Fn+r, j (i - l)n (t +dt ., .(ix), 

Returning to (viii), 


or, Cl ivnd oj being positive, 


tin IT 


. a-Oj-epF 


Tf = 


[ g-(ti+r,)Yl n CO 

(fli + cj)yji’ 

(SiTi^yF . 




:wrir(Ti + i) 


MWl 


Accordingly = (- 

d ^+niy (-i)rir(Ti + l) d'o / ^ 

tici'idcj’’'" Y dci’i V(ci + Ci)''i+V' 


Applying Leibnitz’s Theorem 

cM-.-r (-ly^riTi+iyr (-2n'» . (-27>-M-(Tr+i)} 

——.— ^ ■ - - I . _ . .T- J.1 ■» ‘Ta “■ / r'~ vVo-iji'” 


dcFirfcs^* 


L(Ci + Cari+ 


(Ci + C2^+* 


+ - rr4?Y,‘« (- (Ti +1) X - (Ti + 2)) + ... I «-»*■*>• 


1.2 (ci + Ca)' 

(- l)n+''i.2’'.Fv-»fl-vr(nj^l) 

(Cl+ 


Ta(Ti + l) , Ta(T«-I)(Tl+l)(Tl + 2 ) 




(cr+cay2r+ l.2{o,+"S?(2F)“ 

Now put Cl = iyj, Ca = ^72, and we have from (vi) and (ix) 
,|,(|r|)=r’'i+-.+ij Vibi+r»>S'>(t- l)-i(t + l)r.£it 

2 ^.r.e-t'ri-l-V'-r(Ti+l)r, t.(ti + 1 ) .j-ra(Ta-l)(Ti + l)(Ti + 2 ) 


.(xi). 






(■yi+y*)^ 


1.2 ( 71 + 7 ,)“ 7 “ + 
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Hence (vii) and (iv) for Pi d — « poeifcivo, 

2 _ y,, 

r(T>+i)(7i+'yar>+‘ 


X ; 


1 j. 4- •r a(Ta-l)(Ti+l)(Ti+ 2) 

’^1!(7i + 7s)K 2!(7i + 7i)’y’ tj ! Tj! (71 + 71)' 


Ta!(T, +T,)! 1 

.--KFaJ 

(>tii). 


The last term if the aeries bo finite, i.o. ti an integer, will be as above. 

It follows that for y = 0 we have 

(71 + 7 a)'>-''+‘ • r (tj +'l )T (r, + i) ...^ 

This expression for is symmotrical in n, t*, yi and We can take far tlie 
u — v side of the curve 

_ e-n^r^i 

r(n+i)(7i+7i.y>+‘ 




+ 1) 4.n(n-i)(’-»+i)(r,+2) 




.7rt- + 


ti1(t, +t,)! 


.)! I 

2r(7i + 7«)*y* ’'''"’^Ti!T,!(7i + 7i)'il'^iJ 

..(xiv), 

loading to the same value of zj-.o. 

(iii) In order to discuss the moments of the curve in (v) we require the sum 
of the first p terms of the negative binomial (1 The following elegant proof 

was provided for me by Mr E. 0. Fieller. 

The remainder after p terms of the Maolaurin series in tho integral form for 
a function/(«) is 

But for the binomial /{(c) = (1 — it;)”’", and accordingly 

y<rl (») = (- 1> (- m (- »t -1) (- OT - 2). „ (- m -p + 1)) (1 - «)-w-s 

ffm)" 

1 - « « (1 - a)/(l - a + i), 

then i =e 0, «= 0, and i »= ai, «a;, rft =» ^ du, and wo have 

-= (1 - ®)-'" X/,(p, m), 


f (1 - a)-'"'!’, 


therefore 

Take 


Mt. 
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where (p, m) is the ratio of the incomplGte to the comploto beta-function 
Accordingly the sum of the hrst js berms of (1 — 

= (1 

= (1 -«)-“(! -Z„(ji.m)) = (l -.(xv), 

which is the result we require. 

Returning to Equation (xii) we have 

('°z¥‘d¥'= . f ”e-i/ w'i+« 

A , + Ta(T2-l)(Ti-t-l)(Ti-h2) , 

'T]"'y+ 2 ! 7 +- 

. 

Tjlrai /a/ ^ ' 

where and -'f' = 72 /( 7 ^ + 7 a). 

Integrating out with regard to y we have 

/o 4-t)(^(■"> + * + ’) + -’^'1^^’■> 

+ —’■» -1) r (>2 + s -1) +... + Ts! r (s) f 

.(xvii). 

First take s » 0 , 

± 5 ^* r(r 2 +I)(i + 

m T 2 ! ^ J 

= 117(1 — i|r)'i+i X sum of first tj tormsof the negative binomial (1 -)-<’•!+*> 
= jlZJj_^(Ti+ 1, ■ra-hl) = Afl (n + l.rs + 1), 

Ti+Ya 

by the Lemma just demonstrated. 

Hence the total area 

= MI (Ti-l-l,Tj|-(-l)-h Af/ (va-I-1, Ti4-1) 

7,-l-Va 71+7, 

=B (n/rT) (ir 

In the lust integral write I — ^ for io, and wo have for the total area 

^ I — itiyidas -f- [ an (1 - a;)’'3cU'l, 

« V'Ti) T 2 ) U 0 ) 

7i + 7a 

but the sum of the two integrals in the curled hrachets makes up B (n, ts). Hence 
the total area equals M as it should do. 

BioraeUika xxv 11 






Next take s = 1. 

We have for luonient about F= 0 , 






I 


-(ii siniilai- cxjmisaiori w n iiml xa iiilcrclinrigeil mill 71 unci 
72 alsn). 

The nxprcasiiiii in cnrliiil brackets, call it Q, may be reml ilk 

^Ta +1 - I) t +^’'* ■'■ (Ts + I - 2 ) llr* 

+ V>±i)ili+,?)(Z 1 

= rCr, + 1) ((t 2 + 1) (1 - + I, n + i) 

- (n + 1 )k/''(I — i/i-)"'’’!'” /] ..* (xi-f 2, Ts)). 


Q — r (t 2 + 1 ) ^T 2 + (ra + l- 


Thus 

,, 1 Ta + I , 

7a ij;.: 

Vl'I'Ts 


7i 


Tj + l j 


7i 


, ’!?.+_1 / 

7a V 


(ti + 2, Ta) 

vi'i'ra 

(ti +I.T 1 +1) 4-’^’ * ' / C’'a+2, Tt). 

7» ■•- 

7i l-Vj 


21 

7i+7a 

(n+ 1, Ta + 1) + / y^ (Ta + 2, Ti) 
Yr'e-Ts Yi+Ya 

Ti+ 1 


But 


- ^ 7,1 + .Ir'!''**')' 


Yi+Yj Yi+r 

Yi (ti + 4, Ta 4-1) -b / y^ (Ta 4-2, tl) 
T 1 +Y 2 Yi + Ys 

Yi _Ya _ 

Yi i Yi 


r(Ti4-Ta4-2) /|" 

"r(Ta4l)r(Ta+l)\j« 

or, integrating the second integral by parts, 


7 i+ys , . y Ti 


-”.y;)’'i ‘f/. 


■'•)■ 


_+ Ta -j-_ 2 ) 

■r(Ti+i)r(Ta + i)VJ, 


7j. 


7 : 1 ... 

CC^I (1 " .ir)'4di‘ + f ^ .-t'a (I ” 

' II 


7a 7L'‘Ya'’ \ 

Ta 4- 1 (71 + yaTii'a'V ' 


Since the auin of the two integrals is as boforo the cumplote r-fmictimi, we 
bud from (xviii) 


/_T24-1_ r (ti 4- Ta 4- 2) _7T‘7a'* 

* 7a T (ti 4-i) r(Ta+1) (71 + 7 a!''r+''>'’^ 

_ '''r 'k ^ I "k jk + ^ 7r*7a'’ 

71 B (ti 4-1 )~r (tb 4- i) ( 7 l 4- ya)'!*’’!* r' 
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01’, since Lho second term in both lines is symmctricAl in n, 71 niid ra, 72, 
t T2 + 1 Tl + 1 

= -^ - . 

78 yi 

Wo hiive next bo Uko = 2 in (xvii), aud have 

“ rk -M jk ('" ''kV 


.(xix). 


’(t 2+ O'/a' 

(■ri + l)fa + 2) 


+ • 


2 ! 


T2 (Ta — 1) r (xa + 1) 


+ Ta (Ta - I) (ra _ 2) T (xa) + .., i.p tu 

H' a similar series with inbcrchangea of ti, n and 71, 72 

= + 2) (xa + I) + (xa + 1) xa t + ^5, ±i Kp t r, (xa - 1) 

+ (■^\±}.U Ti+ ^Hn + S} _ 2) + ,,, „p t„ 

+ a similar series with proper interohangos. 

Ueplnoiiig (xj + l)xj by (xs + 2-l)(xa + 1 ~ 1), xa(x2-1) by (xa + 2 - 2)(ri + l - 2), 
(xj - J) (xa - 2 J by (xj -l- 2 - 3 ) (xa + 1 - 3 ) ete., wc can rewrite uiir fi) as 


f‘1 


, (1 - i 


Ta 


(Ta + 2 )(xa + l)|l + ''’~V- 


(xi + 1) (ti + 2) 


2! 


— + ... to 


- (2Ta + 3) (n + 1) ^ |l + ^ t + r + -to f'>-‘j 

+ (xa+l)iA’{l + 2^^'t2)t+ 37i + 2)(-^i= + 3)^a^ to 

-I- a similar series with proper inberchunges. 

The first series in curled brackets is (1 — (n +1, tb -h 1) j i-ho second 

series in curle<l brackets is (1 — (n + 2 , ts). 

T(5 obtain the third series we not© that, if 

,s = 1 + f + (:!i±iK5±§^»+... up to 


then the third series =*: - 


d^lr 


= (1 - (n + 2, Ta) + (tj + 2) (1 - /i-V, (ti + 2, ra) 

4x^+2, xa) ' 




I(i4 Aiiplicutions of the, J)ouMe Bcsxd Function ‘h,,.,, {x) 


Siilistituting 

[(’•= + 2) (Ta + 1) /i-* in + 1 , tj + 1 ) - ( 2 t, + 3) (ti -|- 1) j h-t in “I- 2. tj) 
+ (ti + 1 ) It-* in + 2 , n) + (ft + 1 ) (tj + 2 ) ^ 

l|r'> (l - ’^)’■l^(Tl^^Ta + 2 ) . 1 

" .r-^t + ijTc-^+l). 

+ 11 similar series with proper intorchnnges, 

= + + (r. + S.rt) 

Va'" 7i7a .,.'1. 

7i I'Vs Vi + 1'j 

(t, + 1) (Tt 4- 2) - j. o , \ _ 7a'*7i'‘‘ T (n + ts 2) n 

71 ” ^ {7i + 7a)7+'-.+ir(Ti+I)r(T,+ l)7a 

Yi+Ya 

+ II biluiUlv sul'icR with proper juterchangOH. 


We can now oonibiue the two series iumI find 


L^) (t, + l, Ta + 1) + / (Tj + 2,Tt)|- 

B + Va 7i*Tt 

- (rt + 2, n) + _ (T. f 2, 7.,} 

7,+73 rrtrj 

+ (n + 1 , n + 1 ) + (t. + 2 , Ta)jl 

7i + 7i 7 i+'73 

_ 7l^‘7a'* r (7l + n +2) /Ti TfX 

(71 + 72 ) 7 ‘'"'a’''^ r (t, + i j r (tj + 1 ) \, 7 i 7 j/ 


But wo have already seen that 


h (ti + 1, Ta + 1) +J (Ta + 2, Ti) =» I - 
71 + 73 7i+73 


r(Ti+Ts + 2) Yl'tya'a 
r(Tj + 1) r (Ta+1) (7J + 7,)''i' ' 


..■Xl 

Ta'hl' 


Similarly 

I _y^(Ta+l,Tl+ 1) + / (ti+2,7>)=<1 

7i + 7s 7 i + 73 


r ( 7-1 + 79 +2) 7t'‘7»'* 7t 

r(Ti+ l)r(ra+ 1 ) ( 7 i+ 79 )'« ' '**^71 + I' 


Again integrating by parts one finds 


In* in + 2, Ta) = - 
and similarly 
I* in + 2, Ti) = — 


.. . r (ti + Ta + Z) 

Ti + 1 (71 + 72yi+Wi r (n +1) f (Ta + T) 

72 _ r ( ti + ra + 2 ) 

7a + 1 (7i + 7a)7+Vi p I' (Ta +T) 


+ /i-* (ti + 1 . Ta + 1), 


+ 1* in + 1) 7i + l). 
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wo find 


Substituting in (xx) and i*emembei*ing that 

* (*^1 + Ij + 1) + (tj +1,ti + 1)~1, 

' — + 1) (t 2 + 2) __ 2 (rg + 1) (ti + 1) (ti + 1) ( ti + 2 ) 


72^ 


7i72 7i 

_ - r (n + rg -f 2 ) 

(71 + r (ti + 1 ) 1 ^ (Ta + 1 ) 

Tg 4- 2 ^ Ti + 2 2 (Ta + 1) 2 (ti+ 1) , rg , ti 


X ■ 


+ 

7 b 71 


72 


71 


+ - + 

78 7i. 


}■ 


and since the last term in cLirled brackets vanishes, 

ua' = (Ta + l)(Ta4-2) ^ 2(Tg4-l)(Ti + l) (tx+ X)( ri+ 2 ) , 

“ 72 “ 7i72 71 ® .^ ' ' 

Subtract ^ 1 '® and we have uj = 4 . Tljt •!•. 

78 71 

Putting s«3 in (xvii) and proceeding in the same manner, we find after con¬ 
siderable algebra 

.. r _ (Ta + 3)(Ta + 2) (n + 1) 3 (xg + 2) (xg + 1) (n +1) 

+ 3 (^a + n (n +1) (n + 2) (n + 3) (n + 2) (t^ +1) 

7a7i® 71® .^ 

Hence transferring to the mean we find 

,.3 = 2(T^+l-ri+l) . 

\ 7 a 7 i / 

The algebraic labour for <ancl its bmasference to the mean ia ao considovable that 
it is clcsirablo to use the chamctoristic function of the distribution. 


, .(xxiii). 


We have first to find 
and this bj (xii) 


' r (t 2 + 1) (7, + 7a)’'i+^ 


i: 


e-(,.-«)ryT, 


('l 

\ I! (71 + 7a) ^ 


T 8 (T a — 1 )(ti+I )(ti + 2 ) _ 

21 (ri + Ta!Ti!(7i + 72 )’’s 


_Lal(n±T“)‘ - \,7F 
n!(7i + 7a)’’=l'’^"-' 

4 - a similar series with the proper interchanges. 

Write ( 71 !“ ct)) have for the charaoteriatie function i^(o}). 






r (t 2 + 1 ) (71 + 72)’’i+^ ( 72 “ .'0 


1 f" 


il 4, Ta(Ti + l) /■Yi~o>\ T 3 (Ta -l)(Tl + l)(Tl+ 2 ) /72 - D>'y 

l .'( 7 i + 7a)V y ) 2! (71 + 72)= \ y ) 

- ... ^- /ys—\ fly similar series, 

T 2 !ril( 7 i + 70 '* V y J ] 






Ififi Appliwtkm^ of the DmMe liesxcl Function ix) 

or, li'idA" \r(l / \T 4-1 ( ^ ' ”7' ■ ) >1 - W f Tj + I , Tg 4 ] ) 

a similar soricH wilh w changofl to - m, since; i' bccmncH -- F, :unl 
n, 7i tn Ta, etc. 


t. t 



7 

\ 7 «/ \ 

7 i/ 


^yi H w (n + F Ti + 1) 


+ ■;- " h- t;——<^'^■ 8 +'^i + Vi* 

('-,“) (- 4 .) 

But the Sinn of Hut two incomplete JFfuncfcion mtins is unity. AeeiuflingJy the 
cluiractui'istic function * 

('-g-Vx.“'''■ 

Nijw tlm lugiii'ifJiin iit' lliu clmriintfi'istic. function is given by 

logi'(<.))= J, -I- *1 •f...+ -I- .(XXV), 

wlicrc! Xi, Xj,... X,,,. lire, the svmi-invnviniits. Thus 

Xiu , XafTi® X,(ii' 

11 + 21 +...+ -|- + ... 

= - (n + 1) leg ( t - - (t, + 1) log ^1 + 


\ 7s/ 

, _ . 1- CO^ 1 CD* ^ \ 


-(n + l)(; 

Equatinjf powers of w we have 


0) 1 0)® 1 Cu* 

7,"277 a7x“'^ 


(-1)*'^^ w* 


% / Ta -f 1 Ti -H 1 

Xi = /£l — —“• — 

72 7i 


and so on. 


-V/ = 1.2.3 + ’■^■'■/') 

\ 78 7i / 
Xs = /is — = 1.2.3. *1) 

\ 72 


78 71 / 

1.2.3 

\ 78* 7i / 

1 e> ^ a + ^ '^1+1 


The area M of Uie ourve musk be made rmity to obtain the characteriKtic fiincUnn, 
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The first three semi-invariants check with the values fouinl directly for tlio 
firfit three inomente. 

The above equations suffice to give the mean, sUindavd deviation and 0i, ^2 ibr 
the distribution of blie difference of any two statistical coefficients, satisfying equa¬ 
tions of Type Ilf, when these coefficients are measured from the start of their 
distributions, 


(iv) The previous investigation will not only have made it clear that we are 
dealing with a functioji closely allied to the Km(ai) Bessel Function in a generalised 
form, but also that it is desirable to work out some of its properties. We may write 
our curve in the form 

^ = (Yi + Ya) ^0.(xxvii), 

where, if v = |(tx- f-rg-f 1), 

yC.,(i (71 + 72) 1') = ««(i (71 + 7») P)' I” (j _ ly, 

(see Equation, (v;). Oo being a constant. 

Thus (a) = c,®'I e^‘(i- lyi{i + lyt dt. 


If we choose Cj so that when ti = t 2 we have W,,,,,(a!)= 7ir..(!t)i whore v is now 
Ti + h wo see that our will pass over into tlio Bessel Eunotion Kvitr)] 

this requires us to take C(| = V7r/(2•’^(v-^^)). Thus our curve becomes 


-i A7 (71 + 7a ) _ 

2 r (t, + 1 ) r (t 2 -t- 


_( .71 _ / _ 72 N 

hi) \ 7 i + 72/ \ 7 i + 72/ 


riir 


X (i(71+ 72)5^)’'(I (71 + 72) i').(xxviil), 

whore p = (72 - 7i)/(7i + 72)' 


I propo.se to call 

7i%j,,, (x) = a;-e-’‘ (t - l)"i (i +1)'> rft ( 1 / = | (n + tb -t-1)) 

.(x.xi.\) 

the Double Bessel Fiuiotion*, and to study some of its properties. We may firal. 
find the difforontial equation which it .satiBfie.s. 


Write for brevity !i = and differentiate twice, 

g ^ (v -y II _ I V«i (i- l)n(i + l)7dt + x" j”e-" (i -1)7 (t + l)7dt 

Accordingly 

. 1 := + a' — = 4- is"'*'' j”e-« {«(«“ -1) - (2v + 1) (1 (i - 1)7 (t -f 1)7 dt A. 


* Of conrao ouJj a Doublo Besaol Function of the second ordoi' and imaginary arguineiit. 





I(i8 Jpplkatious of the DouhU Bessd FviU'lion 7^,,,, (;«) 

Now 

(t - 1 )'i (« + 1 )'»<//. 

= f" (i - I(«+ 1 )'»“ 

niiict! LIk! I'lL'i'ju liLitwoen liiiiitH vanlshoH, 

= 1%-’^' i (2v +1) (< - 1)'L («+1)'. rf( H- (t, - tO j” c «(i - ( M- 1)'. ,u. 

Substituting we have* 

.i;“ Ja + * 'IM (v* + (ti - Ta) .T + a:“) = 0.(x x x). 

This ia the differential eiiuation siitisRod by 9if,,,,,(a-). It may also b« WTiltcii 

a’® ® + i) (Ta + i) + (•* + i (ri - T>))‘| “0 ., .(xxx liin), 

wiiiob shows its relation to i{',^,i(.r) when ti = ts, fur wvtislies the I'liuatiuu 

(v) Wo next turn to the roourronce furmuluo, Conaiilor the uxprutwiuii 

Integrating by parts, aiuee the part betweon limita vanishes, wc have 
J = a'j —l)n (i + lyidt. 

Differentiating out, 

J = j " fl-.* jTi (t +1) + Tj ({-!)(({- + !)-.-»dt 

= (2r -1) j ” 6-»‘ t{t-l )n-i («+1 y,-i dt + (n - Tt) I "e-'" (< - l)'r-' (t + 1 y>-'-dt. 
Accordingly 

I ” e-“ t (t -1 )n-i (i + l)'.-r dt 

"" 27^ r ~ ' ir^ j ” f ‘* 

..(xxxi). 

Multiply both sides by VTr.'!!''~V(2'“^r(i/“l)) *'*'‘1 express the right-band aiile in 
terms of the iff,,,,; funotiona. We have 

{t + iy<r^dt 

Tl\e other solution o£ this equation is the Double Beasel Function /tj.t, (i). 


(xxxii). 
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The left-hand side may also be expressed in terms of (®) and 

?fTi,T,-x(®) as 

SO that we have 

from which a table of (») could be fairly readily computed. 

Next consider ®fTi+i.ra+j(®); we have 


!,(xxxiii), 


V'7r/n*'+^ f<o 

or integrating by parts, 

= r +1) (t + 1) + (T* + 1) (t - D) (i - l)'r (4 +1 )'■ 


adt 


= [(a-' +1)|”s-'‘4«-1)'>(4+ l)'.dt 

+ (ti-T 2) J“e-»‘(i-l)^(<-l-iy.dtj 

f/'’‘‘(‘-l)'‘(4 + iy*'i4 + 27;i^n,-.W .(***ivy 


s-r 

Again 


ftdt 


® j “ e-*‘ t (4 - l)n (t + 1 )'. di = - I “ (t -1)'. (t -I-1)'« 

= j”e~*‘ [(4 -1)'" (4 + 1)"> + In*(4 +1) + n4 (4 -1)) ({-1)^-' (t + 1)"«-’] it 

= I “ e-*' (4 - l)n (4 +1 )-. d4 ■(- ( 2 i/ - 1 ) I “ e"** {t -1 (4 -|- 1 )-. it 

■ (n- n) |”c-*‘ 4 ( 4 - 1 )''.-H 4 + 1 )'> 




-h (2n -1) “e“»‘ (t -1)'!-' (4 + ii. 


V'TT.'C’’ ^ 


Multiply both sides of this equation by 2 * V(y q. 

. f”.-*‘4(4-iy.(4 + iy.d4=^9f,.,.,(®) 

) J1 • ® 


2T(r-bi) 


r‘d4-)-®’,,_i,.,_i(«), 
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Applications of the Doable Bessel FunctwnAK-,^ , {x) 


and thus by (xxxii) 
2s 


“ 1' 97,- ,,.-s(^) + 7v a (.'i 

.(XXXV 

Henoc aubstituliug (xxxv) in (xxxiv), 

9fT,n,T,+i(‘'i') = 97,_j,,_i(a') -f [) 9!,,r,Oc) 

-(st-l) 97,-).,-it*) 


+r,’"7'^'-'’.. 


iii/+ ] 


Or finally, 




■n+>,,+iW-9<’n-a,n-iW = |' (l + 


^Ta\’ 

'V2i.-U 


97, 


I (•'■)■ 


.(xxxvi). 


7'liia formula rcduaos, when ti = t 2 . to the familiar lUid miicli Him[ik<r one 
/s:^i(a)-77,.i(.r) = |!;f,(a0. 

for the flaasol Function of secoiul order and imaginary urguiiioiit*. Hy mtuins of 
(xxxvi) \v(! express 97,+i,,,.n(»') in terms of 97,„,,(.r) and 97,j-i,,,,..i(,i:). Wo shall 
find it convoniunt to uan the symbol 2',i,,,(;c) in the following manner! 

W.(xxxvii). 

Then by (xxvii) if Y' => is (71 + 7 ») K and p = (7# - 7 i)/(7i + 7 »), 


and by (iv), 

5 = iilf(7i + 7s) 




\7l + 7!/ 


' 7» ) 
Wi+7a<^ 

Tf-’l 

1 

r(r,4-i)r(T,-n) 

f 7l i 

T.+l 

i 1 

f y% ) 


\7i + 7«' 

1 1 

Wi + 7a^ 

) 


-pj" J-V “ e-'"‘ («-1)7 («+1 )7 (it) 


’(Ti+l)r(Tj+l)v'7r “n.'.X' / 

= ,y,\ Y'Kj( fg'\ (xxxviii) 

a-"* ' ) ...(xxxvn,), 

vil), 

^=Jur^ (7r+7.)M imv Tif ■ '■ ^ 


or by (xxxvil), 


Hence 


(n+l)r(T,+l) 

The element of frequency is 

^dy=adr/i(7!i+7.). 


«rfy = Jlf (l-t p)7+i (1 _ p)n+ 


r»(a+l) 

r(T,+i)r(T2+i) 




Putting ri^T 2 = v — ^ we have 

M{1 - . 

* 'Wotson, Theory of Beaul Fimciioni, p, 79. 











Kabl Vkauson 


I'll 


wliioli agrees with the value given in Biometi-ika, Vol. xxi. p, 1H3, Eipiation (xli), 
if WH remember that we are here dealing with one-half the full curve, and that p 
i]iay be eitlier positive or negative. Sometimes one and soraotiines the other of the 
tsvo expressions I") ami ?’r,,T,(h") may be the more serviceable. 

Writing (xxxvi) in the form 

= I (l.+ + (^ - ( 2 V-’{)') 

wG may replace the Ijy the funebiona and find 




/, , 2a;(T i-T2) \ , 

Iv + lW'*' 4v’-l 


+ .,U^ 


. 


When we make ti« t 2 = y — this becomes 

'/'.«(*) = 2,> 1 

anti is idontioal with the formula (xliv) on p. 184 olBiometrilm, Vol xxi. 

(vi) In tho nn.xt place we may consider the differential coefficients of our 
funotiuns 

1 <Kr,.r, (tr)) = W - 2 , (t + 1)'. dt, 

anil tluis by (xxxv), 

= - a'. tr-‘ gf(st) (l - ^ tr' <Kr, ,,. (^). 

Thus 

.(xl'i). 

This roducoa to the familiar relation 

of tho Bessel /f-funetion, when Ti = Ta=v-'J'*. Tho oorrospoiiding voault in torms 


of 5fT,,T;(«) is 
d 


|(2’.,.W) = -2/_y ( 1 - )7W.n-rW- 


.(xliii). 




If ti = t 2, then 


dx 




* Wfttaon, Theoi'if of JiestelFunctionx, p. 79, Equation (5), with wi=l. 
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We may put (xliii) by aid of (xli) in the form 




;r d T,,.,, (.r) 


dx 


.{xliii hix), 


whence if ti = t 2 the result 


2r 


of Hiometrika, Vol. xxtv. p. 308, Eijuation (1) (Vu-ectly follow.s. 


(vii) The.se ruaiilts enable us to determitio the eijuation for the imHh- of llti' 
curve 

where 7” = ^ (71 + yO 5’^’ 

We must put rfr/tii'' or clildY'^O, whence wc obtain, if I'' curiosjKiiui t.« the 
mode, i.o. = J (71 + 7 s) where ? is the variate, v-u, ul nimii', 

or, by (jtUii), since r = ^ (tj, + tj + 1 ), 

p__nril! _ |i - .(xiiy,. 

^ Ti + Tj n + T, I \n + T,/) 

If we take ti>= ra, tliis agrees with a somewhat diH'eront nutation (p nogalii'o), with 
the result „ _ 

f' 2U(P') 

2i'-l yV(P') 

of Biotnetriha, Vol. xxi. p. 184, Equation (xlv). 

The simyilest form of the result is in the functions, namely 

Tj—Ta 4Tir* (P*) , . 

. 


Clearly if a Table he formed of or 5",,,wc ctm for every entry <>1 

n, Ta compute the right-hand side of (xliv) or (xlivfrw), and then by backward 
interpolation obtain p*. Since p always lies Betweon + 1 and - 1, 7, anti 7 , being 
(see Equation (1)) positive, we may have to find Y' either from CxUvbis), or from 
the equation 

^ _ TsyyTi _ 4r,Ti^ 

Ts'+Ti (T1 + T2)' 

as the ease may he. 




.(xliv ier), 


(viii) Tables to be oompiOed. Before it is jxisslble to illustrate the statistical 
value of the Double Bessel Function, it is needful for tables of it to bo computed 
Such tables will be calculated for the arguments n and tj proceeding by O’o. Iti 

• The euiiliery Table thus formed will oorcespond with the colufflM oatJtlcd ■■ p” on pp, 19S—20] 
of Bhmetrika, Tol. xxr. 
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order to conatriiot such tables by aid of the recurrence formulae of this paper rve 
need to compute fourteen primary values of or ST,,,The reader may 

be reminded of the following fundamental relations, in which K'^'i + ’' 3 +1) ■ 

JV„ri(®) = 25j r”(i(Ti + T,) + l) |i ■*■”(*-+ 

(^) - 2 - r (rr+ r,)+ T) 

see Equation (xxix). 

When Ti = Tj, V = Ti + i and (®) becomes (aj), the single T-funotion, wheru 

2'n+i («) = 2n+rf(Tr+T) 
and ifri+l (®) is the Single Bessel /f-funotion. 


(1) 2'-i,_i(®). 

r-i, -j (a') = /fo (a) = - K, {»). 

Kg (it) will bo found tabled to 21 figures by Aldis in tlio li. Soo. Proc. Vol. LXIV. 
pp. 219—221. 


(2) r-i.oC®). 

Take t —1, and we have 






or. 


7-},o(®) = a/| 


rs(l)V . 


(3) J’o,-l(4 


(®) = V® «■"* (i + l)"i dt. 

Put a'(t + l) = and we have 




F(J)« 

V27r 

'F(3)‘ 


■I, 


e-i'“ . 
a*/!8 v27r 




Here |(1 — 0 : 2 ^*) niay bo taken from the probability integral table. 



174 


(4) 7 0.0 (■■'•■)■ 


— J.rj 


{^) n.o(4 


'''i.«W=2!/2 r4) 

— _1_ ^ f 

J. ' 


2 c""*" 

^ r"U) ■ 


(fi) 7'o.l ('<■)■ 


7o, i ('*) ~ 2 ^/2 r^rj) 11 "* ' 

1 ) 1 ', taldiijf i! (H-1) = in‘, wo hnvo 

,,, , , 4V2ir . f» e-i“’ . , 

whoime uitegrafciiig Ly parts, 

2o,i(®) = p^(j) (2e-*V® + s/‘2Tr |(\ -%.,)i. 

(7) Wo may noto two formulae here which may bo of sorvioo; 

= 2.J+1 P'(}ti+T) 1, ■*■ 

iiiul putting a: (i +1) = u, wc have 

■^0,»a(®^ ~* 2ri+^ +i) J'l * '**^'^*f^*^ ... 

which thi'owH back the camputiug of on the 'rfthlejf nf tha luvumpUitt’ 

V-Functi{y]\, 


(S) Again 


1 


'I (£~ l)'irft 


■ 2'i« r^(4n+1) 

-J. 

-2'.+if»(jTi + l/ 


1 f«> , 

—— ..e"® «“"irtci'« 

Ti + 1 ) _ « 
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Thu.4 lA.-iy be e;i3ily computed by aid of tableg of tbe comploto r-fuacfciaii 

and Newman and Glaishev’a Tables of the Exponential. Putting in (xlvi)Ti = 0, 
we have 


7o,o(®) = as in (1). 

Putting in (xlv) tj = 0, we havu the siime re.sult. Again putting ti= J-, we find 

2V'2^e-"’ 

■ ’ 

which agrees with (.5). Once more putting ti = — J, wo have 


A.»W-2^2 r"(4)'' 


which agrees with (2). 


m / \ i (i) __ /tt 1 

,»(A') = «' = V 2 r^) “ ■ 


(9) 

'J'-h , i (•■«) = i'V j " e-» (t - l)-i (< +1 )i dt. 

Noiv Ka (a) = [V" + l)-i dt. 

or (ai) = j “e-» '(«- l)-i (t + 1 )“J dt. 

Aoourclingly ^ («)) = - j (4 - + l dt, 

and = ^(e-*7r(,(.n)) 

But* 


therefore 

2-},i(A') = iA(/fi(®) + Ao(a!)). 

(10) 

-')■ 

= e-'‘(f-l)i(t + l)“idt. 

Now 

(a;) = «-* |”c-* "-ii (t - 1)-1 (t + l)-t dt, 

or 

(Ko (ffi) «*) = -}” «■* (t -1 )*(t + l)'i dt. 

Thus 


or, finally, 

'd'i.-i (a) = (72i (») - /fc (*'))• 


To fiocl ^ (.'t;) and T :^, _j (®) we may use the values of Kq (») and Kt (^) provided 
by Aldis in the R. Soc. Froo. Voh LXiv. pp. 219—221. 


* ■\Vatson, Theory of BestelPuncliom, p. TU (7). 
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Aii 2 )lv;at{om of the Double Bessel function 


( 11 ) 

If Ts be a positive integer 


v f.A - ^ 

iO.rjV'*; — 2^V3. ["2 


(Its + 1) 

2r,+i 


f/**! f «® 

a«“ .. e-xMdt 
aa^« Ji 


grj-n r*(lTa+l) dffi’’* \ a: / 


If Ta = l, 

(12) 2\,o(,7;), 


— 

-2r.+lp(iT2+l)® 


V ^ 1! 2! 


+ ...+ 


r,! / 


..(xlvii), 


2'o,i(®)='«"*(l+2*). 

TT 


We have at onoe from (xlvi) 

7i,o («••) “ ^ e"* 

(13) 2'u(a'). 

7j,i(it') = (®) “ (®) = i«~''(I ■■t')' 

Sea BiometHka, Vol. xxi. p. 183, ftn. 


(U) TiA<o). 

Wo will prove first a recurrence formula of some sorvioo in tabiilivtiiiff Double 
Bessel ITunotions. 


T 


r,+I = 


1 an-i-r.-t-a 

2n+n+2r=(i(Ti + Tj) + f) 


(i - l)'i (1 + l)'a ({- 1 + 2) dl 


1 


X I j "(r»‘ (1 -1)'>+^ (t +1)’» (it + 21V" (t - l)’a (1 + 1)'» (1(| , 

.(xlviii). 

Put T] = J, Tj = 0, and wo have 

1 (*) = 2j[,o(.r)+ pf^j®7'j,o(!f). 

But by (8) 

(it') = 4^2 f 4 |) 272 r»(f) 

Accordingly (i + ») e-*. 
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We may rearrange (xlviii) in the form 

Put n = 0, T 2 ~ i, and Ave have 

2'i,i W = yo,i(®) - «2o,i (*)• 

But hy (7) 

1 ^ /f* \ 

where /' is the incomplete r-fimcfcion ratio*. 


Similai'ly 




Thus r., j (a!) = ^ If (1 - y'». (»)-»(!- 1\ (»)). 

The values of /' 2 »(|) and /'a*® must be found from the Tables of the 
Incomplete V-I'miclion. 

Wc may, if we jjloase, work from blic probability integral of the normal 
ourvo, for 


Hones writing ®(t +1) = i'«“ we have 

,n /..s 1 e"" 


|V«(«-1) (f+ l)i*. 


r, (^.) = -4 ^ f ” e-1- 

1.4^ 25r“C5)Jj.'» 2V2 

and then integiabing twice by parts we find 

'A i (sj) = (l - y) i (1 - ■ 

Having regard to the values of iro,_j(a.') in (3) and TD^^(a!) in (6) this may be 
written 

= g - ~ I'o.-iW, 

SO that 2i,j(a’) can be found from 

I 

* The BiTubol I' ia here ueoil to distinguiBli the integral ratio ■' from the 

f7i VTTh 

I e~^v^dv 

quantity I (n, = 1 ) ~ tabled in the work Tiiblee «/ t/ie Inoowplete r-Fu7iGtion, 1922. 

To obtain I'z(q} (cam thoao tables wa mual take u=sfq and 11=5 -1. 
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MISCELLANEA. 


(i) Adjustments for the Moments of J-shaped Curves. 


By W. PALIN ELDERTON, C.B.E., IJ'.l.A, 


Whou stLi-tisfcioa Gxpi'oasiblo by tho exponential ate stated in groups foi' eacli equal 

/2A 

subrange/i of A', the successive gi'ouiisarej dx\ j etc.; or 


etc. These terms uiny also bo regarded as a geo¬ 
metrical progroasioii*, the first terra lxsingyotr(land tho coraraon ratio It follows 
that if wo treat tho are.aa as a geometrical progreashm extending to iiilinity, calculate the momeuts 
on this asHUiiiption and read the result as graduated terms of a goometrlwil progression, we shall 
reach oniTectly gi'advmtod areas, and wo can subsequently write down tho equation to the curve 
with little trouble. 


Ollier iioints iLve however involved. Let us write tho goomotrical progi'C88ii.m as and put 
A =s(l -u)'“b then the momenta about its mean aro 
2nd moraout 
3rd „ 

4th „ 9i<-18dH10d‘^-yJ, 

and if wc work nut /Jj and ^2 we got 4 -i-A*/p 2' and 9-f A*//!/ rospoctively. 

Using tho oxpouontial, tho raomonts, etc. about tho mean am: ^3*2(r3, 

Hence when we calculate moments, a<wuming that tho statistics form a geometrical progres¬ 
sion, whereas they arc ronlly areas from a eurvo, and sock to choose tho type of cniwe from 
Pearson’s oriteria in his ay,stem, wc shall roach a persistent error. For this purpose tho and /Sg 
found from the statistics should bo i-educed by AVw- 

This rule can ho uaod as an approximation in all »7’-sbaj)ed ciirvos and will bo found to give 
satisfautovy results. 

So far we Imvo as.sumod that wo know tho start of tho curvo and that all tho bases of tho 
areas arc of equal siije, If this docs not apply wo con, iu tho easo of an exponential curve, fib the 
curve, excluding tho first (incomplete) term, and regard that term as related to an appropriate 
base extrapolated from the graduation of tho remainder. This ie an arbitrary arraiigomcnb but 
has practical advantages. 

In other ./-ahaped curves in similar ciroumstancoe tho first step would bo to assuino an 
exponential, to find therefrom approximately the base of the fii'st incomplete group, and then 
assume that the area is concentrated at tho middle point This will generally give good results: 
the asaumjitiou of the exiionential overstates the base and the aasiimption of half-way aasnmes a 
loss rapidly falling curve than the /-shaped forms of Types I and III. There is therefore 
a balance of error. 


* "Geometrical progression” is used throughout to deacribe a disorete series and exponential curve 
to describe a oontinuous one, 
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Miscellanea 


Turning to llm HtatintitMl siile, the esauiplc (in p. lOG uf Friupimcy Gurim and Condation 
givGH ^.,-'2-04ri, /di = 4'(52U, Thomi tiguren cnino from tliu vmmljuHtoil iimimMitw, ami 

(Icidiictiiig ‘dlJ from tlio ab(jv(i valneH fiit* /Bj tMul /^a ^ve roimh 4.'14 luui D’Ol. Tlio tluiorotical voliuw 
when iui expoiioiitial ovivvo in to lin used arc 4 and 0. 

If wo ivppl^’ tlio riilit as an apjmixtnmfcloii in (ithor tAHliaped onsos wo find that in tli« cxarapli! 
on p. 109, whore a twisted ./-.sbapt^d curvo in given, and tins 

ivijustinoiit leads to = '^27 and (J.>“ 2'4.12. Honcx) - 0 hG(;i mics - ‘ODB instead of - ’.'UIH. 

The tliGoretical cnfcevion would lead \ih to cxiiect fijBa- d3i 

Tlifiso cvxainpbJH are not, of coiu’se, coiupleto evidence, hut they show bliab the HtiggcHticjiv may 
lc;ul to aocurate reaults, (tnd it haa the tnorit of simplicity. The rule with regard to the adjust- 
incut of the /S’h by may he eomhiniH) vvitli the approximations given on p, lOfl of Fretjwawj/ 
Cun'oii and Correlation, where it i.s menkioued that the mean is ov'OixhvtiKl, wluni uj jk ponitive, 
by about B (T, and the Hceond moment about the true mean (i.c, the mean aa comseted liy 

/iV(12<r)) 5 h uiulorstated by about SincoffiM unknown, theaci quantities will he (sus they 

arc small) Vm'^ and rf . Ms'* In this form the dinienHioiis ate. tniunUined, anil wo hw. that 

l2/i; l2/i3 

the ilogrise of approximation is incaauml by If 4 bo tiikon itK a unit ami tlm muinente 

fimiid in toniw of A, i.c. in working unitH, tlio correctioim aro 1/12 ami iw hUiUkI In the 
workjiwbrofori'oil bo. 


(ii) Note on Mr Palin Elderton^s Oozrections to the Moments of J-curves. 
JiY K. PEAItSOX. 


Hr Bldertou has deduced Ida cnipirical rule from the exponential curve and HUggiiaUnl that 
ib may give good roanlts for all y-ouwoB. Hnch curvc.H include tliose of finite range, mill thuso 
having coufttiuitu fnr voinovccl from thoao of bho oxponeiitial curve, The simplii'ity uf the rnht is 
BO intriguing, that I tluniglit I must try it on one or two cnrviw far roumved from the iixiKiiiwnlial, 
th(3Bo curves having known (i'n, and coinputahlo .froquoncice. 

1 propiiBo al»o to compare the accuracy of the rosulte with moment con'ocliona hy other 
mothoda. 


Fini DiitribtUinn. 


ConHidor the curve 




'O'BOB+xry'ft 

,3*I93-/r; 


Tlufi is a Typo XU lAcurvo of Uraitod mngo, for x vuna ftem -Ci'HOR +(ITS13, nr tlur range in 
10 unite, with an asymptote at tho end of tho mngo. The curve is wliat Mr Kldrrhm lurinK a 
twistod /-shaped curvo, i.o. it riaos vertically at tho -(J'808 ond. We may write the curve in 
bho foi’in 


and ibs couatanM aro then 



Mean«7'fi, 


Wo nood not trouble abiiutyi,. 

Dividing the mngo 10 into 10 equal submngeu, wc find hy tho Tabla nf the. Jw.umiM>', 
Beta-Function tlio following frequencies for a total of 10,000: 


Subrange 

0—1 

1^2 

2-!t3 

3—4 

4—6 

5-0 

6-^7 

7—8 

H- !) 

frequency 

138 

267 

368 

468 

577 

705 

870 

11 Of) 

1540 
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liiking mftruents ftliout thfl centre of tUo group 705, I find for the cnido moments coefficients 
ri' = l'01G5, i.s'= 8'6977, r,-,'-25-{i030, ri' = 134'i»77, 
lending, after traiisferenco to the anida mean^ to 

.i' = 7-41fi5, na' = ri!)8-l7, ,* 3 '=-15-49847, ;i/ = 109-009,62H. 

To got g;,' positive wo olmiigo tlio direction of the asia of .t- and ineasm-o from the other end 
(if tnir curve, tluiH 

A-" = 2-')fi3rj, fii''=5*{)247, /x3"=10'4094’7, ^* 4 "= 109-669,528. 

;^2 

IVo have now to follow the rule and subtract 7 ^-^, a- from a". But wo do not know rr, and are 

lac* ’ 

/-- A2 1 

coinpollGd to use vu 2 "“2-434,071, Thua — t — ~ --'. whevGaa the true 112 would give 

12 V;*./ 29-208,852 ^ ® 

^^ = '033,333 ftb againab ‘034,236. 

The moan by Elderbon’a Rule is thus : 2'D49,lfl7. 

The correction is thu.s not largo enough; it would have been smaller still had we uaiid the 
true but supposed unknown cr. 

The frem the unadjusted momeuto ai‘o 

)3i"=l-156,141, ;32"=3a24,304. 

lilderton's Rule bida us subti-act Here wo can us© the corrected To ascertain this 

wo. must go back t (3 r 2 ^ = f)'6979 and subtract from it the square of the distance of’the oorrMtod 
moan from 5-0, i.e. (7'4IGC-0-5}2=(l-g]G0)2=3-(J72,972, to this we ai© to add Thus 

0-2=9 -5979 - 3-673,072 + *083,333 « 6 ‘008,261, 
ov a-=2-461,l76. 

Further, -106,4375. Accordingly wo have 

,3i'= *088,7035, ^2'=2-957,8G66. 

We can now collect these results and compare them with the values obtained by various 
mctliod.s. 


TABLE I. Results for Risl/rihution, Curve I. 


Character 

True 

Values 

Uiiadjustod 

Values 

Eldcrton’a 

Adjusimenta 

Fearae’a 

AdjuBtmentB 

Martin’s 

Adjuaiments 

Mean 

2*000,000 

2*583,000 

2*649,187 

2-499,070 

2*529,440 

Standard Deviation 

2*000,000 

2*434,071 

2*461,176 

2‘49f),079 

2-172,198 

ft 

1*000,000 

1-166,141 

•888,7031 

'994,249 

1*048,328 

ft 

3-000,000 

3*124,304 

2*967,8666 

2-987,067 

3033,464 


Wo have shown, how the values provided by Elderton’s Rules are obtained. Miss Pearse’s 
adjustments are given in Biometj-i^ay Vol. xx^. pp. 314—3S5, and in Tables for Siatisiicums and 
Biomeii'icians, Part II. pp, clxxxvii.—cevi, with the requisite Tables XXSVIII—XLI. 

* Mi-Elderton tells me he -would have used the utKJorrected >4', but this ie smaller thau the cov* 
xeoted fi^, and accordingly ainoe the j3'a are already overoorreoted, it would have inoveased the dis¬ 
crepancy. 
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1 have t<i thunk E. S. Mavtui for the arithmetical work, fii case any n^ader .sh«nilil (;an; 
to follow out tlic work, I giv(! liia uJiiof i-esuItH. Writing down the frciinoiuicH in ravi'rse ordju', 
we have 

= 7i.j=ln40, «:,= 110}), 7i4=K70, «r,==70ri, 

Tiii'iiiiig to Tablt! XXXVIII, he fminil for 
q^'Ay (7=’r», 

('learly q must bo taken jw -li. Table XU then gave the K'h witlmut interiiolation as 
A'l^ -2HM-:i02rj, A'a^2124‘0472. -17H3-fm7, A'(«=ll)3M:J2!). 

Now the lirsb frcf^ucncy was cxclufled, ajirl inoinentH taken for the rouiaindin' aboul. tlin .Hturt 
of the range of .second frcqiuincy r.^. lining the formulae, TtiHcs for \h exo, the 

valnoH 

;ii' = l'4Qn,!)70, /ia'=H*4firv10r», /!:,'= 47 •041,30(1, >i4'.-^=2b!)‘2rif{,-173 

were found. 

Ti'anuferred to the ooiiti’e wo obtain 

= 0’24ri,3n5, 104(02,703, mi = 1104(10,02^, 

and HO tr and tho ^I'h. 

It will bo noticed that tlio whole of this luornciit oaluulatiij" svork iniiMtalHo 1 k> ihuin when 
UHiUji Eldcvtou's Rules. But the (idjirntmcnts ar(» brhifor in th»! latter titan lonkiiig iqi q .iiid the 
A''« A-oni Mws Pcarwo's Tables. It will not as a rule Ikj reqniHito In iiiterpolatp. 

The last oolnrun of Table I givas bljo rOMults of Mr Martin’s not yet published uudhod. lly this 
mothofl thorn are two unknowns b) be pj-ovlmmly foutnl heforo conjpiitiiig the rnoiiKUitM, nanioly 
tUo degreo of tisymplutioity ixs delerunuod by Mina I’cam’s and furtlier t\u‘. p<wjH«ui the 
aayraptoto—lying in the first Hubrango-—is assumed to bo unknown, 'rhis iluubln ignorain'o 
renders ihc method lens exact than Miss RtKU-Mo’H which supposes the position of the osyinptobi 
known. 

It is clear that both the Poarso* and the Martin niotlnals give in this raHo more ainairatr 
rcsviUs than TCldorton’s. It. remains thou for the jiidginont of the individual tnvoHtigator to 
dotermino whether tlio incrcaaotl accuracy is or is ii<it worth thn sojnowhat iiiiirenHwl lat»o>u'. 

Second DUtriiution. Our first curve was one with l((W/j-vttlue.i. I tiiought it desirable lo Urkfi 
an extreme case in the opposite dii’cctitm, i»uiiioly a /-shaped curve with high ^-values. 1 sought a 
curve with ^i = T,0 and ^^=20, roughly, which would have fairly easily detoj-minod constant.-^, and 
of which the areas could be found without dotible interi«ilation into thn Tnhlcit of Un: lmionpl>'0' 
Seta-Functum. A Typo VI /-curve was taken with oquatimi 

100,001) xa*l 06,»0« 

.■ 

This gives a totid frequency of 100,000, with the following constants; 

Mean (frc»m.r«l)--036,714, <r=--ori3,:M2, 

(y|te= 11*206,807, igtt»21'«44,Oi3. 

By aid of the transformation 3;«1/{1 -^woeau ennvort the curve into an iiictmiplete/J/unuLit.ii, 
i.e, Bg ('hj 15), and thus find tho areas. But difiicuUies pi-csont tlioiuHiilves, if we ah* U> liav«; a 
workable uunibor of sub-froquoncicH. Tho ciu*ve is extremely loptokurtic, and if wr ctinfmo our- 
solves to the number of some 25 sub-frequencies, tho .subrango A mii.st lie of maguitiuln alKiut ’04. 
This causes about 72“/^ of the frequency to fall on tho first subrange, and them is a hmg tail 
wherein if wo only proceed by urrits of frequency ifc is difficult to know where exactly to place 

* TheTearee method would doubtless have eiven still oloaer- reaultK, If wo liad UKod, as we oUKlit 
alao abruptness ooellicients, at the far end o£ tlie range, whore the eurvo is porpendicular to tho x-axis. 
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them. To ;wl(\ to the cliffieuUies interiwltition liy asiial methods into the Tahles at 

the upiiei' end nf the ciii-i'e ia unsabi.ifactoi'y. After ccrtaiii modifications of tlie /3-functioii ha\'o 
been made*, iincl the first sub-freqnoiioj olieoked by iietual expansion, the following .system was 
nbtaiiied: 


a- 

Frequency 

X 

Frequency 

1'Ob—1*04 

71796 

l-48~l*52 

23 

l*04~l-Qa 

1 G 022 

l*ft2-l*56 

15 

1‘0H—1T2 

Q43B 

1-58—l-GO 

10 

1T2-1'1C 

3108 

1-60—1*84 

(J 

1 •16—1-20 

1600 

1*64—VOS 

4 

1 * 20 - 1 'a-i 

861 

l*68~-l*72 

3 

1.24_1.2ft 

460 

V72-V7G 

2 

1 •28-1 *32 

276 

V76—V80 

A 1 b 1 

l‘32-l*36 

101 

V80—1*84 

1 1 

1*36—1*40 

97 

V84~V88 

0 0 

1*40-1-44 

69 

V88-V92 

1 0 

l-44_l-48 

37 

V92—1-90 

0 1 


A tUKi JJ are two alternative sohcnios for the arrangement of the hiil. ]3ut they provide so 
little final ohaugo of sigtiificiuico when tried by tlio Poanjo method, that it is clear tliiit t))o three 
final units would have to be scattered far more widely apart than appeared rcuisonahlc to get a 
oloRor approach to the observed liigher moment values. As scattering inoroases the 0’s, it was of 
no iidvantago to try tlio Scheme 13, see Table II, with Klderton’s rules as they arc already too 
large. The reader must romotiihsr that with Po»«no‘» method wo neglect in the first place the 
first frequency and find moments about a?e*V04, but with Eldcrton’s nietliocl we find moments 
about a!s=l, T give the final results inTabloII without supplying the intermediate links, I may 
note that Pcarse’a q lies betwcou *4 and * 6 . If we interpolate for it, we find y*'478,7Gi). Our 
last column in Table II is given to indicivto wlwthor it is worth the hroiOilo of interpolating for 
f/ and the J’a. 

TABLE IL Results for Distiibution, Curve II. 






Fearse’s AdjusUneuts I 

Character 

True 

Crude 

Eldeiton’s 




Values 

Yaluofl 

Adjustments 

Sohmue A 
ff = *5 

Schenm B 
q='5 

Scheme A 
Interpolated q 

iMoivu frmu .v = 1 

■036,714 

■042,721 

•040,061 

■036,721 

•036,741 

■035,684 

«r 

•053,342 

■049,034 

■053,366 

■063,241 

■063,241) 

■063,296 

fi, 

U'20ft,B»7 

IS’874,089 

13*313,147 

!0'809,210 

10-832,106 

U)'7HI),903 

ft 

21'834,(H:i 

24*332,380 

23*770,636 

20*373,483 

20'4r)5,0ir) 

20'036,7r)3 


Eldevton’f* Rule gives the boat result for the standard deviation i', but tho deductions arc .seen 
to be insufficient in the caae of tlis mean and tho two 0 * 8 , when k forms so considerable a part of 
(T. should need to go to a higher approximation. Poarso’s results indicate that .wo gain 
nothing of real significance by interi>olatiug for q, a pi'oceas whidi of c<nu'so increases tho laboui' 

* I have to thank Mr £. C. Pleller for aid iu this matter. 

i His role would give a worse result for the standard deviation had he obtained a better veault for 
tliG mean. 
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of adjustment. Again, wo may note with aatisfiiction that Httlo dilVereiiGU in niado. by iiiciHaj^ing 
the scatter of the tail, or the problem of where beat to concentrate the Ifwt tail unit iu after all 
not of great importajice. Pcarno'H adjustments /or the third and fourth lumuentw give Uki 1<»w 
valiiGH for the hut, taken (ui a whole, for thuHo «fl well ix» ft»r the inoau they yield more 
aocximte rosults than Kldertim’n method. It w, of course, an application h' a niof-^t extnnue 
case, and there in little doubt that KldcrtouV method would give ilup^(^v(^d reaultH wuw. the 
corrective terina taken t«> ft higher approximation. Wo inuKfc not, however, forgot llmi it is prio 
ciHoly tluise <UHbribiitioM« which give an ovorwholiniiig froqueuoy in the first suhrango (incotiitia, 
house property, etc.) that oauHo the greatest trouble witli our gmliiatiori. For such eiirvcM A/tr is 
not ft very small quantity, and we cannot afford to rot/Un only the lowest power of Llio quatitity 
a[ipGaring iu fcho adjuHtuient. 


(iii) A Cteneral Expression for the Moments of Certain Syiumetrlcal 
Functions of Informal Samples. 


Bv a. n. GliAHY, M.ac. 


Iu a paper entitled “The iforaontM of the Distribution of Normal Hamphsa of JIwvKimsH t»f 
Departure K’om Normality,” II. A. Fisher* has dovoloi>od ft techiiiquo for tliu caloulfttUm of 
mouiouta of fuiictiouH nf the typo where 


« |u| 

^ j - * 


■ («-1) t» - a) iJ “ (n - i) in- i) 
etc.. 




..(0. 


''itli .(ii), 

and where the a?/ represent the measures of n olomonts drawn ivt riinclura fmm a normal universe. 
Fisher has given the exact formulfte for some of the lowoi’ moxnonts of and The 

object of this note is to show how these results may l>e derived by an alternftti^'e pn>ws6» and to 
write down a general formula for those momenta Iiv what follows, the momonta of the functv<uiH 
TJip/wis'’/® will be considered : the lower moments of the oorroapoiiding Fisher funotioiis cftn Uftsily 
be calculated therefrom. Sqvmro braokots, [ ], indicate universal arithmetio moan value , ftlwab 
a fixed origin, not about the wvmpling mean. In tbo present problem Lho univeml mean and 
standard deviation may ho presumed aero and unity rosijeotivoly, without loss of gtmorallty. 

First, ft gonernl formula for the moments of mp, oalculatud from sAmplea of n drawn fh>m ft 
nofinal universe, will bo caloulated. The method is that which C. O. Craig t has used to show li«w 
the aomi-invariants of motuents of samples drawn from any unf«er«« may ha derWatil aud by 
which ho hoe calculated the exact values of the ftrat four laoments of w»a ftnd . 

Craig’s method, as applied to the normal case, starts with the following identity in t ; 

.(iii), 


* Frocudlngs of fha Royal Society, A, 180 (1031), p. 16 *ej. 

t “An AppUoation of ThisWa Sami-Invarianta to the Sampling Problem." Jl/etron, Vol. vii, N. 4 
(1928), p. 8 seq. 
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from wliich it followH, Hince the are independent, that 

r.svn 

n I . 

npon aubHtitiitioii for tlie an given in (ii). 

It ia immediately evident that, in the normal oaae, [in/] is aero if p atul r are both odd 
nninbors. It will only be necessary to oonsidor the case of rp even. 

Now 

M=,^= i^ 

The means in the last expression can now be calculated by identifying the coefficients of 
on both sides of (iv): 

( 2 S-SU)! „ _ 1 


„ 1 *;’/ IV 

pri\...pr,] 2 «,=d\ »/ 


(2-*)> S.I=.»i' -2»i) .'i Kpr,- 2»,) 1 ■ 


..(ri), 


with 

Hence, from (v) and (vi), 


j rp’^Siy 


[">/]= 








a\ n) (j- 


zM}. s _ 1 _ 

*)l 2.2,a« »I 1 (jWl - Sifi) I ,St I (pi't - 2it) I 


..(vii). 


Fisher* has shown that in the normal case a simple relation subsists between the moments 
[/*/] and tlio [^■/M' 3 ^]* Hia method of proof, depending on the properties of differential operators, 
is somewhat complicated. The following method indicates the genesis of the rdationsbip. 

By ail orthogonal transformation of the original variables a?,, of which one of the transformed 

variables is S^r,, followed by a transformation into generalised polar coordinates of the 

v« 

remaining n —1 variables Xi, of the differential element 

\*/2jr/ iai 

it is easy to show that the moan Wi, the second moment wg (” P*t where p is tho radius of the 
polar coordinates) and the w-2 polar angles *ve all independent. Now it is clear that the 
functions upon transformation, are explicit functions of the polar angles only and uro 

thei-eforo independent of m^. Hence 

^ “ [S] . 

From the known distribution of 7»st, the last factor is as follows; 

.(i4 

From (vii)i (viii) and (ix) the required expression for [mp’'/ma»] can be written down at once. 
Tho property that and are independent may also be used to demonstrate certain 

simple relationships between two-dimensional semMnvariante of the type (w 2 , wip) when I is 
kept constant and k is allowed to vary. The probable existence of these relationships was 
surmised by C. 0. CraigJ from, the form of the lower semi-invariauts. The (?H 2 j given 

by the identity in a, /3 : 


J,^ama + __ 


S 2 8t 
pfc-H-i 


itUI 


..(X). 


* Op. cit. p. 37. 

t “ Student,” “ The Probable Error of a Mean,” Btometn'fca, Vol. vi. (1908) p. 1 aeq. 
t Op. cit. p. 01. 










186 


Mise.cllaMa 


Th<* iirrit to.i'in may ba wntteu 


II 


witli 


i/,,- [»>»„■]='■^^1/*^ I* (VI. 


aincc mid arc ji)dci.)endcnt for nonual wwiplcM. Hciiue, fituii (ix}, 




‘ X ['Vl> 


from wliiclj it MIhwh that, if a is sc anialt that 2a<H, 

. 

ExiiaiKlinjf ibo Uigavithmio and bimmiial icrnis in the Gxjionoiit <if tlio lft«t mul 

oomiiuriiig the cnoiliciciit iif n^/SI* with Uio cori'ospmuiUig cooincioiits in tlie sevond aide i^f (x), it 
will Ito Hcoii that 

1 , 

«. . 

ThcHO vcHults arc iu agcecaxcut with Umikc for ni,,), 4 /»0j 1 * 2» 3,4 and 4, from 

wliich Oraig Hurmisod fciio general rosiiltfi given nt (xii). 




(iv) A Statistical Study of the Daucus Carota L, 

liY WILLIAM LOWELL BATEK 
(Univerfiity of Miuhigan). 

The object of this article is to cora)[>aro two swoplos, oaoh of one thousand, of the Wild Onrmt 
ttvkou A'om the roadside in Michigan and Indiana. The witni^ilo frcmi Michigan was Liken nwir 
Anil Arbor during the Hummov of ld30, while* that from Indiami was taken near Torix} ilanlo 
during the summer of 1931. 

The Lauous Carota, or Wild Ciirrot, is a weod which grows profusely over tlio north-imatorn 
and north-central parts of tho Unitoil StatiM. I have found it growing in Michigan, Indiana, 
Kentucky, West Virginia, Virginia, Listriot of Columbia, Marylandi Delaware, Pennsylvania, 
Now York and Ohio. This planfc'is from one foot to iWo or six feet in holght and hiw its tlnwers 
arranged in umbols. At tho ends of tho tall and rigid sterna 01*6 enlargomontn or kiudw fniin 
which flowflr arms or rays grow. At tho oud of each ray is a compcisito flower mado up of wmiy 
tiny white flowers of different sizes, The entire infloroaoenco conUilriiug flower anus with their 
flowers is from one to four or firm iijchea in diamotor and as a whole reaenibles delicate white 
lace. Tliis i-eaemblunco is no doubt the source of tho name Queou Anne’s Lace. Around tho knobs, 
at tlio enda of the stems, grow tho rays which are in rows, there being more rays near the base. 
Elower arms at the centre of the cluster are much ahortoi' than tho athora and contain few 





Plate I 


Biometrika, Vol. XXV, Parts I and II 

Simly of thv. iMimm (Jarota L. 



Daucus Carota L 
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Howki'h which are Hometinios j^vink and imvple. The ivccompanying Plate I showH a flower cluater 
and alfsct a clustor after the raya have turned inward and the aeeda arc maturing. 

lioneiitli the bottom row of the flower arms are found green bracta which rosomble Kopala. 
They are .sloiidor and are iimclo up of pointed branches which vai’y in number from one to Hoven 
or iiioro. TlicHO iiranched leavoa hug close to tho lower rays while the duster is young, but grow 
downward after it reachos maturity. 

The following prcaoufca the chief charocteriatica of the diatributions of the number of bracts 
from both Hamplea and also those for the disti-ibution of the number of flower arms. The aigni- 
fieance of the means of thc.se distributionB arc dotermiiicd, together with the linear correlation 
hotwcGU the number of bracts and tho nmabor of rays for tho sample from Indiana. 

1. Chief diaracteriatica of tho distribution.s of bracia. 

The following tables give the frequency distributions of the number of bracts from the 
aaniplos from Michigan and Indiana. 


Humber of 
bracts 

Michigan 

Vrequencios 

Indiana 

Prequencies 

4 

1 

0 

5 

7 

0 

0 

8 

0 

7 

41 

0 

8 

303 

08 

9 

224 

143 

10 

140 

159 

11 

127 

205 

12 

03 

201 

13 

52 

189 

U 

1 

3 

1C 

2 

2 

10 

1 

0 

Totals 

1000 

1000 


Moan . 

Mode . 

Median 

Eango . 

Standard deviation 
Skownoss. 

Signiflcancio of moans = 


Miohigan 
9;463 bracts 
8 

0133 „ 

13 

1-71016 „ 

00007^2 

DifTorence of Means 


Indiana 
10-8B7 bmeta 
11 

10'9S5 „ 

8 

I'OlblO „ 
-0'215047 


Probable Error of Di^reneo of Means 
27-88 


The two distributions differ in several ways. The range for the sample from Michigan is 
13 bracts, while tho range for tho Indiana sample is oight. There wore no flower clusters on the 
Indiana plants which had less than eight bracts, while thei-e were 57 plants from Michigan 
which had less than eight bracts per cluster. Moat of the olustors from Michigan had nine ov 
JesH bracts per cluster, while most of those from Indiana had 11 or more bracts; yet there vas 
one cluster from Michigan which had 16 broots while the highest number from the other sample 
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wn« iri linwtfi. 73*4 per cent, from Michi(?im liail 10 or lets hmctH i>cr climf^Ji', uhik Tfr!) [^ercciit 
from Iiiduina bad 10 or more bracts iJer uluator* 27’0 iwr uent fnmi Michigan bad 11 or ihor« 
^Tbile 00 per cent, from Tudiaim Inui 11 or nmm. Wl eluatei-K from Michigan luwt 1^ nr nmift 
l>racta per duster, wbile 194 from Indiana bad Ifl or more bractw per duster. 

A very good idea of bow thase two diutributioiiH differ m Jilwi umiijfesUKl by skcvvnc.'iw ; that 
for tlie Michigan aamplo wiw plus ‘.ItlOVOsS, wldln that for Indiana was mimm ■‘iiratlT. Om tlintri- 
bution is skew to tlie right and tUo other is nkow to the left. 

Iliatograms in Diagram I help the eye. to cliatiiigniNh tlieso difTowsicfea to wuno exUu»t. 



The signiftoance of the means shows that the two samples wore not the result of random 
sampling, The probability that one moan would differ from the other so much HUggojsta that it 
is almost impossible fur these samples to be taken from the same parent population at random. 
This significance is nearly 28 times the probable error of thodiftbreiice of feho mimne, which Hhows 
clearly that the samples are not oonsiatent with each other. 

2. Oharacterietlcs of the distributions of the flower arms. 

The following table gives the frequencies relating to the flower arraa in the clustors of the 
flowers of the Wild Carrot. 
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Number of 
raya 

Michigan 

FreqrionoieB 

Indiana 

Prequonciea 

Number of 
rays 

Miobigan 

Frequenciefl 

Indiana 

Frequencies 

13 

1 

0 

53 

14 

36 

18 

1 

0 

64 

18 

53 

20 

1 

0 

66 

10 

26 

22 

3 

0 

66 

17 

60 

23 

0 

0 

67 

6 

37 

24 

7 

0 

68 

4 

31 

25 

0 

0 

69 

g 

20 

26 

11 

0 

60 

4 

41 

27 

19 

0 

61 

1 

21 

28 

24 

1 

62 

2 

28 

29 

22 

0 

63 

5 

12 

30 

36 

4 

64 

0 

17 

31 

28 

0 

65 

3 

3 

32 

41 

4 

66 

1 

22 

33 

32 

4 

67 

0 

13 

34 

36 

7 

ca 

1 

17 

36 

40 

3 

G9 

2 

14 

36 

45 

5 

70 

0 

9 

37 

33 

6 

71 

0 

5 

3fi 

48 

22 

72 

0 

8 

39 

36 

9 

73 

0 

4 

40 

67 

28 

74 

0 

7 

41 

36 

13 

76 

0 

2 

42 

40 

34 

76 

1 

0 

43 

30 

23 

77 

1 

2 

44 

34 

35 

78 

0 

2 

46 

34 

17 

79 

0 

1 

46 

34 

36 

80 

0 

4 

47 

23 

22 

81 

0 

2 

48 

26 

63 

82 

0 

6 

40 

21 

24 

83 

0 

2 

60 

33 

44 

84 

0 

2 

61 

26 

44 

89 

0 

1 

52 

10 

49 

106 

0 

1 




Totals 

1000 

1000 


Moan . 

SUnclai*d deviation 

SkewnoHa . 

Probable en’or of moan 
SigniflcanoQ » 44*71 


Michigan 
4{)‘512 f. arms 
9*1880 „ 
•3795 

•1933 f. arms 


Indiana 
63*609 f, arms 
10*1214 „ 

•6142 

■2162 f. arms 


The moans for the above distributions show clearly that the plants from Indiana have larger 
flower oluHtors on the average, which could not be detected by the casual observer or detected as 
one sees the plants along the roadside. In appearance the two flower clusters seem to be alike. 
There were no clusters from the Indiana sample that had 27 or less flower arms, while there were 
58 from the Michigan sample. Tbevo were no cluaterB from Michigan which had more than 77 
flower anas, while there were 20 from Indiana which had more than 77* There were only two 
clusters from Michigan with more than 69 rays, while there were 63 clusters from Indiana 
with more than 69 rays.- Two-thirds of the distribution from Michigan contained lets than 
46 rays, while eight-tenths of that from Indiana contained 45 or more rays. Only 66 clusters 
from Michigan had more than 56 rays, while more than one-third of the sample from Indiana had 
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more than hf) I'ayH. Mui'o than ninis-tcntlia of the diatribiition fi’ooi Michigan lies below the inccan 
of tho Iiuiiaua cliafcributiuu. iloi’o than iiino-tontha of tho diatriVmtiou iVoiu ludiaua lies above 
tlio nicyin hii’ tho Tklichigan diatribubion. 

HiatograiiiH in Diagram II show cloavly how tho diatributioiiH cUftbr, os to range, means, and 
tho nabni'o of tho fliabribiitioun at tho ends. Tho largo frequencies of the distribution from 
liiiohigan Liori'e.siM)nd in a measuix) to tho Hinall froquoucioa for that from Indiana and muc varaa. 
Tho two distributionH nearly coiTJcido at 44 and 47. Tho facts that have boon stated show oloarly 
that tho Indiana plants produced larger flower cliistoi« than fcho plants from Michigan. 

Tho significauco nf tiro uieana ia 44*71, which certainly shows that the two samples were not 
duo to random sampling from the aamo parent jKjpulation. Just why these samples differ so 
widely I cannot say. 

Tlie Table on p. 189 shows that tho frcqucncLca for oven numbers of flower arms aro greator 
than those for odd numbers. This is true for tho clusters from Michigan and ludiaim. Tho 
fact is well oxliibitcd on examining the bisbograniH on page 190. l''or tho Indiana samplo tho 
frequoncioa for tho numbers in the firab lino arc found in the second lino. 

37, 38, 30, 40, 41, 42, 43, 44, 45, 40, 47, 48, 49, 50, 51, 52, 53, 64, 66, 56, 67, 58, 69, 60, 61, 02 

5, rif;?, D, an, 13, -74, 23, .7.7, 17, 77, 22, .75, 24, U, 44, J,9, .36, 77,' 26, BO, 37, Si, 20, U, 21, IS 

This rise at the ovon nuinl>orH and fall at the odd number can bo easily seen by oxaiuiiiing tho 
froqucncy polygons of original data. Hiubogiums in Diagram II show this very oloarly, In tho 
largo majority of the cohos the froquoucioa for tho ovon luimbcra arc larger than the froqueucioR 
for tho odd. Tho sum of the froquonoics for tho ovon imniburs ia 610, while tho snin of tho 
frequencies for the odd iiumljcm is 390. 

Just why there arc larger froquonoics for tho ovon numbers of rays I cannot way. Tho fact that 
this plant is a dicotyledon may have something to do with it. Botanists perhaps can explain this 
phenomenon. 


HIEQUENCY cf FIOWER Uv qiWPS of HVE5. 'WIID CftRROt 



Bisgraiu XII, 









.192 


Miscellanea 


Dividing tlie in(«» gnnips of twew dcua imt rotnitvc nmny of tlu'. irrognbiriticH 

vjuifiod by tlm pi'fidtiiiijiwnuo of the pljuitH with <sven numlwrn tjf flownr arniH. (Ircniiiitig by 
tliroc« oUiiiiiiiitCH nhiMwt all of the irregiilariUt^, yet giv(W distrilmtimiH with two niminM, 

1II iJijigi'jLiii ni tlio two wtrioB nf data ai'p dividfitl gnmpf* of Bvuh. In (tneh ww<r a TyjHi :i 
curve Ijan been littcd to the clabu Tho folirwiiig table jirewMits the ihihi in KroMpM of lives 
togotliei' with tliu freriiicueics fi’om the I'yjJO III curves. 


Observed and cimiputed Frequencies of Hays in Clusters of the Wild 


Olnsm-H 

Ftc<iutinny for Michigan samp^ 

Frequency for Indiana satavlc i 

Observud 

Comimtcd 

Observed 

Computed i 

! 


10 U 

1 

-.1 

0 

i 

Ifi -JO 

1 

.3 

0 

i 

20.24 

20 

24 

0 


2.1- 21) 

86 

78 

1 


30.3-1 

173 

100 

15) 

12 ! 

35^39 

301 

216 

41 

S3 1 

•10.44 

1D6 

204 

133 

123 

.115 4« 

138 

lfi4 

1.62 

ISG 

f>0 -14 

no 

HU 

2.30 

lOrt 

5fi-ri!j 

64 

46 

IIM 

lUH 1 

00-04 

12 

18 

ini 

lIH 

Of)-. 00 

7 

0 

7-1 

72 1 

70--74 

0 

2 

3J 

.1H 

73-75) 

2 

1 

13 

IH 

eo-84 

0 



K 

85-851 

0 

— 

1 

S 

105-105) 

f) 


1 


Totalw 

1000 

au«'3 

1000 

lODCl 


• flwftter than &9. 


Thohistngmms for the dlMtribuUoiw in groujw of fives Ingethot' with Iho corroHjinnding ‘ryi»e 111 
onrvcH again show that tho plants from Iniliatm proilueo fl<jWBr ohistorK witii a larger nuinVKsr ol 
I'liys. 

Tho Typo in com Jits tho Miehigmi wMopl© liotler than a Ty)»o III curvodiK’s Uui ImHaiuv 
sample. Tho tall ctiiuiim near tho rooim no doubt ciwihoh thin poor lit. 

3. Corvelfttiou ooo{Rcl«\t betwoeo bvivota mwI Ya,ya. 

While oxaiiiining the olusters the quostioit arose as to wliofclior oUiKtoj-s with a [lUxe nuiuUu' 
of rays also liod a largo uumbor of biuots. While counting tho rays mul IsvacUt, vUwtaw wuro 
found which contained 13 bracts and 46 rays, ahw otUere wove found with 13 bvactw and Hsi ray» j 
also Boino with oight broobs and 30 rays and othow with eight braefca anil GO my«. Tho con-ela¬ 
tion cocfiiciont was confiidured to \)e answer bn this question. Tlio ?wir.siin liiionr con-ohaiou 
cooffioienb between the number of bracts and tho number of flower arms for the sivniplc fruiri 
Indiana is 

r=-e34t. 

t ‘630, if Sheppard’s eorreotions be used for the standard deviations, 
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Govvalatioyi U'tible, Flower A.rfns and Sracte, 


Nviiiibor of Ilfivvci’ arms jwu' clustor fi'om fiamplc fvoni Indiana 
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3 
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2 

8 
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37 

38 

37 

20 

9 

8 

_ 

_ 

189 

Mi 

— 

1 

1 

5 

21 

41 

48 

40 

25 

8 

3 

6 

1 

1 

251 

11 

—. 

2 

;j 

10 

29 

06 

48 

28 

8 

2 

_ 

_ 

_ 

_ 

205 

lU 
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3 

13 

.31 

29 

49 

22 

10 

1 

1 


_ 

_ 

_ 

169 

u 

— 

4 

14 

30 

42 

32 

7 

1 

2 

2 

_ 

_ 

_ 

_ 

143 

h' 

. 

1 

J) 

13 

37 

23 

12 

2 

0 

1 

— 

— 

— 

— 

— 

98 

Totals 

1 

10 

44 

133 

lfi2 

230 

164 

119 

74 

34 

13 

Ifl 

1 

1 

1000 


This ooolficioiit doas sliow ilint thoro ih a rntVioi* doHiiito relation bofcwoen the mimbor of bracts 
aud tho nvxinbor of do\ver arum x>oi' cluHter. Thia means that on the average oluaters with a small 
number of bnvetH will also havo a small mmibop of flower arms, aiid those with a largo number of 
braotH will on tho average have a'largo number of flower arms. On examining the data it was 
soon soon that there wore only throo clusters with eight bracts which hod more than 54 rays. 
XhoTO wore two wliioh lia<l 15 bracts and these had 70 or more rays. Moat of tho plants with 
eight braote contained 44 or less rays per cluster, while must of tliose with 13 bi’ucts contained 
CO (jr rnoro rays. The above table shows how tho clusters wore distri butod for the number of braote, 
The followiiig equation, obtained by tho method of least squares, gives tho regression straight 
line of number of flower arms ou bracts: 


y-*10-605+3*061»*, 

whoro ^ reprosouts the mean uuniber of flower arms in ti)e c\ii’ve and as roju’eseuts tho number of 
braats per cluster. This line is plotted in I>iagram IV. 

Tho folloNving table gives the average number of flower arms per cluster for the respective 
number of braota per cluster. 


Number of bracts 

Average nambsr oi rays 

8 

43-22 

9 

46*60 

10 

49*08 

11 

63*27 

12 

68*62 

13 

62*19 

14 

07-00 

16 

77*00 


These points have been plotted in Diagram IV and lie very close to the i-ogresgion straight lino. 
The correlation of *624 is far from perfect oori*olation yet ia much further from no correlation. 
The above shows that the plants with a amaU number of bracts also have a small number of 
flower arms and the plants with a large number of braota have a large number of flower arms. 
The above table shows that the average number of rays for all clusters which had eight bracts 
was 43‘22 rays, eto. 

* Por number of bracts on flower arms the regression line is 2=:6'd97 + ‘0988 ij. 

Biometrika xxv IS 
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R£(^RES5ION LINE of FLOWER ARM5 

-per CLUSTER on NUM-BER of BRACTS. 
^ WILD CARROT 

Ecruoufclon -bo IlegressloTV Line 

y=l0-505 + 3-9013C 



S 10 W U 13 

Nu.mb«r of Bt^dcfes. (x) 

DbgiAm IV. 


The aliovfl study was raodo bo show that imtiiral pliouomonA in^y Iwi KtaiiHUwilly tn 

a groat advantage and that this type of study brings out many interesting dctatls n^liich iniglit 
bo overlooked. 

yoeds which wore t^vkou from tho two cnvironnioiits have been plantoii under tho a^imo ron- 
difcions in the Botanical Gardens of tho Univoi’HUy of Jlichigjin. J^nililoH uf ouo thoiuwuKl will 
again be compared. The oxporiraont may extonil over soveral years'*. 

Tho following table gives tho nurabor of floM'or arma por brtvofc for tho tuunpla frtjia Indiana, 
for the plants with 8, 9, 10, 11, IS, 13,14 and 13 bracts I’oapoctivoly. 

A,vovtmo nnnsbar of 
flower arine j>«r bract 


ants with B bracts 




frlfl 

i» f) ^ >1 




TrlH 

M „ 10 „ 









4*H4 

11 j» 12 „ 




4-87 

)» )j ^*1 >j 




4'78 

i> »j 1-4 » 




4'70 

!} 3 , 13 ,, 


... 


6'13 


* M. K. Pydaraebobac has atudiefl this problem. JhilUtlK of Applied Ilolduy of Ofnetica o«d BlaiU- 
breeding (BoBBian Journal), Vol. xxvi. 1981, pp. 194_962. 
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Thia table ahowa that foi’ blio plaufca with csrtaiu luuuborH of bvacta tho numhev of flowev 
anna nn the avomgc ia about five flower anna per bract. When all the flower arms and all the 
bracts wore considored the iiumlior of flower arms per bract was 4‘93, which is on the average 
about fivQ. 

When all <»f the flower ariiiH and all the bracts wore considered for tho Michigan .sample 
the number of flower arniH per bract wjw 4’28, which show.s again that the two samples differ 
widely. 

(v) On a Property of the Mean Rang^es in Samples from a Normal 
Population and on some Integrals of Prof. T. Hojo. 

By Puoif. V. BOMANOVSKY, Taahkend. 


Studying the paper of Prof. K. Pearson “ On the Mean Character and Variance of a Ranked 
Individual and on tho Moan and Variance of the Iiitevvala between Banked Individuals” in 
Vol. xxiir. pp. 304—307, I diaoovared a projicrby cd tho mean ranges' in samples 
taken from a normal population winch dc-servea aoino attention. 


This property may bo foriuulatod m follows. 

aam-yL- [ ...(I); 

v2n- J —« 

thm ty,„=2m .(2), 


ropresmtiiiy the mmn fan^a in of »m m, from an infinite normal population loith zeru ua 

iMun and unii^ as vurianao^ varifUt identically the relation 


4Tn + 2’" Avi ^ 4m-’2 




c,''- 


_! \ 

rr(»j-’A)!/ 


.(3), 


for m=l, 2, 3, 


Tho domonfltration of this identity is very simple. 


Let us introduce tho quantity 

2ot+2 J t) 

and consider the integral J .-..,.,,,,,(4), 

From (])'WO obtain a**i4- f 

^ ' \-27rJo 

putting L 

and, therefore, a*”' (I - 0 *)’”*= +m^)’" —«»)’" “ (i - 

is an even function of x. Now 

and it appears at once that 7„, as tho integrand I'epresents an uneven function, is identically 
zero: 

But, from (4), 


-i: 


xa^'^dox — C„t^ 


A»*o. 

xa*'» + ‘ do* +...+{-1)” 




18—2 
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awl WB H(!C| rouiwiil>c‘ri»K the cliiliuitioii of that 

SwU-a " 2v/i + 4^ ^Hi+0 Iw l-a 

([. 0 , il, liccjuwti this is w»ly a slightly dlffcrotit folin of {3). 

We way rcmai'k that (f») may Iks writUii in the wmihiiiw^l Otiu 

d*X„«0 .. 




This relation nin hn upjjliwl to tho rcnticBtinu of tlm tahles ‘’f >r^ calcnkU**! hy Mr Tijijs'U. 
Another apjilicjifcinn is tliia: for tho caluilatioii of we umi only l4' i-alfiilraU" dimolly 
^ii ^ 3 ) kfi,fttrXa, X 4 , Xfl,... wcahall find from 

Xj —Xj*0, Xj—SX jAXj^O, 

Xg-^SX^ -I- 3X',—•Xg’™!!, cl<'. 


n. 


llavhig tlinyovcrwi the relation ('*), I naturally triwl to find wimilnr rt'Iatioim for tl«* integrals 
5", 7, R, A, K of Pmf. T.-lI«jo (Jtwmetrika, V«l. iirtm i»i». .ISf) whielj,«« it l»d asunrwDy 
MUpiJosed, I'cqnirod much Inltorioun calculation. Now il (-un In') ahnwn that thia work cxmhl fa* 
iwlueed to a half owing to aome aimide rcewrrunt rclatiituH kiiweeu Pr»»f. T, Ilojo’a integrak, 


Tho intogials in qiicHlioii are obviously of tW4t tyjs's .• 


.■fnx 

iC7?i 


whoro «j»l, 2, 3,,.., y»>0 and jraro any md laiuihoni. Foralwplicity we «lmj| ciunuta them w* 
7/n, and ermi ouiltting other indicos which will bo avippoaod given and uoualAtiU. 

Let U8 tako tho first of these iiitograls. 


Womay write 

“ 4 (1 “ a*)*"+(i - !***)«• 

As Us is nn imoveu function ofwe must have 

j (i - w,*)" a* « 0, 

and therefore 

-«,)"«■ x'lto, 

or, Oipanding both integrands by Newlou’e tlioorem and inlegnitiiig t«m> by tmn, 

I+ .{«), 

which may be writtou also os ...... 

This tolitioa is well voriBod by the inlograla T, I, S end X of Prof, T. Hojti, -whieh eliows the 
exaotnosa with which those integmle wore calculated for Table I of hia patiore 
Quite similarly, starting from tho identity 

e,“ (1 - n,)" «i.=i (tj, _ »,i,« 

whore M^^a^-4, we find 

+ + .(gji 

A"e'„=^4"fl-, (m-1, 2. 3,...) . 


or 
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TliP. rolatiiiii (S) shows that //,. U^, 74, //„,hoiiig known, we shall have Tfj, //j, B„ ... 
fi-oili (fl). And when all tho IPs ore c.alcnhitcd, we need only to oalciilate directly (7,, ffj, ffs, ... 
hi oi-den- to liavc 6'u, ... from (D). 

I Bliall coiidudo with two further rclrttiona which ciin be of use. Let 

m Hiid n hi'ing any poaifcivo iiitegora and p any poaitlve real luimber. Wo iiasily find tho relations 


. (U)), 

.( 11 ), 

the fliirovoncea being taken in rcapcxit to m. 


Evidently many rolatioiia of tho typoH considered in this note oan be established which will 
lie useful in rcHoarclies like those of Ib-ofcssors K, Peni-soii and T. Hojo. 


(vi) Note on the Shrinkage of Physical Characters in Man and Woman 
with Age^ as an illustration of the use of P Methods. 

JlY PAMELA 0. V. LESSER. 

It js known tluvt when large aorlos of mcasuromoiits arc taken on adult men and women the 
ohiof pbyBicnl obavaoters tend sensibly, if but slightly, to deoroMB with age, and further in Stature 
and IJraiU'Weiglit this fliirinkago appoora to bo greater in woman than man*. This shrinkage is 
too Blight to be adequately dotennined on uhorb RcrieSj though even thoi’O it will hs found to 
exist, Tho prosont note is not infcentlod either to xrumuvo tlie relative shi’inlrago in man and 
wutnaii, or to dotormino whether they aro really duo to the sumo causes. Its purpose is to 
iiirlicato on com]jaivvtively firnall Kaitiploa bow it would bo possiblo on more numerous data, to 
luiswor tho problem of whotlior shrinkage in physical charactora enn bo attributed to the aauio 
HOt of causea dieting with tho aamo intciiaity in man and woman. 

Conaidoring first only Brain-Weight and Statujxj, I have taken my data for tljo fornior from 
racasuromentfi on Bavarians of the two soxost, choosing tho ago of 20 years as clearing the primes 
of both, and as the graphs of brain-weight indicateJ. tho start of a slight but continuous shrinkage. 
The data for stature were taken ultimately fmiu Rotrius’ “ Uober daa Hirngewicht dor Sohweden,” 
J3wlo<jischc Untmuchungan, N.F. Bd. ix (1900), but I have used the tabulation provided by 
Pearl g. Thoi’o wa-s no occasion to adopt the aarao j’acos for ilio two investigations, and it would nob 
have boon feasible ki do so as statures to agos were not given for tho Bavarians in Pearl's paper. 
Pcaranu's cliagiumNl) for stature and age indicate that abrijikago with ago begins about 20 yeai-a 
for both sexes. 

A. We will oonsidor in tho fir.sb place Brain-Woights. 

Here for men tlio moan braiii-woight of tho younger group is 1364’05, and of the older group 
1347’67, showing a shrinkage of 16*38 grs., which could not bo domonstrated as aiguificant on 
these numbers. 

* See K. Pearson, “ On our present Knowledge of the Belationahip of Mind and Body,” Annals of 
^igenics, Voh i. (1926) pp. 387, 390. 

t Bischoff’s data from DaA’ G&hirngeioicht det Mensohen, .1880, as tabled by Raymond Pearl, 
Siometrika^ Vol. iv. p. 100. 

t Pearson, loc, cit. p. S90. 

II Loc. cit. p. 887. 


§ Pearl, loc. oil. p. 88. 
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TABLE I. lirain-Wdijhtafor Age Oroupn in Bamrimm 
Men (weight in grmns) 



ifino- 

116(1- 

1200'^ 

1260- 

laoo- 

1350- 

1400- 

1-1.60- 

1600- 

1000 


Group 

1149 

1190 

12J9 

1299 

1840 

1890 

1449 

140‘J 

1599 

iiioy 


no - flo 

•1 

S) 

16 

'27 

2.5 

35 

S2 

U 

9 

0 

101 

20—IS) 


7 

38 

47 

no 

78 

64 

34 

31 

U 

;ifJ5 




Women (weight in 

grams) 





}^00- 

960- 

1060- 

1100- 

11.60- 

1200- 

1360- 

1.900- 

1360- 

1400- 


Group 

049 

104SI 

1091) 

1149 

110!) 

1240 

1299 

1349 

1309 

1.199 


no -80 

li 

(i 

8 

10 

11 

14 

U 

3 

0 

1 

8.5 

20-49 

0 

2 

14 

22 

46 

54 

65 

S3 

13 

in 

238 


Fill' tbo wniiiQM fchc younger grciup hfw a moan <>C 1244*R« and tim oldnr grou]> mm of 1 iBII'ai, 
indicating n nhvinkago of ?)fl‘07 gifl.i a larger am*HU»t than >u tho rnmi of the men. I^ojUing llrnt 
with tho men, 'vo may Buppoao : 

(i) That tho pM'Oiit pnpulation (from which wo cctnmder botli samploH to bo clmwit) hn» it« 
i-elativo frequunoSets given by tbo huiu of tho coIumnM. 'Dio corrofliKindiiig v^Uuo of Jh 

/>•« H,' \* • 

, c UV“iVV 
V A'+A'~«r+w7~ ’ 


whoro A iukI A' ivto the hi'wss of tho two ijau\p1o&, anti n,, 11 / tUo oorrt'ai>o»tUng f««ivmnoiOH in 
the afcb category. Wo find 

Ae in our ease wo have t&kon 10 oatogorios wo have 


= •462. 


(ii) That the parent population bo that which givos tho highoat probability of tlm two 
■samples being drawn from the samo population. Wo will write tho corresponding os 

and find and 


Thus our data for men are inadequabo and do not oivablo m« to asaorfe that braiu-waight 
shrinks with ago in tho males. They do, however, indicate that n>ay ffivo widely 

difforonb measures of tho probability of the two samples conning from tho samo pai'ont population. 
Turning to the women, wo find 


oorrosponding respectively to 


36-4146, and X*«ta.“i0'0177, 
^x’'.«.= '«X'8, imd = 


Btotttefnfca, Vol. vin. p. 260. 


t BioiwiHJca, Vol. XXIV. p. 469. 
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Tima hy tlio firat inothod of x^rui. we ahould bo preparod to nccoptthe hypotliosia that the old 
aiid young women liave not boon drawn from tlio same |>opulabion> i.o. that the bhrinkage with 
ago is donioiiHbratQd. J3ut l»j the Kocoiitl luothod which gives the parent population of maximum 
probability wo ahould bo more doubtful of tho truth of this liypothcsis, and some might, with the 
limit bo prepared to oonHidci* that they might woU bo drawn from the same parent 

populatiorn This example again illuatiutoa how iraiwrfcant it ia that wo should aotiuilly take into 
account what is the invront population we are aupposod to bo dealing with. 

Wo have iiOAV at ovir diaposal fom* naiuoly 

X'^col. 

Men 8*8179 3-3461 

Women .36*4146 10-6177 

and wo will donobo tho femnlo values by adding a daali. 


Wo ivext aak if tl^o ^'9 the better enable us to determine whother tho like 

uauses avo at work in the ensoa of mon and wonion. Wo may do this in two ways*, either by 
considering tho improbability of a ratio greater than x*7x* ^ differonoe greater than (x'‘^ - x®)- 

Our rcHults give 


/‘m-Ix' 




a-M79 




and 


iUV -xU) =13-7833, 

i (X''»l...-X“»ia.)=8-1363, 


From Table II <>f BiometrU-ai wc doduoe 


-''(x'U/xV) “2^-19618 (4T>, 4-6)-■0460, < 
^'Ix'-«„7x''.„„.)“2^-14507 (4-6, 4-6).=-0147. 


From those results wo should conclude that on tho basis of ohoobing for both men arid women 
fclio moat probriblo paron (; populationa, it is oxtremoly likely that tho shrinkage of brain in women 
is not duu to tho same causes as in tho coho of men. lUit if wo took the parent population to 
have I'clativo froquoncios dotormiuod by tho columnar marginal totals, this conclusion would bo 
very doubtful. (Jonaidoring that our dabi actually do show a significant diff'erouoo between tho 
brain-weights of young and old women, and do not show the like for raou, the former ooncluaion 
certainly ai»pQar8 the more roasonablo. 

Turiiiug now to the difforonce method wo find, by Table I In Biometnkal, 
nix'W - ixU) =2 (-5 - -499,916)= ■0002, 

A 4 x -„„». - 4 (-6 - 

Probably (Biuco jP<'02 ) we should concludo from both these rssults that a real difforence 
oxists between tho (,^asoe of men and womou. Uut the diacordauco of 

-*'(x'*,oi,/x“..l.)" ■“'‘“O* ““““■•'innoo of f’(4x’‘«.ta. - 4 xVm,) = ’f 1**’ f’(x'“,.i,Jx\,.».) = 

certainly suggest that it is bettor to nee tho moat likely parent population than that obtained 
from the samples oombined. 

B. Wo next take the coso of Stature. Here, as in tho case of brain-weights, adequate data 
indicate a definite if small shrinkage with age§. Tho mean stature of the men from 60 bo 
80 years ia 168-831, and of the men from 20 to 50 169-604, indicating a shrinkage of 0'67 cms. 


* Biometrika^ Vol. xxiv. pp. 804—880, t Loc. gU, p. 347. 

t Loc. ait, p. 844. 

§ See diagrams, Annals of Eugenics, Vol. n. p, 100, and Vol. iit, p, 291, as confirming those of the 
same journal, Vol. i. p. 887. 
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In tlio caflo of tho womw th<j like giwiiw givo Ifl7'H3 /umI or a }<liriiik«go of I'.l ciuk. 

These values accortl with (jxi>or5enco from more iiuiuertiuj} clftta, hvit t^ffluding ftlone catniot- Iks 
consitlci'fid as aignlfloantly domonatratiiig anything. Aa my is not vlmnoowtraU^ 

anything but only to illustrate the wc of methods, I have not sought fur long wfritas. TIir 
flhriukago is, of coni’se, less in ataturo or Hjian than in woiglit ov in llic dyiinmie elianKtatn. It ih 
particularly notable in the case of vital eapaoity*. 

Table II gives tho i-oaiilts for atafcnro iu a small group of Swotlost, 


TABLE II. 


Afen (fltatare in emu.) 


A«o 

144- 

168- 

16p- 

182. 

165' 

18»- 

171- 

174- 

177- 

tsft- 

18 S- 

ToUlf 

Group 

162 

168 

101 

Ifld 

187 

170 

17S 

170 

179 

1H2 

191 

00-80 


8 

11 

13 

2f| 

2« 

SH 

n 

12 

6 

3 

IM 

20-00 

_1 




29 

46 

_ 

45 

3B 

n 

32 

_ 

« 


31)2 


Womon (stature in ctns,) 



182- 

- 1 

144- 

147- 

150- 

188- 

188- 

wo- 


3155- 

16«- 

171- 

'I'ot/kls 

Group 

148 

146 

149 

162 

166 

16B 

lOI 

164 

167 

17C! 

176 

60-80 


I 

B 

8 

24 

21 

12 

16 

12 

2 

0 

lOB 

20-60 

2 

5 

0 

5 

20 

18 

18 

28 

13 

D 

4 

187 


We proceed fli'sb to fltid tho x%. x*»»n. f®*' ®®“‘ 

x’buI. leadiug to /’wAlfl. 

x'ntn.-'^'OOSl, leading to 

Heiioo, proceocUiig by either method, we couclude that no ovideuce wvn be drawn froiu theno 
small samploa of a shrinkage in stature with ago. 

Turning to the women we find 

X*ooi. ■•14’0B67, lending to 
xVin." 8*7271, loading to y'«'6r)9. 

Wo tbei'oforo draw the game ooucluBiou for women iw for men, but remark that tlie 
probabilities are in both oases for wotuen very nmeli lew tlian for men. Theeo four mulbi again 
oraphaslae tho Importanoe of considering what parent i>opu\ation ie under eonsiderAllon 5 the 
moat likely parent population giving markedly higher proljabilitlos of no distinction between old 
and young in both men and women. 

■'i^'e now oonflidor whether the values of x *’8 ronohed show any lUfferoruse in tho case of men 
and women. 


We have, if dashed letters refer to women, 
X 

x'*nHB./x' 


u-eos' 

»-B53S 

8'7271 


JkU 




• See iwntfl* qf Vol. h. p. 105, and To\. in. p. 200. 

+ BiometrUca, Vol, iv. pp. 88—80, 
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Tho coriW])Oii<ling iiroliabUitics are for the ratio test: 

^ =21-37896 (5, 6)= -437, 

^ = 21-38643 (li. 6)=--llJ«. 

Tim x’'H of tho moat likoly lioimlationn givo a lonaor probability that tho caiisos oro accordant 
in men and womon tlian tho aiinimar populations, but in tho easo of botli ivo oatmcit aaaei-t that 
women cUiFcr from men, 

Proueeding now to tlio diflei'enco tout wo have 

4(X'U-XV) =-2'il213 1 
*(x'*«..„.-x’-a)-2-8120 \ l««l'“g™P<=«t'V 0 ly to 

'■2{-S-334,2tS)-:-332, 

•Piix'W - JxWI = 2 (-5 - •808,648)= -383. 

By this method there is little to choose betwoon the two types of pai'ont popuktioiia, Trom 
hnth we should conclnde that wo could not aaaort on the data any difteronco between men and 
•women. I'his result might have been moi'o or loss anticipated, as our data were too sparse to 
dietiagLuah in either sox hotweeii young and old. It-will bo noted that tho ratio test gives in this 
case resulte varying iwirc with tho parent population soleotcd than the difference test docs, hut 
no Bti'oes can bo laid cm this. 

It is intended to diHcnisfl the problem suggested in this note more fully later oi\ the ample 
data from Galton's (irsb Anthropomotrio Laboratory. Meanwhile it scomod worth while to work 
out from that material a special oiwo because it illustrates how divorgout may bo the conclusions 
to be drawn from tho tniniroum parent population arid tho columnar totals population, We 
deal with the case of Vital Oupaoity and Age. 


Men (Vital Capacity in cm.*) 


Ags 

SO- 

140- 

166- 

170- 

185- 

200- 

— 

216- 

280- 

245- 

200- 

27S- 

200 ami 

Totals 

Group 

189 

151 


184 

199 

214 

289 

244 

250 

274 

289 

over 

20—31 

50 

53 

114 

244 

272 

460 

456 

414 

248 

218 

114 

163 

2803 

3 L and over 

Ul 

156 

169 

338 

310 

447 

352 

304 

133 

161 

64 

50 

2622 





x'mln. = 

NN’ 

[»(5 

? 

'*«140'49O2, 


By both methods jP»’000,000.. but there are several moi-o jsero's before wo come bo a 

signifleant ilgure in then i» -Px'mtn.' LTudoubtedly there is a shriulcago in vital oapaoity 

with age in men. 

Women (Vital Capacity in ora.*) 


Age 

Group 

27'6- 

62-4 

82-6- 

92’4 

92‘6- 

102‘4 

lOa'6- 

112-4 

112'6- 
133'4 

123'5- 

182-4 

183’6- 

142-4 

142'6- 

152-4 

162*6- 

162-4 

162-5- 
172 4 

172-6- 

182-4 

ia-2'6 
sod over 

Totals 

18—29 

22 

17 

42 

49 

86 

108 

126 

100 

71 

59 

41 

41 

762 

29 and over 

82 

46 

89 

99 

130 

111 

110 

81 

69 

42 

26 

26 

909 


=71*1734 and x*cd>.=i>2'22Q6. 
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In botll oases /‘ = -000,000. althongh again the will givo a sonwwiinl gnsvter 

inobability than tho * Both dutnonatrato with overwholtniiig proimbiliby tliat wniiion’N 

Vital Capacity shrinks with ago. But however ovorwheluiing the prelKibility, it ia grtviter in the 
cjftso of inon. 

Wo now turn to tliefondamontal problem: CJanthifl 8hriiiki^{Dni men find ivununi bu attributetl 
to tho BaniQ set of phyoicRl or phyaiological oau 80 « 1 


We apply firat the ratio teat. We have 


149-4tfOiH7 

7Vi734l6 


2-1004, 


These load ua to* 




24a-2214C0 
“ 92 •22048(1 ' 


:fi'6D10. 


Ax'>«,i.Jx^n,in.)“2/-a3264 (6-0, -2342, 

^'{X'U/X*«0 =a/.2708D(5‘li, 5-5)--lHi4. 


While tho ratio of tho givoa, ah wo might exi>ectt a higlmr clogroo of pmbdhility' than 

the ratio of the X>e.l,'8, there ia nothing in oithor to auggeat tlmt it would not bci rtywonnhlo to 
treat tho ahrinkage in men find women ae due to tho aame aot of cause*. A ghiiico, liowavor, fit 
tho curve for n oatBRorios on p. 308 of Yol. xxiv, ahowa «a that the iwint onrruHiKind- 

ing to the two j^h lies inside tho enrvo, or that tho diflerenee toat will provide a iininh mow 
ubi'ingent boat than tho ratio teat. 


Wo havo aocordlnglyt 

“7«-009.486. 

*» 2 [‘5 - AomethiDg oonBidombly greater tlian — •41)9,993}, 

Thus wo havo P (4 

Ill tho stuno mninior (x'''*tvi. -x*«»«.)) <*000,012, 

imd oonaidorably loss than P(j, (x's^.,- x“™i..))' 

It cannot bo doubted timt if Table I for S,n{x) hod been carried further, we ahouUl have 
found both Pb loasj than I in 1,000,000 at loftat Wo conclude tburoforo that with tho more 
stringent tost the shrinkage nf vital oapacity with ago is not duo to the same OfitmoM in man and 
woman, but it is a secondary sexual charaotor very possibly duo to dihbrouooa ucit only in their 
physical onvironnicutH, but in their phyeiologioal life. 

This example illnsbrntoM the oxtremo impnrtanco of applying in uaok ooso tho mom Htritigonb 
tost ivliothor it bo tho y*’M ratio or their difTeronoo. Wo may well overlook an iiriportnnb 
oonohisiun, if wo do not boar tlus in mind. In this particular example there is no marked 
diversity in result if wo uso x*miw. or But thia will not ahvays bo so, and in the unso of 

Hhi'iiikagci of brain-woight in women our oonclusion will bo far Iohs asaortivo in tho case of 
-'Vmta. ■“ “mtof . 


"* Using Table IT, Jlioinfilrika, Vol, xxiv. p. 046, with v=n=!l*i. 

t Using Table I, Zhoiueh-lfcit, Vol. xxiv. p. 846, where we see Sa (89*168,096) and &’a (78*000,486) Ho 
well beyond the limits ol the table. 
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(vil) On the Distribution of Student’s Ratio for Samples of 
Three Drawn from a Rectangular Distribution. 

Bv ViCTOH PERLO, M.A., Columbia Uiiivovsity. 

Lot fjiuniilos be drawn from a continuoua diHtribution of fitnto range, tho olianoo of a valno 
lyiiJg in a givun interval within bluH range being proportional to the loiigbh of tho intorval. The 
distriliatiotia of moat of the important atatiatical moaauros fov tbia type of population are not 
known, Tliia paijor preaenta tbo diatrlbiition of t for eamplos of tbreo, and «omo oomparisona with 
Studout'B dibtribution. 

Tho HtatiBtical nioaaiiro t ie defined, for aamx>1oa of aa where x is the sample 

■£ fit - 

moan, w is a trial valuo of tho true moan, and «*= j samples of thvoo, then, 

If wo regard a samplo as a jjoinfc in threo dimensional .‘<paco, wo find by methods simihir to tlioso 
usod \>y H. L. Riotvi in dotennining tho distribution of tho standard deviation of- similar samiAes*, 
that tho distribution of i is dotoiTnined by that of tho anglu botween a cube's diagonal and the 
radius vector drawn from the cube’s centre to a i>oiut. within tbo cube, which reduces to the 
problem of computing tho vohirao within the culw of a conical sheU with axis the cube’s diagonal 
and vertex tho cuWb centre. Wo get for the distribution ordinate; 

-Cl). 


/ 


1 , 3 < \ , 3 *(<»+ 2 ), , *'■-4 , ^ 

-H — H--—if -tan“‘ r— • • (®o ^ 


-fi\ i-lV 




V;i 

2(4-<Vi 
For 2 ^ ^ ^, tho bwt term of (1) bocomos 


Arf 

V 4-t 'i 


(eo 

.(a). 


to xireservo reality. 

The distribution is coutiuuous with oontiuuotts dcrivativoR oxocspt at ^Yhoro the 

derivabivo has iioints of diHcoiitinuity. This function may woll be compared with ''Studont’H” 
distribution for samples of throe dmwn from a nornmlly distributod populakion, Plotting shows 
it to bo gimter than “Sbudont's” at the ends and tho middle, and loss elsewhere, that is, more 
loptokurtic. Also intoi*oating is a oomx>ari8on with tbo cxtrcmoly Himi>lu expression for tlic 
probability ordinate for sainploa of two, as derived by Rider, 

■ 

Let P bs tho probability of a aamplo having 'vheie is some fixed valuo of the 

argLimout. Goomotrically it is twioo the vohirao of a cone of angle r/io(t/>"'/(0) within tho cube 
(i.o. tlie cone about tho aube’s diagonal with voi'tox tho cube’s centre xdub its opposite). Integrating 
tho oxpressumH (1) and (2) over the appropriate intervals, dropi)iug the Hubacriiib, and assuming 

t positive, we cob . _ 

“ 'Alt , , 

-■ytan”^ ii.- 

' V3(i + 2) 

, , 3*i ' /r^‘ 


, V&Vi- 


(to >i^i) 


..( 3 ), 


.(4), 


■i-e^ (4-t'‘)l 4-<* 

* H, 1j. BietZi Note on the Diatribution of tho Standard Deviation, etc., JJiowictrifca, vol. xxnr. 1931, 
pp. 424—426. 

+ Paul R. Bidei’i On the Distribution of the Ratio o£ Mean to Standard Deviation, etc., Biomdtrika, 
voU XXI. 1929, pp 124—148, especially pp. 140—141. The formula in Ridor'a paper is iucorreotly stated 
as —j-^~. Correeponding errors appear in the cumulated probabiUty expressions, 
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oaldiilatioiiK of tlicoi-iliJwita ami /’ratiipiial iii»[iroxiiHiitionf« to 'I) jUiiI (H ; an- 
oxitiuiiUiijf tliii iuvur.-«>. tmj'eut iti j>tPWiT.s nf itw iirpmuoiit. Kitr (1) wo ui't 
Hi 4-'-) i-_t_ _ + 

3 + IS ((+ 1)^(7.f 21' ■*■ 13 t( + 2f 

(iniY+sy *• .. 

(3) givoa in a Himibu* «sinMi8i(m 

n.'p'r i 


"blniipi’ij l«v 


2'i/- 

1 ){< + -J 




iU ■2)'* ‘ 
3" - *i2n ■}■)>{( i 


i! {M- 3(^ + aj-'^ l,’)(« + 2)' 

For t >2, tlio first, tlu'ue terms of theae «ftric« giro rosulls ciinwL t<i at li'jwt. f«(iir plurci. 

Lot jQ bo tlio priilHihility that t pxcftods ft given value fr*ni» “StiuliMil's’' dmtrilintiori 

enrre.siioi)diiigtuthctnio i’fimnti ahnvo. The fiduciary liniitn rmijitfmiiunitly ajiiihisl in toMtiiig for 
isignilicaut ilovjpitimisof siMnjdomopHmfi’om truomoaiwarc 't.iruuid •()!. Tlio fnllmvjjig kalilo Mlinwa 
vdluos of t fur wliicili p or P take on fcliosis vftluw. 

t p r 


4-3() 

•oraii) 

•(771 

ft-7-I 

'02112 

•orp(K) 

O'ilO 

•0100 

■fl2(M 

14-83 


•0J(K» 


Tiio limit of /*//> ns { upiiroiurhcH infinity in found hy couiipadng tint lirat 14‘rnm of tlie 


(!x[MvnHioii8 iu iiowom tpf t~ • of (3) and the ox|)ri»«ion for p, 1 - 
is 

i« 2 




. 'i'liPiliiniliiig ratio uliUiiind 


-27207. 


(TlU) The Dietrlbutlon of Vft in Sample* of Four ftom a Normal Unlveree. 

llv A. T. MoKAY, M.S,.'. 

'liio CHtiniitted vatiiu of VITii lAi- mtiipluK nf 4 i» tliu etaiiHUi! 

. «“p '" ■\l .“j' 

Now s {4,,-^)"= K-r, -i)“+(x,-if) + ((i'j- - i'fi .(S), 

and faotoriailig oach cui'lod biviokob aeparately we dtid 

(x, 4-.0, “ At) A + (Xj+x, ~ dx) /I, 

wliorG A and U loireaBoub tho reiiiaiiiiog fiMJtolW. But oltvirtilHly •'(xa+.x,- ax), 

lioiico fchU tnrm ia a factor of bl,o oxprowiiou (fi). By taking a liifldront grouping of UrrniM in (2) 
wo may readily show tliat 


S (X, - x)-’- 8 (X, + .r, - J!, - xJ (X, +x, - Xj - X,) (.8, + X, - X, - 
In aquation (1) lot ua now employ the following orthogonal tranaforraation 
yo=(»r+Xj+x,+xi)/2 ^ 
jr,={xi+.x,-x,-xj)/2 

y,=(x,+xj-Xi-xJ/2 

yi=.(x,+x,-x,-xi,) 
which yielda di^~ -ihJYjra— 




-W. 


..(»)■ 
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Jloiico in virtTie of tho wt‘ll*kuowu orbliogotiivl pr«ijerfcy of tho aomial funoblon, wo «eo that our 
l)rolilom reduci’-M to seeking the diKbribution of the Htatiatio in HainplGs of three from a normal 
niiivoi-Ho. Jiy partial difturetitiation t»f (5) wo find that tlioro is an absoluto maximum of 6^ when 
3 /^»=y. 4 =^!/ 3 , thviK tho, diatributiou of and thoroforo of d, lias tormini at ±1. This moans that 
tho distributiiin of V/y, ttirmiimixiH at ± 2/^3. Since tho distribution is Hyinmotrical abfuib zoro 
wo Imvo only even uionictnta, which are given by 






///: 


r?/iy,y3T‘ 




..(6). 


Clninging to polar coordiiiatea wo derive 

Piin(5i) — Jq {omdBm^BcQH(jitiiii(fty^”-Hin6r^e~r^l^drd9d(f>... .(7). 

Tho integrand cif (7) ia separable, and the use of standard formulae vocvdily yields 

r 3 C^) 

. 

Hence P 3 (^Ji)“= .fs and (^j) — making allowanco for the factor of s/i in 

equation (1), /ij and giving These values are confirmed from 

au exproHsion of U. A. Fisher’s*. 

Lot \LS! now procooci to find tho distribution of From equiitiou (5), wo soe that it is 
noooaaary to u\tegT'ato 

. 

over blio field of integration for wluoh 

„<. ¥ . ?a;m s<„+ 8^.(io)_ 

(V)* 

or transforming to polar ooordinafcoa, wo roquii'C to intogi*at6 

^~^)l ^ driiiuBd0dcf> ..(11) 

over tho fiold for which 

si 

v><~ sin^dcoad siu 2 ^ <w + bu> .(12), 


where 0<f<oo,0<dsgTr and 0 < < 2jr. 

Now sinco (12) is independent of r, tho latter variable can be integrated out in (ll), hence the 
Bubjoot of integration ia thus 

~ sine do d<l, .(13). 

Kegarding w as positiye, which ia moroly equivaloat to treating the positive half of tho 
distribution, and wilting oos d«»^i we have to intograto 

i Avd^ . (14) 

over tho field for which 

ji-f 

u? <’—a;(l —a;*) sin (!&)> 


* B. A. Fiaher, Proc. Roy. 8oo. Ber, A, YoL 190, No. a, 819, or E. S. Pearson, Biomeirikat Vol. xxn. 
Farts III. and iv. 1931 (Misc^lauea). 
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whcio now 0 ^ .V ^ 1. niut 0 $ ^i^ir/2. Pcffotmiiig tho mtogmtion wlUi ««)»(, In (#i, wo urn that 
WQ have to effect the iiitogratioi) 

1 '.HI) 

ovcv tho hold n ^ .r $ I c^rtiditioned by 

.... 

The equation (1(>) tlnm bocomos 

L . I« 

wliove t1\o limitH for x are dctcmiuied from the fiwt that x runH from n lt» UwibjM-t the 
condition that , 

042w/3Tx(l-a*)^l.(H)?. 

Deflignatiug tho dwfcrihiifcjon function nought by/(y')i bn. t)jo e.Y{jr(w«iuj) |1H?, wn have Hum 

/(»)-- [■"' . . . , .{2(1), 

wliero .t’j and arc to ho detonuined fr<im (19). 

By changing the vimable in (20) w© liavo 

/(I/-)-*- f^’ , .- ...m), 

wbora and ig arc to ))o fonud from 

0<4>pVi7t(V-0*^li _ ^ 

0</cl ^ 

Thus, from (21), wo conclude that/('cj maRoiuplateoUiptieinU^'ah for thelimito m^sitigutnritleH 
of the iiitogmiid *. 

In equation (22) wo obsorvo that the elomonb betwt^on bh© two inoqnaliity Migus liinH a ininunmiii 
Value at hence for our limits of the intogral wo require tho twn roots of the cubic 

27((l-0*-*4ie»=0 .(43) 

which Ko noM'OJjt to, and ini ooch sido of, tho value J. 'Dns will 1 ki JiywDly hw'u from a rough 
graph. Solving the cubic (2.3) by the usual method, tho appropriate niota aro fmmtl b) lie 

i,-Jcos>(lcos->M+w/3) 0<i,<Jl. 

cos* (J cog-' t(»+2jr/.3) i < 1 I .. 

In (21) lot ua now make tho Hulwtitution to a new vaiiablo y rieKnod by 
J ooa*(J C 0 H''>y+2jr,/3), 

ta a»)-% .w), 

or putting we have 

/(»)= “. m), 

irZiJ-n ^ 

whore Expanding tho Bmd'term and noting tho disapiJoaranco of tho “odd” wo 

have 

. (sj, 

3iji) V(l-.r')(n"-,i*) .' 

• WhiHiikBt unii Wntan, lloicm JnaluH, (1880), .«» 5 SS-as n lej. Wo might Info, from Ihio thot 
f{w) will prove to be a hjpergeometrio funotion. 
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Writing ill tluH .i'=»8iu6> innl ia«sH5na, 

f( w ^ r" 

:ijr J(1 V«inaa-Hm“tf 
^ 2 cOH^JGd^ 

Va(uoy^ —C(»8 2 o) 

But the. Inttci' irt Malilor’rt Intogrul* for the Logondro Funetioii, hoiico 
/(Ui)=i/Vj(cr>»‘ia) .. 

I:(!-«’“)) . 

where F{(t, A; c; .i;) ia tho usual hyiicrgoomctric function nofcotion. 


.(28) 


,(29). 


.(30) 

.(31), 


Jii«t as a chock «iu o\u* unalywB wo may now HOok the nioraeuLs of the distribution by 
proceeding from (31), 

Hi 1; l-®') .(32) 

«jiyj Hin*’'dcoHfl7'’(il, jj; l;co8®i9)cf^.(33). 

E.N.i.iatidiiig blio liypGi'gooniotrJc! function and intogrnting term by term wo find 



Whence byomploying the Qomma Function Triplication formulat with argumont (n + ^) wo 
derive the roHult ataited in (H). 

From etiuation (31) wo coiicludo that tho distribution of V/Si in Haniplea of 4 from a normal 
univorHo is 

.w 

Now it is known tiuvt when a+&“0®0, the hyporgooruotric function F{a,b;o -, t)ia oouvergont 
when l^j<l and divergent when <»1, whonoe wo coiicludo that tho diatributioii (l){x) has tho 
following proportion; 

(i) yymmotrieal. 

(ii) A cusp at infinity when 

(iii) A finito onliimto of 1/2 ./3=«0'28aC7D at tho tormhii ±2/^/3 = ± 1 ■1,547. 

(iv) 

The graph of the ouiwo is shown in tho figure, together with the Pearson Typo curvo, which 
roaults by using tho socond and fourth momenta of the true distribution. Tho calculation of the 
latter is os follows: 


* Whittaker and Watson, loc, cit. §§ 15’281 and 15'22. 
t Whittaker ami Watson, loc. ciL 112'16. 
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wlieiKC using Klilovtnn’K nntiilimi 

I inn, fr i5jVi9i^l‘376404, ,v,t**0'rjH3“ 
(1 - Jr®/l-Hy4737)‘‘»^«'*''. 

wiiJi U'riitilii iit. .r - ± ^■37^^4lJ l. 


n^mvmrAi, 


i'M), 


Appi'OxmiHinii In f/w C'iiyf'\ 

liy u«G 'll' t4tii-liitg’H ;q»iwxuntiitiuii hi tlni goiiOTAl term of tlin Ivyi)ergft<unolric Kr.ri«n find 
(jomim.i'iiig jqiiiMxiiimtiou dm-ivoil thorvfroia with tha truo •HiefficieiiU itbhiiued by dim:b 
ealaulati(-n, ifc may bn ulinwn that 

^’(i. S: . 

wUi-rc tti^OiJTaOUS, \(r(^)=I-aIog(l''j), 

'<■ i’i 


.Sow fill' 0 ^ 2 $ 1, 2 “ and (1 -p" avc aUviiy'a jiiwitiva luui dwireaw. HtevwUly iih a iucveanctH, 


liPiiGO. liy Cauchy's Integral tent, 

.,W^i(l -«'=")+ -«--V“)y .(SO). 

Hy iiHC! of LIjo uiivin vahm thenmu luid a change cf vaWalilit w<! iiml 

.j(J)<')'llJD2lln-.* j'J\l - .(*11)), 


TUo liUtuv iutcgi'id may he ovaluiitfid fi-^nn tlw JlnliNh AMwautitinii Tablw* (Vul. 1.1'al'lo Vll) 
svlth bliu voault 

.Ml), 

honoo ....(* 13 ), 

Thus the pu'cuntago oim* in taking ^(2; oh lui ai>iii'oxuiialiou ia niitnurimdiy Inns Untn or 
equal to 

^ lM52/[l-aWg(J-2)l.(43), 

BO that limit 11; . ........,(4*1), 

2 -M) or i 


The oxpresatun (43) can bo shown to liave a maximum value of 0'23'7„ at ««kO*84.‘13, «u wq may 
conclude that »p- ( 2 ) orrs in oxoess by loss than 6*22 */, of its own valuo. Thus with a i>erooutagc 
error of at most G'22 7„ the distribution fimotiou ^ (x*) of equation (.36) is given by 

0 (A-) ^ 0-3X 166« - 0-360466 logiq ] 3 : j ....(46). 

The lattov is, of oouvhc, wmaiderftbly more accurate when x is very anudl or vary near tho limit 
Ilf the range. 

By integrating equation (4&) over the entire range of the distribution wo obtain the value 
1-087 instead of unity. Thus the total error of the outire area is 8*7 “/» 1 when integrating 
over a subrange this oiTur can ba simply apportioned. 


T/m 2lcclanff ular [/nivofM. 

■Whonovev the distrilmtion of a statietie in sainplos of n is dotomiiniid, ifc is always of 
considerable ititei-est to enquire to what extent the form of tli6 derived distribution is dopendoiit 
on that of tho ijavent. In our case, for example, wo shall consider the dislrihutvou of in 
samples of 4 from a rectangular univerae. We proceed by moans of a sampling experiment, using 
tho first 200 eample-j of 4 given by Shewliart* Sioeo the means and ataudard doviationa are also 

* W. A. Shewbatt, Econoiatc Ooalrol of Quality 0 / ManwfacluTeA Prod^ict (MocmiVian, 193 \), 
Appendix K. Table B. 
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I'ociinlcd in liiw 'IVblu E, tlic jiccisaHiwy cnlculiitioii wan jiot h» difflcjiilt. Tlio final fi'oquonoy 
(lintriitiitioii i» nliuwn in thu tablu below. 


Kauuo for 

1 Jfti 

Krequeucy 

(BocUiiKutar] 

Thoor. Frc(]. 
^Normal) 

x’ 

•0- •! 

44 

31*40 

6*06 

•1 - *2 

22 

£4*28 

•21 

•2 *8 

22 

20-77 

*07 

•3 -4 

18 

18*67 

•02 

•4. 'A 

17 

IG'92 

•00 

■ft - -G 

15 

16*64 

•02 

•fj -7 

10 

U'6.6 

1*47 

•7 *B 

13 

13-8fl 

*06 

•« - -9 

11 

13*34 

•41 

■9 1-0 

9 

12*61 

1*03 


14 

12*16 

*2H 

M • M6 

A 

6*78 

•11 

Tntuls 

200 

200*00 

8-73 


Cnluwm 3 gi'tw ftp[)roxiiuftte values of the bbeoFOtioal froquonden found by reading from the 
Curve I ill the figure and Using Simpson’s Rule. This is sufficiontly accurate for oiu' purpose. 
With a and U degrees of A-eodom wo find tliat i‘(>x*)> ‘86, thua tha fitting is a very 

plavwlble one. . 


Th« Diffknbutiofv af 7^, Itv gompUs of IWfrom(*KormoHKver«e, 
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Summai'i/ utul Voudnshm. 

1 . Tlie difstribiittun Ttnirfroju h nomiftl MUivetnc i»deU!n»#h»!.* * * § d mid 

ki li« ft Myrmtietnuftl eurve liftviiig fiiiita oniiiiAtm »t Uio tonuiid and att iiiduddy diwUiit tniwp uti 
the lait) nf syramott-y. 

2. Thb new, iuvBrl«d T, tyiva distribnUon 5* iiileircaiM»g in timl it oUi«r tlvivigw^ 

tliftt the JKinnftl univeraft cft» give riao b’ » derived dwtriVwtinh which apjinisiimtcd 

to by a Psamon Typo Curve, It providos a wiuriiiiig, U^erefurOk Against ai%i»r«s;iniM4liug Us tlseoretical 
distribsitioiia by the luere use «f motnoiiU without flmi wshuriisg, l*y ta^t« <sf isampHtsg 
mentis or otherwise, that tho approximation curve aoJtscted has tiso same ifawoml ssbmwtar m the 
true outvo. 

3. The multa of a satd|slhig o^cperiuifliit mi^oul Uuit for ii rucUtigwkr univerw Iho difstrilm- 
tdoii of -yj^y iu Kaiuplca of four could mewL miHoiialily be the ftamo nn Umt for the iitsntinl uiiivonso. 


(tx) Note on Mr MoKay^s paper. 


I Hliould not ospeot that a tingl* Pavrwisi curve wonid dn*«‘.ril«s Hafcl«fttpU»rily the diKtribssUoii 
of any atatiatiool cootheiout Isaaod mwii a xaiuplo s»f four, thus hiws had wiiHtgh eviwricnce iu tho 
distribution of the prrsducUmomoul owffiwont* and the cwmsluttosi wiefficiwitt i»i very small 
eamploa from a norrual population to reediao the truUs of Ihia. Un fchenitsnr band I should bo 
surprised if Um Pearson wsrvs« would ssot give a reawoftblo ftppnaimjilion the Kamplcs 
increased fbom 1& to 

ICvet) in Mr Moray's case the divetgciico in not no cxcMMuive an hiN diagmnt would nuggesi. 
Wq may look upon Mr MoKay'n cum not an a nngh cum, but wt n. curve nud itn iiiirrorud 
iisiftgo, in precisely the sanm manner na I have treated the distribution of the “eeutre of the 
range" in samples of sise n drawn fVout a rootaugular parent impulation^. tii that oaae we have 
a cusp ab a /inite disbaiioo from the ongiu on tlm tuck of symmetry, and mirror curvoe, ivieh of 
which is a Fcartiou curve of Type IX. Those mirror ourvos arc in that case the ocourato solution, 
not an approximation. 

Aocoidingly in the proseub oime of thedistribution ot-^fiy In samplcis of fnur, it Hoeme ruftMouahle 

to use mirror ourvos as Mr McKay does in hU aumrato solution, mid lit oaoli of them to a Pearson 

curve by using the second or fourth moment ooelBoients about the nsymplotio axk The oomblned 

mirror curves mil then have the same first four rnomeut oooftloiouta ftlwnt the axis of symmetry. 

Wo ttia not iirovidod with the third luoraeut ooofitoient of the half McKay curve ho that one 

must bo contont with the second or fourth. Tho armroiii'iafco Pcaiwuiv curve is Tvije VUI, 

* 

i.e. y«*yo (i whore x rangoa from 0 to a. 


We have for uwraent cooffioloata about *»OHs 


Ma' 


al —W 


* 


and for unit urea 


yo“(l-w)/2«11. 


Accordingly 

ifflBsS-m. 


ai y 

" fl “ m) (O m)" "4' 


• BlomeMldi, Vol. xxi. pp. 170—180. 

I Biometrika, Vol, xi. pp. 887—888. 

J See the laat two memoirs jost dited. 

§ BimetrVtd, Vol. xxin, pp, 394—896. 

II Phil. Trans. Vol. 216 A, p. 488. 

If The factor J is introduced, because tho area is for Aa^f the mirror curves combiaod. 
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But of MoKay’a curvQ=315/143, hence 

or «'=3l6/43 and «=2-70«6,8n3. 

Thus m.= -2934,1887. 

Purthor, the stundnrd dovintion of McKay’s cnmi is and acocrdiiigly wo find 

or tts=VU60,0393, 

We have hero the oliisf characteriafcics of the acemute McKay curve in approximative values. 

Y n '7066,8113 

Loetlj »'»'“-25-”2l?ri48070553='“®’®®*'- 

TKub the fib by the ftrsb four momenta conaiata in the mirror curvea of Type VIII forip: 

/I’146 0Q4.\ 
y_.,,08,28o(L^) 

Wo can, however, got & BbUI better resdJt by au appeal d priori to a principle whicli dater- 
minoa the range of in aamples from any i>areot i>dpulation. 

Consider a parent population with a range 6 and let aamploa of eixo n be drawn from it. Now 
consider the following sohetne: euppoao ?i-2 of the sample values are at ar=0 taken as at the 
end of the range, ono value at .r«o(e<h) and a third afca!»«fc Then we have 

n / \,„i n ) 

Now i0«(o + 5)/ft and accordingly wo have 

. {(c(n-I)-6)>+(6(n-l)-c)*+(o+4)>(n-2))l 

'«-2)((o»+y)(B-l)-3d(g + W) 

{(o>+5’)(»-l)-2ch}* 

-(n-8) whoreX-jT^-g. 

' '(tv-l-S!«X)i (»+«r 

When 0 —0, or we have one value at one end of the range and the rest at the other, 


Vft- 


V»-- 


This is the maximum value of For if we move the value at one ond oloaer the n~ 1 
values at the other, we mejrely shorten the range b, hut get the same value of which is 
independent of the range. If we put two at one end of the range and n-2 at the other, this ia 
putting o»»h, or X">^, wo have 

Jr. -Ji —i— which is lese then , 

' ^-1l 




^/2(a-2>’ 

Finally, if we start with one value at one end of the range and it-l at the other, and 
move one of the latter out a distance o, then We have as above 
(w - 2) {» -1 - 3»X}, 

' 1—2nX)i 

but if we make this a maximum with X we find 

n -1 - 2itX ■> n. -1 — 3nX, 

or'X>B0, that is oaaO, or to move a value from the end of the range reduces 
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But the ftmngoment 1 imd »-1 value# nl the c««ls ff the raiiKO in nf Ci) th« nim 

of the range, wliich may t*o iuore.^ in infiuity, or uf <ii) tUe twilviffi «f ilw! jMmtit tiojiuktiou. 

Thue under all clreorantftiKstw the of muatlie in tli® 

To thifl extant the l)ar«ut {Kipnleiion le indii!i»jnt. If ii«Uiu» wc b*v® For tins rwisg»s 
t2/‘y3^1-lH700B, agreeing with Mr MoKay*ii vatoo. 

Knowing our range wa oan wake u*o of either the f*ecoud nr fourth woiHOUt r^jafRiHent as wn 
have not a knowlociga of Uin <tdd montenta to fit mir oim'e, ca* m t hi o**® <*f M r 1 Ffl jwiniano’** 

ourvea* which use fiu wl As my solo purpowe is t** indioste that a mdlHrliwsen Vmmi\ 
curve can approxinu^ to Mr McKay’s curve, I will take a Type Vlll curvts suid knowing the 
range fit from one even momeut coeffioloot While I should jiKifbr th««eeoin;l ii;iohj#juI, ©.onffidcJit, 
had the range lx»ti inflnite, I prefer the four^ to tho eoownd whw» tlt« ra«g?a»«litiHM. Thera 
is, however, very little differeoco between the vaJux** of y* wul w forttrd fWm the and 

fourth, moment tsoeffioionta, aud both give results very eltjsc to thw vuluew fmuid m above, when 
the range is auppoaod unknown. Wo have for the oonstatilo «f the Tyjie VHl uurvo: 






Bdugo unknown, using pi' and m’ 

Range known, using ps'. 

Raiigo known, using p<'. 

l-l4e,(W4 

I'llM.iOl 

M.14,701 

2IWI,77M 

•!dJ5.8Pl 

'SfiSv4»« 

'307,^2 


On the scale of Mr McKay's diagram there is scarooly anything to show Ixilvrean thruat curt'Cs. 
In the diagram below the ourvo as found from Mio known range auiI is Qgtirtxi. 

Thus the fit is by mirror ourvos of the Typo VIII form i 

We have hero the oUiof chamoterbitios of tho accurate McKay eurve if» opproximAUva vaUifti, 
iiamoly : 

(i) Syrometrioal. 

(5i) A cusp at iadnity when w—0. 

(iii) A finite ordiuato»0-8dB,29l (Inateod of 0-208,076), at the torminl 

(iv) V* •» -339,030 instead of -842,86^, oud the same ns the tme valttfe. 

(v) logut</>(«)-T‘B06,l6a8 - mOfldd+logw UIV 

An oxamlnatloDi of the diagram ahowi that the mirror curves of Tyi« VIIl, while they 
pto-vide ue very aeournto ht, are suhaiantiaBy more satlsfaelory than the attempt to &t ft eoQ'* 
tiuuoua curve of Type II to what ia aetually ft mirror curve. Had we worked from the fekm 
motnout cooffioienta ps' and m' of the McKay miri-or curve about ita t^rigln we might hftVQ 
hoped for a still bettor fit, and we have at any rata nnoourag<.^monl; for tlie suggaiticn that with 
larger, if not very largo samploB, tiie fitting of the mirrored curve, not the pair of mfrrored ouw«i 
by a Poarsou curve will givo a practically reoaonablo graduation of s/^t. 

* TheslB for the Loodon doctorate not yet pubUahed, Mr Sanaiafttiin fife* higher mdar fgm»m«kle 8 A 
outvee by taking jSj and ^4 of foe ohoenationB to agree with the ourve valUeft ' 

+ J. Pepper, has ehown, indeed, that with Bamples of 10 only, he got ft very good dt to the 
distribution evoa without the use of mirrored cuivea of finite range. - 
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Gnnparison- of Pea*sotv Curve of Typo VIH ani Wss iVlirtor Curve 
wtfcK M^'Koys cxccfurofce Curve 



Mr MoKay'H cljaoiuwiaii of tho Boctangular Paronb Population is of muoh ititerest and value 
na ahowln^f that with very aiuaU soraplea the actual diatribution of bho parent population is of 
aniall iinportauue, but at blio Hamo tlino it oontAins a wai’ning to those who proi)08o fi'om small 
samples to deduco anything conoorulug the cborootcmbica of the parent population, As I have 
endeavoured to iudicAte in a rooout pai>or*, it may well need samples of upwards of 100 to safely 
infer whether tlio imi*ont population is nai*mal or rectangular. Thus tho chief value of Mr MoKey’s 
coroiwrim>u of saniplos finun a rootangular parent population with the theoretical results from a 
normal ijarent iHipulation dcMSa sot seem to me to lie in the foot that the latter will suffioe to 
dcJHonbo tho former— the thoorctlcal rosulta of sampling from a rootaiigular population would no 
doubt equally well d(^oribo vei'y small samples foom a normal population—no, tho ohiof value 
lies in the warning it gives that, notwithstanding wo have in a small wuupliug found agroenieut 
with thoorotioal. prodlotlons as to small sampling foom a type of parent population A, this 
pi'flvidcsH no real ovklenoe that tho rtofcnal parent population was not of a wholly different tyiio R 

K. P. 


(x) Note on the Fitting of FrequeDor Cuiree. 

One of the ohiof cliflaeultios which beset the path of the inventor of a system of frequency 
esurves is the too ready maimer in which others may apply, or rather misapply them, and so bring 
discredit on a system, the rules of which they have not followed, or more often misundoi’stood. 

* See Momttrika, Vbl. Jwxv, p; 871- 
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I could cite many ittsfauicGi «»f this in tlie wuw of my own syslom of ourves* * * § , but a note- 
worthy illiifitration of it occura in a tiiiiwertation for the Ph.D, of Uia fnivemity of Miohigan by 
Mr Pa«-Tsi Yiiaiit. It in eiitiUeil “Dm Uio Lojiarithinic Fmquoucy Difftribution and Iba .Somi- 
logarithmio Cormlatitm Surfaco.” 1 am iioloonconiod liwo witb thaquosLion ol wlmtliBir Mr Yuan 
haH contributed anything noved to llmaubjoct. which luw boon worn fairly thwsMlbat'H by uuiuettiiis 
prevlouu writeifl. I deal only with the two )^uiU in which ho mfew to my own sjniitributiaiw U> 
the topic. In a pupei* of 1896| I dchiicd the “akewno««'*of a frequency cli«tribkitiou to bo the 
ratio of the distance between the muaii and the mode to the standard deviation of the diatnbution, 
and in I ahowotl that the tr^ithmic curve could not ho of wide «*»»bocau^ the rati|e «f 
“akewness” it provide is limited, while in actuaJ practice “akewness” carl take any vaUm 
whatever. Mr Yuanjl roriiarkfi that while the akewnftsH of the higarithmic ctirvo with my 
dednition la limited, thia only indioatoe that inydefiniUonof akcwiio^ doea tmtgive a 
moaflure of skewness, and advooatea 03 wbioh ia the symbol ho prefom to tree instep of 
Now maj if any oue prefers bo used as a mwwuro of asyniuiotry in fretjiiemcy di«tri\rtition«, 
hut that has nothing to do with my deftnltion of “skowium'’ Whetlier you call (mean mode) 
divided by standard doviatioii “skatviiosK” or nut, the fact remains that the quantity in <iue«tioii 
is a physical character of ft^uwmy dietributions, wid is liiuitod in the logaritbuiio curve mid i« 
notllmited in frequency dlstributioiu in gooond. -JPt not limit^ in tbulogarithimc curve, but 
for every value of (3, there ia only one available value of and «^f the other higher The oun‘o 
cotinecbiiig fii and fit boa Iteon plotted by Ib’etorius'^ and hi» graph w ropiDiliicod on p. ai5. 
Unless the and /3i of a distribution givo a point lying close to the broken litie (A) of tlm 
diagiinn wo cannot get a good representation of tlio frequency. If the {joint doos li« nuir that 
line, I will guarautoo as good a fit with a Typo VI curve to any actual obwrvatiomil wrloe. 

If the point (dt, Pi) Uos some distance fVotn tho (A) line, its fourth momeut e»efllciout must 
be discordant with that provided by the logaritbmio curve, and the graduation will foil U> be am 
good as tho Pearson cwve, Now how does Mr Yuan illiuitrate tlic supposed suijorinrifcy of fit of 
tho logarithmic oiu-ve over a Powaon curve? 

Ho compares tho logaritbmio curve with a Pearson l^pa III ovirvei Why not straight away 
ooinparo it with a rectangle or a oormal ourva? The logarithwie cjirvjvIhsJn Type VI area and 
is uoaw to a Tyiw V than a Tyjw HI diatribufclon. ^ 

For a practical illustration he takes the distribution for tho weights of 10()0 female atudsnte 
ns follows! 


Gentrof Weights in, lbs. 



‘4 

3 


^4 

% 

*>« 




5 

S' 

at 

■*r 

‘■O 




f 

Aj. 

5t 

1 

Frequency 

S 

1(1 

6i 

331 

348 

108 

L3S 

OS 

33 


7 


3 


1 

im 


* See lor examplai Paul It. hldw, mornttrlka, VoL xxw. p. HBfl, whace no altontion has been paid 
to the "abruptness" or to tho limitation ol the raaga Or again •. &. b, Bdgott, Melmn, Vol. tx. No. 3, 
pp, 81—92, who applies a wrong typo {using a method similar to that suggeste^l by me in 1885 and then 
found lacking in acouraoy) and then asserts (bat this type Is a bad fit, But illuStrations--OBpeolally 
in practical memoirs-^arc loally too frequent to be recorded here. 

t Published in the Aimalt 0 /j»/od«jiwtif«I SmMun, Vol. iv. pp. 80—74, Edward Btothots, Ann 
Arbor, Miob. 

I PAi'l, rrani. Vol. 186A, p. 870. 

§ UioHiefri'ikrt, Vol. iv. p. 105. 

II Loc. eit. p. 42. 

if Biomelrika, Vol. xxii. p. 147, 
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inoiuoit 
cq^imtioti is 


Tils! Fi»itw>ii ciii-«!aisi>miiri!iUit'»llredm»iiiiT)'|,; iV. awl (i,i:, 


13-iis 

\ j 


ig} w»(rk!iij,’ 


with origin At 3‘4U,0()a working miifca, i.o. .*M“UCWa II«n. U^fwi tho 'Jins m 

S*85^,R50 working units fitun fclio origitr. 

The of this oun-fi wem culculafecd anH the falbwiDg rewgiu ; 


Observed 

LcH^lbmic" 


FroquKdty 

Carve AroA» ' 

Tyiw IV Ciirvf 

18|'« 

‘•'ill 

ior“ 


82 

J»7 


m 

228 

filfinas 

m 

ar.6 

fi62*81W 

196 

too 

Ul9*00« 

laa 

lU 


ns 

67 

66*831 

fin 

27 

as*7oi 

M 

(11 '** 


i] 

1*137] 

Ji 

il 

‘ 4 

*•(» 

il 



For 10 gi'auiJH: 13*1764, ^«.6*Ii7&i, 

It is clear that tlie fit of the Type IV curve whioh provides the eomtol 0s iw iiAgiMflfWi:irr fca Ui«t 
of the logarithmic curve, m it naturally should bo. Mr Yuan may «f courec gniduats^’t «r»y dsnta 
with a logarithmic curve if he oansiders ttie 6t good ^iuugh for liia i)uri,w>Mi, but rl i» idle and 
jllogioal to pick out a wrong type from my system, and then tOAgtiify the value of Ojq losgaritUmk!* 
curve at the expense of that «y«tom. 


K IK 


* Values on p, 50 of M> Yuofi’e paper. 
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VoLirMK XXV UEUEMBEll, 1^33 p^^TS IH and IV 


BIOMETRIKA 


THE CRANIAL COORDINATOGRAPH THE STANDARD ' 
PLANES OP THE SKULL, AND THE VALUE OF 
CARTESIAN GEOMETRY TO THE ORANIOLOGIST, 
WITH SOME ILLUSTRATIONS OF THE USES OF 
THE NEW METHOD*. 

By KAUL PEAESON, 

1. XiUi'adtwtmy. 

Mnny ytm whwi I htid tuore leisuto to give to craniometry than I have 
batl n-oeiitly, I tTOirno conviiioctl of the unsatisfactory nature of the “standard 
pliiiiea of the akull, and tlio need for ft careful reviaion of the whole sahjeet. In 
[»crUcn!«r, when one haii renlisiitt the alaolute asymmetry of the skull aW 
and ill «)l directions, it acemed imtioii«l to suppose that the aiirioular axis waa 
likely Ui lie in a “ lKiriiwnW.r’ plane. Assuming for a moment that there is “ 
otitity «a ft ‘'median aagittul" plane, or plane with regard to which the absolutely 
symmetrical skull should have mirror aymmotiy. then ip the natural skuR the ears 
would bi! shifted right and left, forward and backward, up and down with regard to 
this mirror plaiin of symmolry, and accordingly the auricular axis would mate an 
luiglo with the inimir plane of syminetty. Further, al! the fundamental points of 
the skull whieh should lie in the mirror piano, i.o. the “mid-sagittal” points, wou 
in an aetnal wkull bo diaporacKl aome to tho right and some to the leR '''’if'li 
the fiction of a median sagittal piano as a tnic standard vertical plane of the s u , 
seemed to vanish with the asymmetry of the skull. 

Ccmviiicod that, with an asymmetriiail system like tho skull, the main 
still be to start from a fitly chosen median sagittal section as the standard 
vertical plane, and that the staadsnJ horisontal plana must be perpendienl®-^'’ i®’ 

I onuld only hxik ui»n tho Pmnkfurt Horisontal PKuieand 
Plano, both passing through tho auricular axis, and the Median Sagittal “■ 
determined by any three {wintetJ »« rery temporary and inadequate eXp® 
obtain throe niutually porpendioularstandanl crania! planes. These ouatoni^y 
are not mutually rectangular. By construction the Frankfurt Horisontal 
the usual Tran»v««e Vertical Plane are at right angles. Hence the tntr p 
ought to b« at right angles to Ixith these planes, that is to say at right 
the auritmlar aids. It is perfectly easy to draw the curve of intersection 

• Mw ni«(#ri*I potata of UUii y«|» ««» gi™ »» »loelom kslors to Ojtora tJniTerBity t 

loslwl BocWjf Ott Way m, IS8S. mpte Nasioa, 

t Tl»»e three (loiaU are waramed to be to tho ■■mtatM pl»ae of eymmoliY," lor ex» j,y 

Bregtoe and Lsmb^ as used to to Biometrio lAbeiatory, oc Baden, Iniea and Baflion a 
tiartiii. Beeii. ^s 

Bleueufka xiv 


to 
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plane with the external Burfiioc of the akull, if we have an instrument for eatting 
the skull with its auricular axis perpendicular to the plane of the craniometric 
table. That is possible by aid of the cranial ooordinatograph. It only nnnains to 
settle through what point this plane perpendicular to the auricular axis shall he 
taken. If the skull had complete mirror symmetry then this plane should bisect the 
auricular axis, i.e. pass through the point—the Mid-potion—midway between the 
Right and Left Poria. In the random selection of crania I have used to illu.slrato 
this paper, this Mid-porion plane deviates so widely from any supposed median 
sagittal section, that no one would think of using it. By aid of my ooordinatograph, 
Dr Morant kindly drew for me on a Hindu skull the Frankfurt Horiisontal Plane*, 
the usual Transverse Vertical Plane, as determined by placing the skull on a Ranke 
craniophor, and the Mid-porion perpendicular plane. Plates I—III indicate the 
absurd results thus reached, The absurdity lies in the fact that in no ordinory 
akull is the auricular axis perpendicular to any reasonable Median Sagittal Plane, 
and the sooner we, as oraniologiats, realise this the bettor. The auricular axis makes 
an angle differing from a right angle with the Median Sagittal Plane and has no 
real claim to bo selected as a “horizontal line." A very brief experience will con¬ 
vince an attentive observer that when the subject is holding his head “straight" 
the two ears are not usually on the same level, to say nothing of their equality 
in distance from any mid-line of the facet. 

I have, perhaps, said enough to oonvinoe the reader that the fundamental orux 
of the determination of the standard planes of the skull lies in the discavory of an 
adequately satisfactory “median sagittal section," i.e. a standard vortical sagittal 
section or an approximate mirror plane. Thie must precede the determination of a 
standard horizontal plane, if only for the strong reason that with a truly symmetrical 
skull we can find twelve or more points which lie in the mirror plane, while the 
"horizontal plane” has only some four points for its determination, and these in 
no case so simply determinable as the positions of those we have spoken of as 
mid-sagittal points. The "crux" lies in this: we have twelve or more points which 
“should" lie in one plane. If they don’t, what is an adequate representative of that 
plane? The mathematician would answer at once that a “good” substitute for it 
would be the plane that made the sum of the squares of the distances from it of 
these mid-sagittal points a minimum J. At the present stage of these investigations 
"weighting” the mid-sagittal points must be left on one side, and we solve our 

* not dstsrmlnQd from the left Orbitale, bat Dmm the moan beight of right and loft Orbitalia, 

t In very marked oaBaa the unequal height of the euro ie recorded as an “ anatomloal anomaly," 
aee dimabt o/i?«genfca, Vol. rv, pp, 38S—0, Plalea HI and rV, 

t not infrequently each a plane ie termed the "beet" plane. But to aeoept thie view we ehould firet 
have to ehow that the deviations of these peinte from this plane followed the normal law of frequenoy, 
and that the atendard errota of the deviatlona of the individual pointa were the same, otherwiae the 
quoation of wrighting the individual pointa ariaoB. Thia auggeata valuable, but very laborioue work in 
determining the variations of what I have termed the mid-aagittal standard pointa from a mid-aagittal 
plane and a consideration of their individual frequenoy distributiena. We should probably find ouraelvea 
finally thrust on the problem of whether the standard deviations varisd from race to race. If they should 
do BO, weighting would be very troubloSome. 
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problem by stating that the standard mid-sagittal plane is the plane—in a mathe¬ 
matical sense—of close fit to the twelve or more mid-sagittal points. 

It was with regard to problems of this kind, in particular cranial problems, that 
in 1001 I published a paper on ** Lines and Planes of Closest Pit to Systems of 
Points in Space*, and showed that the determination of good fitting planes 
depended on finding the standard deviations and correlation coefficients of the 
coordinates of the points in space, The solution was reduced to a problem in solid 
Cartesian geometry. To apply it to the skull we must (i) determine some three 
rectangular pilanea associated with the akull—these I term the fundamental reference 
planes, and (ii) have some instrument which will rapidly provide us with the three 
coordinates of any point whatever of the skull in relation to these three planes. 
Such an instrument 1 term a cranial coordinatograph. One especially designed by 
me and made for me by Messrs Hawksley and Sons will be described below. 

Now let us seo where we stand. The skull may be looked upon as a system of 
indefinitely numerous points. By aid of the cranial coordinatograph we can at once 
form tables of the coordinates in apace of any number of these points we please. The 
instrument enables us to construct plan and elevation, drawings of these points. 
Wo can then proceed to deduce properties of the skull either by the methods of 
solid Cartesian geometry so familiar to the mathematician, or by the graphical 
rules of plan and elevation drawings so familiar to the engineer. 

We are thus able to determine (i) the distance between any two points on the 
skull—the callipers may be dispensed with, although the tape will still be required; 
(ii) the equation to the line joining any two points and the angle made by this line 
with any other lino or plane; (iii) the angle between any two planes as represented 
by their equations; (iv) the standard mid-sagittal plane as defined above, and— 
perhaps the moat important of all determinations—whether (v) any two homologous 
points on the skull have true mirror symmetry. Thd cranial coordinatograph seems 
to me to throw open a new field in craniometry, much as the modern theory of 
statistics did some forty years ago. It adds solid analytical geometry to the 
technique of the oraniologist, and provides a valuable addition to his inatrumentarium. 

I have no desire to Boreen the labour of calculation involved in the new processes 
suggested in this paper. The question is; Are the results worth that labour? 
Personally I think they are. It is something to gain a means whereby we can 
distinguish between the adequacy of various median sagittal pianos, or obtain a 
measure of the inadequacy of the Frankfurt Horizontal Plane. And these are only 
two of the many problems solvable by the new methodf. 

• JPhiloaophical Magaeine, November, 1901, pp. 669—672. 

t Apart from new pioWeme wa obtaia other methode of aolving old probloms. Wa have the oo- 
ordinafces of Naeion, Alveolar Point andBasion; they give the equations to the eides of the fundamentnl 
facial triangle; aud we can study its angular properties without using the tclgonometer. Or again we 
have the coordinates of Nasion and Proetbion (or, it we prefer, Alveolar Point), and have the equation to 
their join. One of the direction cosines of this line gives the angle it makes with the Frankfurt Plana, 
that is the Profile Angle. We can thus dispense with the goniometer, which ia at beat a faulty instru¬ 
ment for it assumes that the line joining Naaioct and Proathion projects into a vertical Hue on the 
usual Transverse Yertioal Plane, which in general it does not. 


16—2 
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Befaru ive oiui distenviino the cooitliiiatoa of poiiita on the skull wo raimt fix on 
WKiidiiiate planes. These might of course be selected in any manner, but it is 
ooriveniont to select fur them already familiar planes. I call them the planes of 
roferunoe, and the reader must distinguish thorn fram the standard planes of the 
skull, which are Btiwothing quite different. I take as planes of reforonoo: (i) the 
Frankfurt Horizontal Plane as determined by balancing the Poria on the extreme 
points of the knife edges of a Ranke eroniophor. The Ovbitalia are then marked on 
right and left orbits and the skull rotated until the horizontal plane through the 
auricular axis (i.e. the join of the Poria* or the knife edge of the ear plugs) bisects 
the diffotonce of the heights of the two Orbitaliaj-. This is our first reference plane. 
With the skull thus adjusted and the soribev at this height, the most posterior 
point in the occipital region in this piano (to be called the jilano of ® = 0) is marked 
on the skull. It will be called Kappa. This point Kappa is usually on or oloao 
to tho occipital protuberance. The Frankfurt Horizontal Plane a-s thu.s defined 
will pa3.s either through both Orbitalia or above one lower orbital margin and 
below the other. See Plate 1 (a), (ii) While the skull is still adjusted to this 
slight modification of tho usual Frankfurt Plane, tho horizontal bar of tha 
craiiiophor is brought down until it is in contact with tho skull and moved forward 
or backward until its point moats the sagittal suture. This point is marked on the 
skull. It is tho Apex in my terminology}. The plane through tho Apex and tha 
Poria is that of the so-called Transverse Vertical Plano, tho plane for which tho 
Transverse Contour is usually provided. It is to be our plane of {xt) or y=0. 
Tho planes (i) and (ii) meet in the auricular axis which is accordingly our axis of x. 
(ili) Any plane perpendicular bo the auricular axis will serve as the third plana 
of reference. Now suppose tho skull removed from the eroniophor, and adjusted so 
that the auricular axis is perpendicular to a drawing-board, then the paper on that 
drawing-board may be taken as the plane of (ay) or r; = 0. Tho point in which the 
auricular axis meets this drawing-board will be our origin, or the origin is the plan 
of the two Poria. If we now project onto the drawing-board all points we please of 
the skull, we shall have their plans on the plane of z= 0. These will give us their 
a and y coordinates. The plan of the Apex joined to tho plan of the Poria will 
give the axis of x, and the line in this plane through the plan of tho Poria 
perpendicular to the join of the the plans of Apex and Poria will be the axis of y. 
This axis of y should very closely pass through the plan of Kappa if our adjustments 
have been accurately made. I take tho positive direction of the axis of a to be away 


* I prefer to mark the Poria only after the aknll ia supported on the knife edgea. 
t The Boriber eet to the lerol of the left of the knife edgee is first applied to one Orhitaio, and the 
akuil rotated until this Orbitals and the Poria are in one plane. The aorlber is then applied to tho second 
orbit ] if its Orhitale ie above the scriber, the eoriber point is marked on the akull below the Orbitals, and 
the skull rotated till the scriber bisects the difiemnoe. If the eoriber ae first set ie ahoro the eeoond 
Orhitale, then that Orhitale ie brought up to the eoriber, whioh when applied to the first orbit will now he 
below Its Orhitale and the bieeotion mnet take plaoe on that orbit. The ultimate plane, to he called that 
of [rpl or x=sO, ia oar first plane of referenoe. 

t The Xpen must not be confneed with the Vertex ; the latter ie the point of the ekuU at xnazlmnci 
perpendicular distance from the Frankfort Horizontal Plane. 
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from the Apex, i.e. towards the base of the skull, and the positive direction of the 
axis of y away from Kappa or towards the face of the skull, I have chosen the 
plane of y « 0, or the Transverse Vertical Plane,as the plane for giving the elevations. 
The Frankfurt Horixontal Plane is the plane through the axis of y perpendicular to 
the plane of the drawing board, and, if the skull wore truly symmetrical, the plane 
of the plans would he parallel to the mirror plane or a true Median Sagittal Plane. 
Accordingly all the mid-aogittal points would have the same elevations. 

Plates IV^VI provide photographs of the plan and elevation drawings of six 
skulls—those of a Fuegian, an ancient Egyptian from Nubia, a modern Arab, a 
Negro from the Teita Hills district, a 17th century Londoner, and a modern Hindu, 
These akuila wore chosen at random, and the diagrams in every case show us that the 
inid^sagittal points do not lie in a single plane perpendicular to the auricular axis, 
forif they did these points would have equal elevations*. A true mid-sagittal plane 
is a fiction in every one of these cases, and we are compelled to replace it by the 
idea of the ''closest fitting" plane to the chief mid-sagittal points. 

2. The Cranial Ooordinatogmph. 

In tinier to obtain the plana and elevations of points on the skull (not confining 
otirselvea os in our present illuatrations to the mid-sagittal points) it is needful to 
doviae an inatrumeat which will serve three purposes; 

(а) Set the line joining any two selected points of the skull perpendicular to 
a drawing board. In our present illustration this line is the auricular axis or join 
of the Poria, but we might find in other investigations that some other line would 
bo of more service as axis of r. This can equally well be achieved by the ooordinato- 
graph. 

(б) The instrument must be capable of measuring the height of any point 
above the drawing-board, that is we must read off easily upon it the elevations of 
any chosen cranial points. 

(c) At the same time it must by a simple action record oh the drawing-hoard 
the plan of the cranial point. These objects are all achieved by the present 
instrument. 

Diagrammatically the instrument consists of three arms, two of which are capable 
of fine motion and to each of which a vernier is attached. See Fig. 1 on p. 222. 

AB is a vertical rod on which slide the two arms DjPi and D 2 P 2 , which can be 
brought into absolute contact such that the points Pi and Pa coalesce. OD 3 is 
a fixed arm, and carries a vertical cylinder in the axis of which ie a needle point P3. 
When the button at 0 is pressed, this needle comes down on the drawing-board and 
the inked rim of the oylinder makes a circle with a needle point in its centre. This 

• The in.odel» baaed upon the plan and elevation diawinga provided by the oranial coordinatopraph 
had to be tilted for photography in order that the namee of the points should be legible. Aoootdingly 
the reader wlU And it beat when examining them to hold the page nearly vortical, when the models 
come more oloBOly into oorreot perapectiva. 



222 


The Ormrdal Coordimtograph 

is the plan of the point, with which one or other of the points Pi or P, is placed in 
contact. The three points Pi, Pj and P> are in a vertical line perpendicular to the 
base BB' of the instrument. Thus the line PiPjPs is accurately parallel to the 
vertical rod AB. This rod is graduated in millimetres from zero at B. Thus with 
the fine adjustments and vcrniora the height of Pi or Pi or their difference in height 
can be determined with close approximation. The other part of the instrument, 
the ctamal staddlo or skull trivet—it would be misleading or ambitious to call 
it a craniophor—oonsista of a triangular plate canning a saucer, and supported 
by three screws at the angles. The skull is placed on a bed of plasticine in tho 
saucer, with the required line roughly adjusted to the vertical. Tho point P* of the 



ooordinatograph is brought into contact with the lower point of the line; the upper 
point Pi is brought down to the approximate level of the upper point. Then by the 
turning of the three ataddle screws and tho fine adjustment movements of tho arms 
Pi Pi and PjPi, the skull is brought into contact at tho gi ven points—e.g, tho Poria— 
with the terminals Pi and Pj of the arms of the ooordinatograph. The adjustment 
does not take in practice much longer to carry out than it does to describe, and when 
it is completed the required line—B.g. the auricular axis—is perpendicular to the 
drawing-board—a touch on tho button at 0 nosv records the position of the origin on 
the drawing-board. The upper arm is then raised above the skull out of the way, and 
the lower arm used; it is brought into contact successively with the points of the 
skull which are to have their coordinates found. The button G determines the plan, 
the scale on the vertical AB, with the vernier at Pj, gives the elevation of the point. 
The plan of the Apex gives the c-axis, and the line through the origin perpendicular 
to this gives the y-axis. Thus the three coordinates of any point can be found from 
the recorded elevations and tho measurement of the plan drawing ou the board. 
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The etKinliimtogmiih and the cranial ataddio are made relatively heavy so that they 
may net Ih- moved tm, quickly either by over-haste or accident, and thus compel the 
UBcr U. rundjnst tin: akiiH and Btarb nfroah. Care has to be taken in adjusting the 
skull on its bed, tliiit no nsqiiiri-d point lies immediately above or very close to one 
of the screw legs of the sbuldla. The boao plate of the staddle is raised sufficiently 
above the dniwinp-lauml Ur allow of the plan-recorder DsO passing beneath it as 
the platiB of one or two points of the skull will frequently be beneath this plate. 
With pnmtioK in the amt of the apparatus I think the adjustment of a skull and the 
detorminalioD of the tbrese coordinates of some twenty points do not involve much 
mora than nti hour’s labour. 

Table 1 gives as an ilUiatration the three coordinates of some fourteen points on 
six skulls referrtjd to the reference planes we have discussed above. After a short 
discussion of mirror symmetry, I shall return to these sets of coordinates and indicate 
the tyiw of jawblem in which their determination can bo of service. 

Plato Vir («) gives a photograph of the Cranial Goordinatograph in its first form. 
Slightly to the right we see a akiill on the cranial staddle; to the left of it the two 
acribtir arms of the ooordipatograph are adjusted to the upper and lower Poria of the 
skull. The wsilo, the fine ndj usting mechanisms of the soriber arms, with the verniers 
OB the sloping facos of the out away portions of the arm brackets are visible. Two 
instr'umeiiU for roeordirig plans are also in the picture. That on the right is of the 
Kliuitach type*, and is set for determining the plan of the glabella of the skull. That 
on the left is tho plan-pricker from my osteometrio instrument. The upper is the 
seriber arm, the lower arm marks the plan of its point by a eirole (inked with a pad) 
with central needle point, corresponding to the oylindor-bearing arm of the diagram 
in B'ig. f. The use of sueli auxiliary instruments re(juires a double operation, the 
measurmnent of the elevation by tho coordinatograph and the location of the plan by 
some form of vertical projector. This double insbrumenbnl setting has been got rid of 
by attaching an arm Hko that on my plnn-pricker on the left to the base of the 
coordinatograph : see Plate VII (6). Thus, if either arm be set to a point on the 
adjusted skull, a tap on the pinn-priofcer gives the plan, and a reading of the scale 
on the vertiiml upright of the coordinatograph tho elevation of the point in question. 

3 , On S^melrj/ of the SkuU. 

I have indicated in my introductory remarks that I do not look upon tho 
Frankfurt Horisnital Plane passing through the auricular axis as the best approach 
we can make to one of the fundamental planes of tho skull. The first thing which 
strikes an observer of the human frame is its superficial approach bo symmetry. 
This symmotrj' is not axial, but planar or mirror symmetry. Take any body whatever 
with a plane side and place that side against a mirror, and we see at once an example 

• TW» doM Dol cUBor «*Jitiallr from Llooaoei'o Diogtoph {ArcMv jUr Anthropologii, Bd. xy. 
Snpptaimnl, 8. U nad TaM STV). tint 1 WM poraooally totaroated in Koatsoh'a oontont-tiaDingo (of 
which J fomam mmriA orl*inal»), snd I h«a Uio originsl projootoi nood in tho Biometm Lohoratory 
made lor mo to hia pattern hy hia ioatremont maker. X therefoco apeak of it aa of “Kiaataoh type” 
without daiming for him, or lodeea lor Ltaeauer, tba luvonHon of oraniographa. 



Beferred to Auricular Axis aa aiis of 2 and “Transrorae® plane as plane ofxz\ 2=0 is plane of drawing 



The Inienoi Hon waa not ssed in the case of (Aj and (B). In the case of (A)~(F) the Fappa waa eo close to tbe z-asds that I hate tehsn it on that axis. 
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of such mirror syminetry*. This appareut symineti’y is the striking feature of the 
living hetul or the skull) and it is idle to neglect it and suppose we can determine 
any standard plane without regai-d to it. Of ooaree as soon as we begin to measure 
wu find that tho skull is very far from aymmetricul. Much work hag been devoted 
ill the Biometric Laboratory in recent years to the question of asymmetry in the 
human frame, and more will shortly be published. I do not propose to deal at 
present with tho results of those investigations, although they actually upset some 
current beliefs. As far as the skull is concerned those investigations deal with the 
measurement of homologous distances or the size and shape of homologous bones. 
But vie have to remember that the brain controls the development of the brain case 
as much or rather more than the case controls the brain. Let us start with a 
hypothetical brain of perfect mirror symmetry, and let it retain this symmetry from 
the earliest fotal life. Tho homologous bones will spread from their ossification 
centres over tho brain but they will spread unequally and not homologously; the 
resulting biain case might possibly have mirror symmetry, but this could not be 
aaoertainod in gaueral from a measurement of homologous bones. We need to 
ascertain fimt at least some approach to a probable mirror plane. If we suppose 
homologous bones to grow "at random,” according to a general law, but that there 
be no absolute equality of growth in homologous bones in definite directions, then 
■they will inaet and the sutures be formed in a more or less random manner, fiiat 
tho edge of a right side, then of a left side bone protruding into tho territory of tho 
other. The best we can do is to take some form of average of the sutures which 
should Ho in tho mirror plane. As we cannot attempt this for every point on the 
whole soriea of sutures, we do the best we can by fitting a close plane to a reasonably 
largo number of definito paints on these sutures. If this gives us the best plane 
available for the skull, it by no means follows that it would be with equal oloseness 
the mirror plane of the brain or of the living head. Indeed the brain might be truly 
symmetrical, while tho skull was asymmetrical. Without having definite evidence 
to produce, I think, however, that the living head is on the average more asym¬ 
metrical than the skull. Suppose we take a full-face portrait of a head, how shall 
we determine what is its mirror plane, and judge what it would look like if 
symmetrioal ? 

I tested in the first place a rough outline sketch of Cvomwell’a death mask— 
Plate Vin (ii) (i). The nose decidedly deviated to tho loft cheek. What is tlie 
“host” mirror plane? The only thing to be done was to bisoot tho lip line and 
tho external oocular distance; these points of bisection were joined, and the 
drawing out in half down tho bisecting line. The two halves were traced in 
reverse lind then the two right sides were joined up and the two left sides were 
joined up to form absolutely symmetrical faces. The results in Plate Till (ii) (a) 
and (c) are absurd, but suggestive. The reader can choose (ii) (a) vrith the 
duplication of the famous wart over the right eye, or (ii) (c) without the wart at all. 
We see at once that the skewness of the nose leads to a marked diminution of that 

' Tho mirror must be s oilvered plate, and not the ordiaorv giosa mirror, Cor the latter tvill show a 
vacant abeet between object and image. 
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orgflD, or to its exaggeration. In Plate VIII (i) I have applied the same breatmenl: 
to a drawing of the Ashmolean bust of CromwoU. 

Now this difficulty follows us when wo ask what would a familiar face look like 
were it symmetrical. We bako a full-face portrait and at once are met by tho 
problem: Where is the mirror plane to be placed? I took tho photograph of a 
colleague and after several trials finally settled that again it was beat to take the 
dichotomic line through the bisections of mouth and external orbital distance. 
This line would not be a truly vertical line as the head was slightly inclined to the 
right: see Plate IX (6). To my horror the bulk of the nose and neck fell in one half 
of the divided photograph. These two halves had now to be reversed, and this 
was done by rephotographing them, and obtaining two prints, one with the film 
against the printing paper and the other with the glass. Joining my two halves 
together I obtained two perfectly symmetrical faces—Plate IX (rt) and (c)'^but at 
the cost of much reality. Any one who examines these ‘^symmefcricised" portraits 
will I think come to the conclusions that (i) grace does not necessarily connote 
facial symnoetry, and (ii) a good deal of pereonal individuality is linked with facial 
aaymmet^. 

After this I felt able to deal with the problem of a symmetrical skull Precisely 
the same process was repeated on the //bma/acraiw of an Egyptian skull. See 
Plate X, Allowing for vhe Weakening of the reversed prints, I think, any one 
accustomed to handling skulls will be struck by the naturalness and individuality 
of the central photograph os compared with the symmetricised products tu right 
and left of it. 

But while it is relatively easy to create symmetrical portraits of the living face 
or of tho Norma facialiB of a skull, it is far less easy bo determine the plane 
associated with an ootual head or skull, by aid of which we can appreciate its 
asymmetry. As I havo indicated in the introduction to this paper, there are a 
certain number of points which may be termed the mid-sagittal points, for they 
should lie, if the skull were symmetrical, in one plane, the mid-sagittal (and are nob 
infrequently assumed to do so evon in a natural skull). These points are the 
following: (i) Alveolar Point, (ii) Nasal Spine, (iii) Nasion, (iv) Glabella, (v) Bregma, 
(vi) Apex, (vil) Lambda, (viii) Kappa (sco p. 220 above), (ix) Occipital Protuberance 
(Superior Inion), (x) Inferior Inion, (xi) Opisthiou, (xii) Basion, and (xiii) Palatal 
Spina. As I have indicated, the piano of closest fit, as judged by minimum mean 
s(|uare deviation to these points, will be defined as the standard raid-sagittal plane. 
In the past the mid-sagittal plane has been arbitrarily determined by selecting 
throe of the mid-sagittal points, regardless of whether such plane was or was not at 
right-angles to other so-called standard planes. Let tne illustrate the difficulties 
heretofore current by citing the weiglhtiest authority on the subject. I am inclined 
to think that in his case aa in the case of many others the man who writes the 
biggest book is held to be the weightiest authority. If we cannot form an impression 
on the reader by the lucidity of our writings, we can at least impress him by the 
weightiness of our volumes, The very origin of the term weighty for an, authority 
may be studied from this B!^)ectp. 
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Eudolf Martin in his Lehrbuch der Anthropologie in systemitt'iSobe^i' ars u 
(note that word syalttmUk'i) tells us in Ed. II, S. 682, after emphaS'®'°S I" ® neues 
of ulant!* of orientation for the skull, that; , , ,, 

^ * iflt duVcH dPO) JrUTlKtrti 

'Tnimr die SilcdiftiusagitU) Ebono kftnn koin Zweifel bostehen; sie ' , Q^nevEbene, aber 
Initnj iiixl Ikaitui) bewthmut, Zwat liagon Uicaa niobt iramer kGnnen,” 

dio AltwoiKliuiigon «<j uul««lttmetul, diuw sio in dor Praxis vomaohlos^’S 

In tmnslrtioti; 

Tlum e*u l« no doubt about tbs Median S;i^ttal Plane. It m deter™ ^qvia. 

(Noaion, I'liuii and lta»l»n)' Th®*' IwluU do not lio always ejaotly in one p a , 
tiotM are no uuiunwrlaiil, that in pmetioe they may bo nogleotod. , . 

.1 . • a 111 lie on tiie mirror 

Why Marfcitt selected out of the many points which should 

plant! the Nusion, Inion and Basiou "wtAout doubt" os those ^ 

Median Sagittal Plane, ho does not tall ua, and I oanuot tell the 
that one of hi» throe pointa is one of the most difficult to go a step 

and no two writers seem to agree on how it is to be found! these 

further, wc are told that the Median Sagittal Plane is to be de 
three ixmit«~wheri they are foiind—that seems clear enough^. 
then infonned that the piano which passes through these wr ;5;,j ji^rtin not 
exactly pass through them, hut the deviations may be neglecte ■ 
know that a plane is fully determined by three points? On j he says 

appMr to Ihj so; but on S. fi83, fipenking of the horizontal plane can 

it ought to go through four pointe, but as the skull is , jerminca plane." 

only he taken through tArac, 'Tor three points mathematically a been taken 

In the Biometric Moratory the Nasion, Bregma and more or leas 

for drawing the median sagittal contour, partly because these P , because the 
clearly determined by the intersection of the cranial sutures, » 

vault of the skull seems for many purposes mote important be ■ 

Mow let 118 return for a moment to Martin, His median points—Nasion, 

taken (notwithatanding negligible deviatione) through the pointa They are: 

Inioo and Basion. We naturally look up his definitions of the ^ 

S. 619. The Naaion is the meeting point of the sutura ® pjane. This 

suture between the mu®! and frontal honee) with the Median 
plane therefore determines ihe Nation. _ superiores. meet in 

S. 618, The Xnion is the pint in which the Lineae nuoli»e^^ 
the ilfedtan SaffiUal Plane-, if these lines are eo feebly ^ jpeed till they do, 
reach the Median SagiUtU Flan,, they must be artihcially 

Thus agw'n the median sagittal plane determines t e nmn. foramen 

a. 616. The Basion is the point in which weighty of modern 

magnmn is met by the Median Sagittal Plane. Thus the pjiree cranial points, 
anthropologists defines the Median Sagittal Plane in teirae -o„- knowledge of 

which accoiding to him are only to be aeoertained by an^ not 

the Median Sagittal Plane. If this be ■•syetematieobe Hare (.besc 

some need for a mathemalacal logic a e , lo 
oraniological fogs? 
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I have no desire to defend any particular plane which goes through three points 
as being the better representative of a plane which should pass through a dozen or 
more, but when we are told that there can be “kein Zweifel" as to what is the 
Median Sagittal Plane ono is tempted to ask whether Martin’s “ohne Zwaifel” Plane 
i.s really superior to the naaion-bregma-lambda plane of the Biometric Laboratory, 
Having the coordinates of the thirteen mid-sagittal points for the six skulls selected 
at random which illustrate this paper, it was easy to write down the equations in 
those cases to Martin’s Plane and the Biometric Laboratory Plane, and to measure 
(i) the angles between these planes, and the plane of "closest” fit to the thirteen 
points, and (ii) the mean square residuals of the mid-sagittal points from Martin’s 
“ohne Zweifel” Plane and the Biometric Plane. The results are given in Table II, 
A and B. 

TABLE II. 


A. Angies Plane of Maximum Symmetry makes with the Biometrio 
and Martin's "Median Sagittal Planes," 


Skull 

BloiDotrio IjftboTafcory Plano 
{Naaion, Brogma, Lambda) 

Markin’s “ohuo Zwoifel” Plane 
(Haalon, IriioUt Boaion) 

Aiioient ER.yptiflu ... 

0" 2fl'‘0 

V 20'-0 

Modern Arab 

r 30'*3 

0“ &5'’0 

NcRro (Toita) 

r 30'‘6 

6‘ 46'’7 

. 

1* 69'-0 

7* 10'-5 

17bU cenbury Englisb 

3* 14''0 

D*47''H 

Bengal Hindu 

3“ 56'-7 

eno'-y 

Moan Angle.. 

2"8'-8 

3“ 43'-2 

__ 


Or, Martin’s Plane has on the average a 73 °/^ increase of angular deviation on 
the Biometric Plane. 


E. Mean Square Besiduals for the two "Median Sagittal Planes." 


Skull 

Biometrio Laboratory Plane 

Marbia’y Plano 

Aaoienb Egyptian 

1-61G7 

1-5908 

Modem Arab 

4‘0284 

2-60Ba 

Negro (Toiba) 

5-72B4 

32‘0419 

Fuegian .. 

a-61586 

62-4137 

EngTish . 

27-3bfi3 

4-0257 

Bengal Hindu 

31*1850 

36-5764 

Mean "Value. 

13*0055 

23-0414 


Or, Martin’s Plane has on the average a 77 °l, increase of Mean Square Keaidual 
on the Biometric Plane. 

The sections A and B of Table II show us that neither the Biometric Laboratory 
Plane, nor Martin’s “ohne Zweifel" Plane lies on the average very close to the 
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Plnnc of ilitiiiiiiitn Deviation from the mid-sagittal points. This plane may be 
spoken of as the plane of nearest approach to the mirror plane of the skull or more 
shortly ns the IHuiw uj Mtuciiiium. Syvfvni&ti'y, This latter plane we shall take as the 
Fiiut Standard Plane of the skull, or the Standard Median Vertical Plane. Naturally 
the Standani Horizontal Plane will he perpendicular to this plane, and we shall 
determine how far the Frankfurt Horizontal Plane is deficient in this respect. The 
Standard Traiiavcrsc Vortical Plane will ho again perpendicular to both our Standard 
Plane of Maximum Symmetry and to our Standard Horizontal Plane, and we shall 
determine how far this plane deviates from the usual Transverse Vertical Plane 
thj'ough tlie auricular axis perpendicular to the Frankfurt Horizontal. It will be 
seen that wliether wo .judge by angular deviations from the planes of maximum 
symmetry or by the moan square deviations the nasion-bregma-lamhda plane is on 
our present evidence much superior to the nosion-inion-basion plane. Accordingly 
wo shall not consider it needful again to refer at length to the Median Sagittal 
Plane of Martin. When we speak of the “usual” Median Sagittal Plane, we shall 
mean that in which the long aeries of median sagittal contours issued by the 
Biometric Laboratory has been drawn, i.e. the uasion-bregraa-lambda plane. 

4. Froudura for the Felermimiion of the First Standard Plane or Plane of 
Maaimtim Symmelri/ of the Shtll. 

I have already indicated the first stage of this procedure, the determination of 
the reference planes, and in particular the auricular axis which is to be set per¬ 
pendicular to the plane of the drawing-board. But there is one point I should wish 
onoe more to oinphasiso. The auricular axis may be defined to be the line joining 
the extreme points of the knife edges on which the skull rests on the oraniophor, 
uiken these knife edges are properly adjusted. This adjustment is sometimes defined 
os the process of bringing the tip of the knife edges to the Poria. But what are the. 
Poria? Martin* defines the Porion "as that point on the upper border- of the 
auricular passage which is vertically above the middle of the same." But how the 
middle of the auricular passage is to be found, he does not tell us, nor can I conceive 
how it is possible for an asymmetrical conicboidal space to have a " middle.” Still 
less, if I could discover this “middle” could I take a "vertical” through it to meet 
the upper border of the auricular passage, because a vertical can only mean a line 
perpendicular to the horizontal plane, and that plane can only be found when the 
knife edge tips are already placed on the Poria. Thus according to Martin the 
Poria can only be found after the Frankfurt Horizontal Plane has already been 
determined. The very process of tilting the skull round on the knife edge tips to 
bring the Orbitalia to the height of the top of the knife edges causes the tips of the 
knife edges to slip along the upper border of the auricular passages. In my opinion 
the only way to determine the Poria is to mark them after the skull is adjusted on 
the oraniophor to the Frankfurt Horizontal, the knife edges being withdrawn out¬ 
wards to the very verges of the upper borders of the auricular passages. If, with 
some definition, other than Martin’s, the Poria be marked before the Frankfurt Plane 


• IM. <!«. 8 . 610 . 
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is determined, then there is diffioulty about successfully balancing the skull with its 
knife edge tips on these Poria; the tilting of the skull produces a constrained 
equilibrium and the knife edge tips tend to slip off the Poria and a minor catastrophe 
may result. 

However, having marked in one way or another the Poria, it is fairly easy to 
adjust the skull by the three screws of the skull staddle so that the two Poria are 
in contact with two upper arm tips of the coordinatograph. A touch of tho button 
marks the point, where the auricular axis meets the plane of the drawing-board, or¬ 
is the plan of the Poria and the origin of coordinates. Before the oooi-dlnatograph 
is moved, the elevations of the Poria must be read off and recordedj a check on their 
accuracy is that their differences should equal the intraporial distance, which should 
be taken with the callipers, when the skull has been removed from the omniophor 
and beibre it is placed on the staddle. The Apex and the Kappa are now projected 
on to the drawing-board by aid of tho coordinatogi-aph, and their plans, joined to 
the plan of the Poria, give the axes of ea and y respectively. These axes should be 
perpendicular. If they are not, the y-axie must be taken perpendicular to tho 
flj-axis, and the Kappa will have an (c-coordinate differing from zero. Such a coordi¬ 
nate was too small to be measurable in the skulls dealt with by mo. The plan and 
elevation of overy other "mid-sagittal’’point is obtained in the same manner, and tho 
record for each skull will bo a series of coordinates similar to those given in Table I. 

The oraniologist may not take it amiss if we remind him of the chief theorems 
in solid analytical geometry which are of value in the study of the skull. If 
(oi, 6ii hi) (Oa, ia, ha) («a. iai ha) be the coordinates of three points, end 

+ -hUia and Ja«-1-may-h na* = ya 
bo tho equations to two pianos in tho prepared form, i.c, such that 

-I-«ii“-1-J!i’=■ 1, fa” + ma“-l-na“= 1, 

then; 

(i) The equation to the line passing through (oi, 6i, Ci) (<ta, ia. ha) is 

2, ~ I'~ ~ 

Oa-Oi ha—i>i”ca —Cl .^ 

(ii) The direction cosines of the lines are 

Xi2==(a«-(ti)/ri2, itfu == =» (ob - . 


where ru® - (aa - Oi)® + (6 b - 6i)“ 4- (oa - ci)® J . 

(iii) The angle between two lines, d, is given by: 

cos B ... (iii), 

(iv) Tbe angle ^ between two planes as above is given by 

cos = + niTia ........(iv). 

(v) The angle between a line and a plane is given by 

sin = Xia lx + wii + Nn ni .....(v). 
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(vi) Tho plane through the points is given by 

X -ai y~hi ^ -Cl =0 .(vi), 

ffa — «i hi — &i a — Cl 
Ha — «! 63 — ii C3 — Cl 

where it is simplest to express the determinant numerically before expanding it. 

fvii) Let ®, y, z represent the coordinates referred to the three planes of 
roforenoe already discussed of any of the "mid-sagittal” points and S denote a 
summation for all these points r lob S, y, z bo the mean coordinates of all these 
points, 1 ! in number; let 

be the x, y and z aquared standard deviations j and let 

Pw “ S i^y) = (*x) - Pv. = i s (y®) - yx 

be the product moment coefficients. 

Wc must then solve the equation 

pta =0 .(vii); 

Pyz, O'/-S', p„ 

Pa. Pzy 0 -,‘- 2 ’ 

£• - X* (o-,* + 0 -j,* + 0 - 3 *) + £' (»,' <r„' + o-,' o- 3 * + a„‘ ~ p\ - - p\i) 

~ ('r»'<ri/'<r.' - - (r.'pV + ^PzvPa Pi«) = 0 .(viii), 

and we shall obtain three values Xjf, X^f, Xa‘ of S'*. These values of S* are the 
minimum and tho two maxicnura values of the mean square deviations of the 
iL points from three planes*!'. The Si* which gives the minimum value is the one 
wo are seeking in the first place; it provides the plane of raiiximum symmetry, or the 
nearest approach we can gob to a true mirror plane or median sagittal plane of the 
skull. The Standard Horizontal Plane and the Standard Transverse Vertical Plane 
must be defined with regard to this plane, and we shall deal with them later on. 


To determine this piano we must solve the equations: 

(<r/ *- Xi*) h + = 0 ' 

Pv(c ■+* W ~ ^1*) (ix). 

+ Prv “ ^x*) = 0 

subject bo ii* + i/i* + Vj* «1 

Zi, Ml, are the direction cosinoB of the plane of maximum symmetry, and 

..(*) 

or the equation of the plane is 

—^) + .Vx(^-2)=0 .(xi) 


and 2i* measures the mean square deviation of the mid-sagittal points from this plane. 
* Phiicgophiaal Ufaffoxint, 1901, pp. 661—668, 

f All terms in braokeie are poeitire, and (he e^natioQ has three real roots. 
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5. Ilktsiratio'ii of Numerical Woi'k, 

We will now give a luirneriuiil oxiimplc of finding a plane of maximum 
symmetry, and then more briefly provide the equations giving 2/ and this and 
other planes for several skulls. We will take the Arab skull, section (0) of Table I, 
p. 224, and consider the 13 sets of mid-sagittal points, coordinates given in the 
following table: 

TABLE in. 

Coordinates for Arab Skull. 


Point 

X 

y 


198-0 

1. Alveolar Point 

+ 46-0 

+H8-8 

198'1 

-i-4-e 

2. Naaal Spino. 

+ *2»*« 

+fl2‘3 

198-1 

+4-B 

:j. Noaion . 

- 2»*4 

•ffl:P7 

106-r> 

4-;P() 

4. GUbolla . 

- 39‘6 

4-84-8 

ifjn-0 

+2-5 

f). Bi'ogiua . 


+ 4*1 

190-0 

-2-1) 

n. Apox. 

-110-0 

00 

IBO‘1 

+2-0 

7. Latnlidtt . 

- 49-9 

-78*1 

1H9'7 

-3-8 

8. Occipital Protabovauco 

- 0*2 


lOO'O 

-2'D 

&, Kap])a . 

0*0 

-71*2 

1H9-8 

-3-7 

10. Inferior Iiiioii 

+ «0 

-05*8 

IBfl-a 

-3-7 

11. Opiatliiou . 

+ 20-H 

-38-4 

103-2 

-0-3 

Batiiou .. 

+ 26-5 

+ 4-1 

193'1 

-0-4 

13. Boao Palatal Spino ... 

+ 30-8 

+46*4 

104-4 

•tO-8 

Sum. 

-l&D'G 

-I-74-2 

2516*0 

+<n 


Siim-v-lS; 

(i) .v=-lr)'0ia,lfi4, J--t6'707,69Z, S=193’638,4615, i'= + •038,4610. 

Squares; 

(ii) J==226'38a,750, J"=32-077.748, ... S'»=-001,479. 

Products: 

Ciii) 3«'= +-219,526, i'»=--578,698, ... 3;y=-8.5-878,813. 

Mean Squares of Oooi-dinates from Table IV: 

(iv) )S(4f‘)/13 = 3002-578,4015, S(y»)/13=4S60-210,709, S(«'»)/18 = 8-B40,709. 

Moan Products from Table IV: 

(V) ,2 (ya')/13 = 181-366,923, S(»'®)/13= 29-892,308, 5 (ay)/lS=366-822,308. 

(iv) minus (ii): <rj“=2776-191,7n, ir,»=4226-63.3,02l, ir.“= 9-039,290, 

(v) minus (iii): 181-137,397, y„=30-471,006, p,„=461-701,121. 

We are now in a position to write down the fundamental oubio as given by 
Equation (viii). It is 

2“ - 1012-364,022 2‘ -I-1166,2972-392.766 2“ -1996,0121-046,469 = 0. 

The ratio of the coefficients of the last two terms is 1-726, and we test with 
2*= 1-730 giving 22839, and 1-728 giving - 238-353. The root is close to 1-728. 
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Applying Newton’s Eule we obtain 1-T28,0208 and thence finally 21^= 1'728.020Y. 
This ia the mean aiinare deviation of' the thirteen mid-sagittal points from the 
Plano of Maximum Symmetry. The other two roots of the cubic will he discussed 
later. 


TABLE IV. 

Sqtiares and Produots of the Coordinates of the Arab Skull*. 





,'3 

yz' 

z'x 

xy 

0) 

+ 21.71'56 

7886*44 

21*16 

+408*48 

+ 214-36 

+ 4138-08 

(2) 

«2«‘44 

8519-20 

21*16 

+424-58 

+ 132-48 

+ 2668-24 

(3) 

aR4*3G 

7006-69 

9*00 

+2.51*10 

- 88-20 

- 2460*78 

W 

iriGB-lfi 

7191-04 

6*25 

+212*00 

- os-a) 

-3358*08 

(6) 

1437fi’01 

16*81 

8-41 

- 11*89 

+347-71 

- 491*69 

(8) 

14161-00 

0-00 

G*76 

0-00 

- 309-40 

0*00 

(7 

24«0-01 

6099*01 

14*44 

+ 296*78 

+ 189-62 

+ 3897-18 

(8) 

3H*44 

5700*2x5 

8*41 

+218-96 

+ 17-98 

+ 408-10 

(9) 

0-C,)0 

5069*44 

13*09 

+263*44 

0-00 

0*00 

(10 

47-61 

4329-64 

13-60 

+ 243*40 

- 25*63 

- 464'OS 

(11 

888-04 

1474*56 

•09 

+ 11*52 

- 8-94 

-1144*32 

(13) 

660-2fl 

• 16-81 

•16 

- 3*64 

- 10*20 

+ 104*66 

(13) 

048-64 

2061-16 

•81 

+ 40-86 

+ 27*72 

+ 1398-32 

Sum 

30033*52 

rjQ369-74 

124*03 

+2367-64 

+388*60 

+4765-69 


Sum-i-13 3002'07ft,40t6 436fl'210,7C9 9'540,709 +181-356,923 -»-29'892,308 ■t3C6'822,308 

The whole of these valuoe (Tables III and IV) have boon put down for the use of any cranio- 
legist who may desire to test the labour of finding a Plane of-Maximum Symmotry, 

We have now to determine the direction cosines Xj, Jlfi, Ai, of the Plane of 
Maximum Symmetry from Equations (ix). These give us; 

277di-463,690Xi-h 4.fil'701,121 Jlli-f 30-471,006 Ai = 0, 

461-701,121 Xi + 4224-906,000 Jfi 4-181 137,397 Ai = 0, 

30-471,006 ii -1- 181-137,397 JUi + 7-811,269 Ni = 0. 

From the first two equations -we find 
Xi , 

1 10-418,268 “ 246-492,616 

for the relative values, and since Za* -1 Hi* + Ni = 1 we have for the absolute values 
of the direction cosines 

Li = -0040,697 5, Mi= -0423,9970, Ai = - -0990,9244. 
and if these values be substituted in the thud equation for Li, Hi, Aj above, the 


* In actual practice the aquarea are put direotiy on the maohine from Barlow's Tables, and the 
pioduot naultipUoationB are a oontinaous process oo the machine. 

Biometrlka xxy 
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l<ifb-hand side will be found feo bo d- '0000,0087 insbead of zero, which checks the 
value for ae we have oidy worked to six decimal places in the coefficients. 

Finally aubstibviiting in the values for Pi given by (x) we find Pi — — 193'1B1,851 
or the equation to the Plane of Maximum Symmetry is 

- ‘00iim75x- ‘0423,9970y + *9990,0244^ = + 193-181,8;)I .(xii). 

Knowing this plane we can determine the angles it makes with: 

(а) the Frankfurt Jlorizonbal Plane, i.e. a: = 0. The cosine of this angle 
= — '0040,6975, or the angle is 90“14'*0. Thus the Frankfurt Horizontal Plane is 
not for this skull perpendicular to the Plane of Maximum Symmetry; 

(б) the Tranavei’se Vertical Plane, i.e. y = 0. The cosine of this angle 
= — ‘0423,9970 and the angle is 90” 21'*8, or the Transvei'se Vertical Plane is not 
perpendicular to the Plane of Maximum Symmetry; 

(o) the Plane perpendicular to the auricular axis, i.e. z = 0. The cosine of this 
angle is '9990,9244 and the angle is 2® 26^'5. Thus the auricular axis for this 
skull is not porpcndicular to the boat plane wo can adopt for mid-sagittal 
symmetry. 

Again for this skull the Left Porion has for coordinates (0, 0, 255’7) and the 
ilighfc Porion (0, 0, 133*9); thus the Interporial Distance equals 121*8, and the 
Mid-porion is (0, 0,194*8). Thus the Mid-porion is 1*3 mm. above the mean height 
of the thirteen mid-sagittal points, and further the Plane of Maximum Symmetry 
does not pass through the Mid-poriou, but meets the auricular axis at the point 
B — 198*86. The perpendicular distances of the Poria from the Plane of M&ximum 
Symmetry are Loft Porion 62'29 and Bight Porion 69*40, which indicate the 
extent the two ears are asyramebrioally placed. We can now write down the Equation, 
for the Median Sagittal Plane as based on Nasion, Bregma and Lambda for this 
skull. By Equation (vi) it is 

a: +119*9, y-4‘1, 190*0 =0, 

- 29‘4 -t-119-9, 83-7 -4*1, 196*0 - 190*6 

-49-9 +119*9, -78*1-4*1, 189*7 - 190*6 

or, ft*+ 119*9, z-WQ-Q =0, 

90*6, 79*6, 5-9 

70*0, - 82*2, - 0'9 

or, expanding, 

413*340! + 494*45y - ISOll’lOs + 252,7447*881« 0. 

Dividing by the square root of the sum of the squares of the coefficients of 
aj, y, z we have the equation to the plane in its prepared form, i.e. with the 
coefficients the direction cosines and the constant term the perpendicular from the 
origin, 

- *031,72940? - 037,9666^ + *998,7766^ = + 194*016,354. 
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It 18 poi^fiible now by inserling the coordinates of any of the mid-sagittal points 
to determine its distance from this plane. Tho following are the distances of these 
points for the Arab .skull; 


(1) Alveolar Pohib 

41 *0070 

(8) Occipital Profcuboranco 

+ *6804 

(2) NtiKu.1 S|_une.,. 

4 '6760 

(0) Kaiipa. 

41-7453 

(3) Naaioii 

■OIKIO 

(10) Infovior Iniou 

+ 2*1692 

( 4 ) Glabollft 

4 -2176 

(11) OpiatUion ... ... 

+ *6389 

(5) Bregma 

•0000 

(12) Baaioii... 

+ 2*1166 

(6) Ai>ox... 

-6*6204 

(13) Base Palatal Spine ... 

+ 2*6638 

(7) Lambda 

•0000 

Sum of Squares of these Biatanecs 

62*3686 


Moan Square Diatanco from Plaiio 4*0284. 


Thus although bbo plane actually paases through three of the mid-aagittal points, its 
moan square deviation is more than doable that of the Plan© of Maximum 
Symmetry. While the mid-sagittal contour drawn in the Naaion-Btegma-Lambda 
Plane may serve many useful comparative purposes it clearly differs widely from 
any suitable mirror plane, and actually for this Arab ahull the angle between this 
vSX. plane and the Plane of Maximum Symmetry is 1*36'‘3. It makes an angle 
of 91* 49’'1 instead of a right angle with bh© Frankfurt Hori^-onlal Plane, an angle 
of 92* 50'‘6 with tho auricular axis and an angle of 92“ 10'‘5 with the IVansvcrsc 
Vortical Plano. 

We may give oa one furbhut illustration the moMure of prognathism as 
found from the angle between the Frankfurt Horizontal Plane and the line joining 
Alveolar Point to bTasion’’^. Those points are (1) and (3), or for the Arab skull 
(.f. 46*(J, -I- 88 * 8 , + 198T) and (—29*4, 4- 83*7, + 96*6). The equation to the line joining 

«-4«.8 ,/-88-8 .-ma 

- 29-4-48-8 83'7-88-8 T96’5- i98'l ’ 

2!-46-6 ,v-88-8 2-198'1 

” 760 S-r “ 1'6 ’ 

or the direction cosines (/, f?i, n) of this line are proportional to 
76-0. 5*1, 1'6, 

giving for absolute value, since 1* 4- m* + «* = 1, 

4- ‘997,636, + -066,940, 4 '021,001. 


The Sine of tho angle this lines makes with the Frankfurt Horizonal Plane, i.e. a? = 0, 
is '997,536 or the Profile Angle itaeU - 85* 68’-6. 

If we ask how far does the Nasion-alveolar line lie outside the Plane of 
Maximum Symmetry we have to find the angle between the plane whose direction 
cosines are 

- -004,070, - -042,400, 4 *999,092, 

and the line with direction cosines 

-(-■997,536, » 4-*066.940, +*021,001. 

* This is of oourse the measure of prognAthiem in the skull, but the racial order of pTOguathiem in 
the ll'vitxg, owing to tbe thlckucse and protrusion of the lips, may be very different. Perhaps this fact is 
not always adequately emphaRised. 
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The Cranial Ooordinatograph 

The sine of the angle (see Equation (v)) is + '014,0837, giving an angle, of + 48''4, 
or the Profile Lino is .skewed out of the Plane of Maximum Symmetry towards 
the, right side by more than three-quarters of a degree. 

Wc have illustrated sufficiently the general algobmie and numerical primeasea 
by which, when the oriitiial coerdinatogi'aph has given the coordinates, the properties 
of any skull can bo discussed by the aid of the elementary formulae of analytical 
geometry of three dimeiisiona. 

6. Analytical Geometry of six illustrative Crania. 

The following six illustrative skulls were chosen at random. It is not suggested 
that average results obtained from them would not be widely modified when oori- 
.siderahle series of the same riiecs are dealt with; they are solely given here as 
indicative of the typo of problems the cranial coordinatogruph enables the cranio- 
logist to attack. 

Wo. have the following muucrical rosults; 

{A) Fiiegim tikuil* (lleeont). 

Elevation of E, Porioti 253'H, L. Porioii 12(i'2, Mid-porion IHO'O, Ri-porionio 
Distance 127'6, 

Cuhio to deterinino Minimum Mean Square EoRidual ; 

E'-TllTl'463,075 i:‘+ 1460,0879-769,628 2»-2446,0978'tl51),n 3 = 0, 

Value of 2i» = 1-676,844. 

Plane of Maximum Symmetry: 

- '0095,7040® + '0157,88622/ + '9998,3036 r = + 189'0220,8197. 
v.(9.X. Planet'. 

- '044,7048 ® + -010,2709 y + '998,9474 « = + 190'677,8476. 

Martinis Planet; 

+ '122,4878 X + -038,6513 y+ '992,9011 «= + 188'966,1990. 

(S) Nubian Skull* (Ancient Egyptian from Kerma). 

Elevation of E. Porion 247’0, L. Porion 132'7, Mid-porion 189'S6, Ei-porionic 
Distance 114'3. 

Cubic to determine Minimum Mean Square Eesidual Si*: 

S‘ - 7662'66'6,646 S* +1392,8838'366,612 2* -1801,6486'994,210 = 0. 

Value of 2i* = l'294,8636. 

Plano of Maximum Symmetry: 

-I--005,4027 X - -006,2292 2/-h -999,9660 x = -b 188'664,6436. 

* Id tbe aase of these oraai& the Inferior Inion was omitted. 

t The usual “mid-sagittal” plane, i.e. that through Naaion (v), Brogma (/3) and Lambda (X). 

$ Tbe plane through Nasion, Iniou, Baaion, oaeura^ bj Martin to be "ohne Zweifel” the “best” 
mid-aagittal plane. 
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Pianc,: 

- -Olia.SfiHH .K + -ooai.oins ly- -MtMRHT * = -I- 188'752,1.:')00. 

Miu’ltiii'a Piano: 

+■ •() 13,1137 1 o: - ■00(1.7188^, + '999,8803 j = 188'231,5380. 

(f-'l Ariih f^krtU (Modoi’n from l^alcsfcitio). 

Klovatinri of R. Porioii I33'9, L. Porioii 2o5'7, Mid-poHim 1!I4'8, Bi-porioiiic 
DisOanou 121'8. 

Cubic to detunniiiH Mijiimiim Mean jSi|iiai'a Ke.siilual 

S" - 70l2'3fi4,022 + 1,150,2972'392,766 199fi,012l'0‘li(i,4()9 = 0. 

Value of = 1'7280,206(). 

Plano of Maximum Syiiiinetry; 

- -OOiO.liar.O ,r - •0423'9970 ;/+ •9!)1)0,9244 1 = + 193'1S1,851. 
i'lano; 

- -0.31,7294 .»• - -037,9.556 t/ + '998,7756 J- +194'01.5,354, 

Martin's Plano; 

- '010,3.8.55 .r' + '03.5,.5214 // - '999,3150 r = - 193'0.Sfi,908. 

(1)) 'I’eitii Ner/ro Sktill. 

Klevation of R. Porioii 130'(), Ij. Poiion 241'8, Mid-pi.ii’i(m 186-2, Hi-poriouio 
Distance 111-2, 

Cubic to determine Minimum Mean Square Resitliial Sj*; 

S» - 7350-914,793 S*+1196,,5899-9308 X* -1309,2532-1372 = 0. 

V.alut'of X,“= 1-1461.0147, 

Plane of Maximum Symmetry: 

- '0220,1936 ,r. - '0083,0922 y + '9997,2301 IS6'384,314. 

v.ff.X. Plane; 

- '0508,8478 a- - '0064,6706 y + -9986.8359 r - + 188-1(17,488,5. 

Martin’,s Plane: 

+ '076,1587 ;r + -014,48,32 ;i/ + '996,9905 r = + 1 ,S6'7(J1,,')G,5. 

(A’) 17</i CfeniiH-y A'iiy7i.f/i A'AiiW (St Bride’s Gi-avoyard). 

Itlevatiou of R, Porion 2n8'7, Ij, Poriqn ISll'S, Mitl-pm-km IftO'O, Bi-i)cii'ioni(; 
Distance 12r)'4. 

Cubic to determine Minimum Mean Siiuaro Reaid,ual Xi®: 

X“- 7887'700,({59 X‘+ 1383,3943'168.C23X'‘-4033,3720'S52,071 -0, 

Value of Xj® = 2'9204,2324. 

Plane of Maximmn Symmeti-y: 

+ '0081,2136 0109,6.533y +'9999,0690+ 1H6'739,7:S0(). 
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i/./y.X. Plane: 

+ ■()628,H718iP-'046l,547!)y +-9975,3330^= + l91^^2(j,634, 

Martin’s Piano; 

+ ■0178,5293 a‘-•0011,22S9y + -9998.39995 = + U)7'ie2,;){j4. 

{F) Hindu BkuU (Modern, Bengal). 

Elevation of K. Porion 130’4, li. Porion 24'l'(i, MicPporion IHtfO, Bi-puvionie 
Distance 111‘2, 

Cubic to determine Minimum Mean Square Residual 

7399-968,994 U62.S428-712,714 2607,0720-672,768 = 0. 

Value of iV = 2-2461,8824. 

Plane of Maximum Symmetry: 

-■0017,4154a;- •0054.1230y + *fl999,8384^= + 186-606,694. 

v.iBX. Plane: 

+ '0067,4424fl.'-*0n8,7277 y + •9970,99482= 4 l8()-!n6.098, 

Martin’s IHane: 

-•1114,3673^---0143,7877y +-9936,07602= ^ im5f),760. 

On the basis of tlieso and similar results wo will now proceed bo st)me ooin- 
pariaons. 

7. Angular RelaixQnB. 

Wo have aeon that it has been customary to treat the Fmnkfiirt HoriKonUl 
Plane, the Tmusverse Vertical Plane through the auricular axis and a certain plane 
termed the Median Sagittal Plane as standard planes of the skull. Such standard 
planes should be mutually rectangular, but while the first two are at right angles, 
they are rarely perpendicular to the third. The third plane a.s defined by Martin, 
to judge from the present illustrative crania, seems very inibrior to the v.^X, plane 
(see our p. 228). We shall here then confine our attention to the latter plane. 
Table V provides tho angles between our First Standard l^lane of the skull—the 
Plane of Maximum Symmetry—as representing tho mirror jfianG of the skull, and 
the planes which have been usually hitherto treated as standard planes, hut which 
we treat merely as planes of reference. 

Section (a) of the Table shows that the v.^X, Mid-sagittal I^lano in none of 
the six skulls approaches closely to the Plane of Maximun^ Symmetry, the average 
angle between the two planes being more than two degrees. In the English skull 
there ia more than three degrees and in the Hindu nearly four degrees. Thus the 
v./S.X, plane cannot be looked upon as a close fit to the mid-sagittal points. 

Section {0) shows us that the Frankfurt Horizontal Plane is not perpendicular 
to the Plane of Maximum Symmetry, which I personally think should be a pre¬ 
requisite of a standard horizontal plane. The average deviation is over 30'. 
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The Cranial Coordivatograph 

SticLion ( 7 ) indicnbes that thu usual MKl-sagittal PlaiiR is wtu’HU in 

the degree of per|KsmUcularity to the Frankfurt Horiwjntal Plane, the average 
deviation amounting U» 2“ or moiv than four times tliat of the Plane of Maxi¬ 
mum Syiumetry. 

Section (S) shows ua that the aiiricului' axis (i:li-poi‘ionic line) ia not ])erptin- 
dicular to the Plane of MaxiiTmiu Symmetry, the average, deviation for the aix 
crania being slightly over 1". From the standpoint of the present writer this is 
one measure of the asymmetrical location of the ears. Kelativo to a good approxi¬ 
mation to a mirror plane the two cars arc ahiflod slightly forwavd ur backward, 
upward or downward. 

Section (e) gives the like angle between thp auricular axis and the. perpendicular 
to the v.^X Plane. The average angle for this skull ia 2“ 41)'‘8 or more than 2^ 
times as great as in the ca.se of the Plano of Maximum Symmetry, 

Section (^) gives the angle between the Transvorse Vortical Plants and that 
of Maximum Symmetry, the average deviation is half a degree, nr tho customary 
transverse vertical plane is not perpendicular to the plane f)f closest fit to the 
mid-sagittal points, as it should be in the o|nuion of the i)rcsmit writer. 

Section (9j) indicates, however, that the Plane of Maxinuini Symmetry tnore 
than twice ah fit as the v.BX. Plane to represent the niid-sagittal section, If we 
start from the Frankftirb Plane and the Transverse Vortical Plane passing through 
the auricular axis as standard rectangular planes of the skull, then the Plano of 
Maximum Symmetry is more nearly perpendicular to both of these than tho usual 
mid-sagittal section. 

8 . Mean Square Deviation oftiie MiA-eagiUal Points from vanuus Planes. 

Weean now look at another aspect of the relationship of the mid-sagittal points 
to the various pianos which may be suggested for the mid-sagittal section. We 
may determine the Mean Square Distance, or the so-called Mean Square Eesidual, 
of the mid-sagittal points from the various pianos. These values are given in 
Table VI, The five planes which may be considered fia possible mid-sagittal planes 
lire: (ft) Our standard plane, the Plane of Maximum fSyrjfvmebry: this must, of 
course, have the minimum Mean Square Distance. (2>) The piano porpondicular to 
the auricular axis at the mean elevation, z, of tho mid-sagittal points, Wo may 
term this the “z Plane”; its Mean Square Distance is the <r^ of our p. 231. (c) The 
plane pei’pendioular to the auricular axis and bisecting it. This may be termed the 
niid-porion sagittal plane, (d) The mid-sagittal plane through Nnsion, Bregma and 
Lambda (the Plane), (e) Martin’s Plane through Nasion, Inion and Basion. 

We have already (see p. 228) discussed the last two planes, (d) and (e) of the 
Table. As far ag the present skulls are concerned neither is comparable with {a), 
( 6 ) and (c). If any craniologist finds the solving of a cubic equation too severe 
a mathematical labour, the coordinatograph will rapidly give him 2 and the Mean 
Elevation Mid-sagittal or«-Plane. The Plane of'Maximum Symmetry is twice as good 
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aa fchia plane, but the latter is very much better than either of the planes fixed by 
three rnid-angifctal points only. 

Clearly the mean a{juare residual for any skull is a rough test of how far the 
iiiid-sagittal points lie in one plane, i.e. how far there is a true mid-sagittal plane, 
on the basis of which we could teat the mirror symmetry of other points of the skull. 
A littlf! thought, however, show.s that this is only a rough approximation; the 
skulls are of different absolute sizes, and if we increased the linear dimensions of 
a skull by 5 “/j, we should increase the mean square residual by more than 10 
We need accordingly an index from which we have eliminated the absolute size 
of the skull, We cannot therefore assert that the relative mid-sagittal asymmetry 
of the above six skulk is measured by the numbers in the (a) column of Table VI. 


TABLE VI. 

Mmy) Square distance of tJie Mid-sagittal PoivUs from five Planes which way he treated as Mid'Sagiiial. 


flknil 

(“) 

Piatie of Maximum 
fiyometry afl 
Standard Mid- 
aagUtal Plano 

w 

Piano porpendicniar 
to Anrioolar Axis 
at Mean Elovatioo of 
Mid-sagittal Points 

(«) 

Plane perpundioular 
to Aurioular Axis 
through 
Mld-porioo 

Usual liid-BUgittal 
plane, or Plane 
through Nasion, 
Bregma and Lambda 

(") 

Martin’s Mid- 
sagittal Plane, or 
Plane through Nasion, 
Inion and Easion 

Negro (Toita) .., 

i-Hr.i 

2-7498 

2-7693 

0-7284 

32-0419 

(Nubia) } 
Fuegian. 

i-294a 

I'-ISdr) 

2-4443 

1-0167 • 

1-6909 

I'676d 

S-872T 

4-8327 

8-5686 

62'4137 

Arab (Modern) ... 

1'7280 

9-6393 

1M308 

4-0284^ 

2-6998 

Hindu (Bengal) ... 

2-2462 

2-4oa:j 

2-8062 

31-1960 ■ 

36-5764 

Englisli 1 
fl7th coiitiiiy)/ ■■■ 

2*9204 

3-0629 

4-6923 

27-3663 

4-0267 

Mean for nix akulla 

1-8361 

3-79J2^ 

4-7609 

_ 1 

1.3-0065 

23-0434 


To allow for the absolute size of the skull I have taken three lengths of the skull 
in directions at right angles, choosing these lengths from the plan and elevation 
drawings ratlier than from calliper measurements of the skull. I have taken: 

(a) The Bi-porionic Distance; this is a length on the axis of e. 

(b) The perpendicular from the Apex on the auricular axis, This is the w 
coordinate of the Apex, 

(c) The length of the prejection of the line joining Nasion to Kappa onto the 
axis of y, i.e. onto the line joining the plan of Kappa to the plan of the Potia. 

I have then squared the cube root of the product of (a), (b) and (c), and thus 
obtained a quantity depending on the squared linear dimensions of the skull, by 
which it seemed that the mean square residuals might be divided so as to obtain 
a reasonable index independent of the dimensions of the skull. The resulting 
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number has been multiplied by 100. In the o»ae nf imv six akulla the fullowing 
Table gives the resulting indieus. 


■I'ABLB VII. 


Inilimn of Mesial Asyimiietry, 


. . . . . •' . 




Hkull 

(aj 

Mmimnni 

I'rniluot ut tUo Cxanml 

(t) 

Mean Btpiarc 

Hectangiilar Ijcngthfl 

[(«)«(/;) ■/. ((■)!! 


Ilcaidual 

{«) X (*J X (r) 

Negi'o (Tuitft) . 

l'H51 

• 2 ,OTri,ii(«j«oaci 

1(1271-1 

Ancient 3iJgypti>ui (Nnhiui 

l'a94iJ 

iJ,5i;i,0H2-171 

iH4K7-:i 

Fuegian . 

Arab (Modern) ... 


2,«0.1,»(Mhl8(> 

i.‘i22ii’r> 

l-72Hn 

2,2-ir),151-f>W) 


Hindu (Bougal) ... 
iSngliah (17tri contiii'y) ... 

:i-2-4ri2 

2,0r>O,«2l*5(iH 

l(il41‘K 


2,094,«90*r>()l 

l})3n4'/5 


li) 

= I,.a.x 
ITI 


Til-as 
7U'04 
S7'24 
IIKI'TK 
lail-llll 
1 lll'HH 


Only line ohunge has been made in the onlcr of the cronia by reducing the 
minirauin moan square vcaidiials to an index independent of absohiti; size, It 
would be fboliali to draw any conclusion as to the relativo position of the races to 
which those six skulls belong from the order of either column (a) nr (S) of this 
Table, but the Table may suggest intoroating problems, which might bo followed 
up, if considerable racial groups were worked out* I have contented myself here by 
showing the manner in which numerical veanita may bo obtained. 

0. Tlie reimininri standard Planes. 

If we accept the view that the Plane of Maximum Symmetry is the most 
suitable piano to take as a mid-sagittal plane, and we term it our Finst Standard 
Plane, the question immediately fellows: How are we to soloot our remaining 
standard planes ? These will correspond respectively to the Hurixontal Plane and 
Transverse Vertical Plane of the skull, but they must be chosen so as to be at 
right angles to one another and to the Plane of Maximum Symmetry. 

Now the process described in my paper in the Philosophical Magazine lends 
to three mutual rectangular planes defined by Si* and by Sa’, and Sa* the other 
two roots of the cubic. Sa* and Sa* are easily found from a quadratic equation and 
ate maxima values of the Mean Square Deviations. It might at first be supposed 
that these are the very planes we need. But we must remember that the first 
standard plane has been obtained on the basis of its approximation to the mirror 
plane, and only the mid-sagittal points have been used in its determination. It is 
accordingly somewhat one-sided to nae solely these points in determining planes, 
which we need only limit as planes necessarily perpendicular to the Plane of 
Maximum Symmetry. Unfortunately when we come to the Horizontal Plane, and 

* For example: Does asymmetry iDcreaec aa wc paea from more primitive to more highly oivlliaed 
groups? 
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the Transverse Vertical Plane, we have no long aeries of points like the mid- 
aagittal points from which to detenniae approximate planes. The Apex and the 
Kappa are not natural poiiits of the skull, hut artificial points resulting from the 
definition ot the Frankfurt Horizontal Plane. The Poria may be considered more 
nearly natural points although the Fninkfurt Plane enters into their determination. 
The Orbitalia may be considered again as only in part natural points, as they depend 
upon the Poria, and the lowest points on the orbital rims are really meaningless, 
without the conception of the Horizontal Plane. But there is a greater difficulty 
arising here. When the skull ia adjusted on the craniophor to the Frankfurt 
Horizontal Plane it will be found that in some eases several millimetres of the 
lower borders of the orbits may practically be parallel to that plane. This may not 
modify seriously the plans of the Orbitalia, but it renders their elevations above 
the drawing-board when the auricular axis of the skull is made perpendicular to 
the board, occasionally difficult of accurate determination. 

Thus although it is perfectly easy to develop the mathematical solution for 
determining a plane perpendicular to a given plane, and fitting closely by a 
minimum square residual to a selected system of points—assumed in the case of 
a skull truly symmetrical to He in that plane—-yet in practice it is not easy to 
select such a system of points in the case either of the Hoi’izonfcal Plane, or of the 
T^ranaverse Vertical Plano. 

1 will not give hero the mathematical theory by which a plans is constiuoted 
perpendicular to a given plane and of closest fit to a selected series of points, but 
merely indicate what resulted in the ense of the Fueginn skull. The points selected 
were: 

the two Poria (0, 0, 253*8) and (0, 0, 126*2), 
and the two Orbitalia (13-3. 82*4, 219*0) and (.5*1, 82*4, ,14,r8). 

The equation to the plane perpendicular to the Plane of Maximum Symmetry 
of this skull and of closest fit to the above four points is* 

■967,9126 a; - *250,8948 y + *014.0420 s + 13*946.272 = 0. 

This plane makes an angle of 14'’ 33''‘2 with the plane of ii; = 0, and is accordingly 
not very close to the Frankfurt Horizontal Plane. Clearly the plane perpendicular 
to our First Standard Plane and fitting closely to the Poria and Orbitalia is not, for 
this skull at any rale, at all approximated to by the Frankfurt Horizontal Plane. 

The above plane ia the plane of Least Square Residual from the Poria and 
Orbitalia which is perpendicular to the First Standard Plane. The plane of 
maximum mean square deviation subject also to the perpendicularity condition ia 

*251,0725 a; + *967,8841 y - *012,77162 -15*889,862 = 0. 

This corresponds to the Transverse Vertical Plane, but it makes an angle of 
14'’33''6 with it. 

* The plane determined in this way pasaes through the centroid of the Povia and Orbitalia. 
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ThcKi; results arr^ imt satisfiiutin-y, if ft'r wisli iiiir seeiiiiii !uul third stiiudard 
planes to approxiinato fidriy c.lnaely to the, FriUilcfiirl, Hnrinuiitnl Pliuiu ami tin; 
caatomary 'rrimaversu ’I'crt.ieal Plane. Aeeordiiij'ly, it seemial wiii'th while inve.sti- 
gatiiig whether' the ether two riints of the fiinilanrwilal eitlrie woiilrl give a .system 
of reGtangnlai' plaru's with atlr!tjrmt(.r apprnxinitibioii to lire FraitkAirt llorizrrntal 
Plane arirl to the enstnniary 'I'rattsviitur' Vertioil Plane. 

In the easi' of the Kiregian shrill tin: three I'onts of tin' eiiliie are 
2 :,'=. Mi7C,K4;i.'i, 
ij’ = 5l2P4!)2,H.S12, 

23 “ - 2H4.H-2!)3..‘I.'i02. 

Si* with th(! greater' maximal value iif the Mean Htjuare Heaidiial lerl to the plane 
• 4 : 112 ,12K(i S' + ■902t,!)31)0i/--mO(),Kl7liz= 12'.S!);i0,;l07fi. 

Thi.s plane is clij.He.st to the 'l'i'an.svui'.S(! Vertical Plane, oi' the I'el'erenco plane 1 / — 0, 
hut it rnaker.H an ang'lii of 25” :)3''I with it. 

The other inaximiim Sn* provides thi' phvne 

- '1)021,119+2 3' + -4310,44()!l y - '0154,041 B s = 2'2'i;,s79,0055, 
whieh ci)rru,Hpon(ls to the Fi'ankfurt Horizontal Plane, but iriakc.s an nnglu with it 
of 25“:i:i''l, otintd to that which the provioiia plane makes with the 'rransvorse 
Vertical Plano, This ilid not aecni vei-y hopeful, but the like planes wore worked 
out for the Negro skull from the Teita Hills. The three roots of the fnndainoiitill 
cubic (given on p. 237) are 

2i*=l'14.51,0147, 2i» = 4»ia'7379,400K, 2s‘«2430'9817,423,5. 

Sj* gives ns the equation 

•0872,10H2,i) + '99(Jl,3766.y + -0102,00281= 9'548,7.">22. 
d’his plane is closest to the 'rransvci'se Vertical Plane, or- , 1 / = 0; it makes nn angle 
with it of 6“ 3''2. 

Sa* gives n.s 

- '9969,4049 k- + -0874,1127 1 / - •0212,0nmi a = 9'397,,5540, 
which makes an angle of — .5" 9'’0 with the plane of a; = 0, or the Frankfurt Hiiri- 
zontal Plano, These results for the Negro akrdl are better than those for the 
Fuegian, but are not satisfactory, if wo deeire oiir Second and Third Standard Planes 
to approach fairly closely to the Frankfurt Horizontal Plane and the enatovnary 
Transverse Vertical Plane. 

No doubt the three roots of the fimdamental cubic would provide three standard 
mutually rectangular pianos po.ssessing certain very definitu physical relations with 
regard to any skull, but they would fail to provide close approximations to the 
Frankfurt Horizontal Plane. Accordingly, I started on a different route to find tny 
Second Standard Plane. I sought a plane which should bent right angles to the First 
Standard Plane, i.e. the Plane of Maximum Symmetry, and should have a maxituuin 
cosine, i.e. a minimum angle with the Frankfurt Horizontal Plane. This should 
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form ihe Second Standard Plane. The Third Standard Plane must be perpendicular 
to the First and Second Standard Planes, and this will fully determine its direction 
ooainea. 

Mathematically: let X, /x, p be the direction cosines of the Second Standard 
Plane; I, vl, those of the First Standard Plane, and X', jjf, v' of the Third Standard 
Plane. Let Jj, ilf, N be the direction cosines of the plane with which X, /x, v is to 
make a minimum angle $ or a maximum cosine w = cos0. Then 

U = Lx + + Nv, 


0 = + miju + nv, 

X*4-/i* + p'' = l. 


Hence for a maximum of ii, if and B be indeterminate multipliers 

i + ^ii + ilX = 0, m += 0, a + + 

WhencG X ■{-A{Ll-{-Mm +Nn)~0. A uo-\-B^O. 

Accordingly, L (1 — — Mlm — Nnl = Xuq 

— Lml> + M (1 — m}) — Nmn = fiuo 
— Lnl^Mnm+ If {i — n^) — vuii. 

Whence 


X _ _ „ _ 

L (1 —7®) — Mhn — Nln " - Lml + Af (1 - - Nmn 


' V. - 1 


— Lnl — Mnvi + A (1 — n“) wo 

which solve the general problem. 

But for our special case: L— [, M^Oy N = 0, and thus 
X_)a_v_l__ 1 

1 ~ ia“— Tjii ~ - ni «o Vl 




Thus \ = ^ = - V = - .(xiv), 

VI - /* Vl - P 

these determine the direction cosines of the Second Standard Plane. 


For the Third Standard Plane we have 

lx' P tup/ + nv ~ 0 

and XX^ + pp + vv = 0, 

X' p' v' 


mp — np nX — Iv ip-^ mx 
Or again substituting for X,/i, i', 

p V 

1)“ 


iVl-2* + 


l/hi 


— Ihn 


Thus X' must = 0, and 


Vl - Vl - 


r?i Vl “ 


1 




246 


The Cranial Ooordinatograph 


Accordingly, we hare finally; 

f n I t ^ / \ 

■'“-V-/. . 

We have thus reached on our hypothesia fully determined direotiona of the three 
standard pianos. 

The reader will observe that our Third Standard Plane is invariably at right 
angles to the plane of .t = 0, since )i'=0, that is to the Frankfurt Horizontal Plane. 
We may now teat how satisfactorily this arrangement works on our six illustrative 
crania, 


(jf) i'uegian Skidl. 

(--■0096.7040, m= +•0167,33.62, 7»=+'999K,3036. 

Direction Cosines of Second Standard Plane: 

X, = •9999,6420, = + •0001..5060, v =+ -OO06,692L 

The Second Standard Plane niakea an angle of 0° 32''9 with the Frankfurt Hori¬ 
zontal Plane. 

Direction Cosines of Third Standard Plane; 

X' = 0, y=+ -9998.761.6, F =-■015,3424. 

The Third Standard Plane makes an angle of +0‘54'-l with the customary 
Transverse Vertical Plana. 


(B) Anoimt Egyptian Shidl from Nubia. 

( = + •006,4027, m---006,2292, n = +-099,9060. 

Direction Cosines of Second Standard Plane: 

X--9999,8640, >i- +-0000,8365, v = --0064,0260. 

The Second Standard Plane makes an angle of 0° ll'-6 with the Frankfurt 
Horizontal Plane. 

Direction Cosines of Third Standard Plane; 

V-0, /i'= + -9999,8060, v'=+ 0062,2929. 

The Third Standard Plane makes an angle of + 0° 21'-4 with the customary 
Transverse Vertical Plane. 


(C) Arah Skull. 

I = - -0040,6976, m = - -0428,9970, n » + -9990,9244. 

Direction Cosines of Second Standard Plane; 

X=-9999,9127, ,1=--0001,7266, v = + 0040,6609, 

The Second Standard Plane makes an angle of 0°14'-3 with the Frankfurt 
Horizontal Plane. 

Direction Cosines of the Third Standard Plane; 

V=0, /r'= +-9991,0118, v'= + -0424,0007, 

The Third Standard Plane makes an angle of 2°25'-8 with the customary 
Transverse Vertical Plane. 
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(D) Teita Negro Shull. 

I = - -0220.1936, m = - *0083,0922, n= + -9997,2301. 

Direction Cosines of Second Standard Plane: 

X = -9997,5754. *0001,8301. =- -0220,1860. 

The Second Standard Plane makes an angle of 1° 15''7 with the Frankfurt 
Horizontal Plane. 

Direction Cosines of Third Standard Plane: 

V = 0. / = +-9999,6546, v = +*0083,1123^ 

The Third Standard Plane makes an angle of -k 0" 28'‘5 with the customary 
Transverse Vertical Plane. 

(i?) VIth Genturg English Sktdl. 

? =+ '0081,2136, w--‘0109,6533, n = +'9999,0690. 

Direction Cosines of Second Standard Plane: 

\ = -9999.6702, m = + ‘0000,8906, p = - -0081,2087. 

The Second Standard Plane makes an angle of 0" 27'-9 with the Frankfurt 
Horizontal Plane. 

Direction Cosines of Third Standard Plane: 

V « 0, fi' = + -9999.3988, / - + *0109,6569. 

The Third Standard Plane makes an angle of 0® 37'*7 with the customary 
Transverse Vertical Plane. 

(i'’) Hindu Skull. 

I = - -0017,4154, m = - *0054,1230, n = + *9999,8384. 

Direction Cosines of Second Standard Plane: 

\ = -9999,9848, --*0000,0943, v = V 0017,4151. 

The Second Standard Plane makes an angle of 0® 6^'0 with the Frankfurt 
Horizontal Plane. 

Direction Cosines of Third Standard Plane; 

V - 0, / - + -9999,8636, v' = + *0064,1231. 

The Third Standard Plane makes an angle of 0®18''6 with the customary 
Transverse Vertical Plane. 

As a result we see that our Second Standard Plane as defined above makes a 
mean angle (28'-1) for the six skulls with the Frankfurt Horizontal Plane of less 
than half a degree, while the Third Standard Plane makes a mean angle (51^'0), less 
than a degree, with the customary Transverse Vertical Plane. Thus with the above 
definitions of the Second and Third Standard Planes we reach planes which make 
respectively only small angles with such very familiar planes as the Frankfurt 
Horizontal Plane Eind the Transverse Vertical Plane. 
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The Cranial Coordinatoumph 


One point alone ratnaina unaettled, namely: VVe have cletecmiiied by (xiv) and 
(xv) the direcl'.ion ciisinoa (i)' theae Standard I’lamsi aa liinctiona solely of the 
direction cosines of the Plane of Maximum Symmetry. But we have not (letoriuineil 
the meet of our three Standard Planes. This remains to be selected. After dealing 
with several points I came to the oonolnsion that the moat Biiitahlc point to ohooso 
mt origin of the Standard Planes was the point in which the First Standard I’lane 
or Plano of Maximum Symmetry meets the auricular axis. The elevations of the.so 
points are respectively Fuegian, 189'054,163; Egyptian from Nubia, IHS'dfl.OSd; 
Arab, 198-367,334; Teita Negi’o, 186-435,956; English, 196-768,098; Hindu, 
186-608,010, 

Pbvying attention to -which Porion -wim uppermost (ns noted on pp. 236—238) we 
find that in no cose is the intersection more than I'ij mni. from the Mid-porioii, the 
inaxiimiiri being T4427 in the ease of the Arab skull. Pour iuteraecliona deviati- 
from the Mid-porion towards the Left Porion and two towards the Right Porion, 
the average of the deviations of the six intersections is only -0136 mm. to-wards the 
Right Porion. The point chosen .seems therefore a reasonable one, and enables ins 
to write down very readily the ebpiatinns to the Stanihu-d Planes. For our six 
akulla they are aa follows; 

(A) Tuegian Skull. 
let Standai-d Plane: 

- -009,6704a- + -UlB,7336 2/ + -999,8304i= 189-022,082, 

2nd Standard Plane: 

•999,9642 x + -000,1506 y + -009,5892 a = 1-809,0900, 

3rd Standard Plane: 

- -999,8702^ + -015,3424 « = •2-900,5446. 

(S) Egyptian Skull (from Nnbia). 

1st Standard Plane; 

-005,4027 X - -006,2292 y + -999,9660 e = 188-664,644, 

2nd Standard Plane; 

- -999,98543: - -000,0337 y + ■006,4026 z = 1-019,3143, 

3rd Standard Plane: 

•999,9806 y + 006.2298 a - 1 17 6,2867. 

(0) Arab Skull. 

1st Standard Plane ; 

- -004,0698 X - -042,3997 y + -999,0924 a 193-181,851, 

,2nd Standard Plane; 

•999,9913 » - -000,1726 y + -004,0661 a = 7 86,2103, 

3rd Standard Plane -. 

•999,1012 y + -042,4001 a = 8-198,3145. 
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(D) Teita Negro Skull. 

1st Standard Plano; 

- -022,0194 e - -008,3092 y+ -999,7230 2 = 186-384,314, 

2nd Standard Plane; 

- ■999,7675«!+ -000,1830y+ -022,01862 = 4-105,05S7, 

Srd Standard Plane; 

-999,96563/+ -008,3112 2= 1-549,6065. 

{E) English Skull. 

1st Standard Plano; 

-008,1214 « - -010,9663 y + -999,9069 2 = 196-730,780, 

2nd Standard Plane; 

- -999,9670 /s - -000,0891 y + -008,1209 2 = 1 -597,8469, 

3rd Standard Plane; 

-999,9399 y + '010,96672 = 2-157,5883. 

{F) Hindu Skull, 

1st Standard Plane; 

-'001,7416« - -005,4123 y + -999,9838 2=186-606,694, 

2nd Standard Plane; 

•999,0986 « - -000,0094 y + -001,7416 2 = -324,9808, 

Srd Standard Plane; 

■999,9884 y + -006,4128 2 = 1-009,9838, 

The reader must bear in mind -what these three Standard Planes signify; 

The First Standard Plane is the Plane of Maximum Symmetry, or our nearest 
approach to a mirror plane, the plane -which deviates least from the mid-sagittal 
points as judged by the Mean Square Residual. 

The Second Standard Plane passes through the point where the first meets the 
auripnlar axis, is perpeudioular to the first and makes the minimum angle with the 
ih-aukfurb Horizontal Plane, which foils in the condition of being perpendicular to 
the First Standard Plane. Thus our Second Standard Plane may be looked upon 
as an improved " Horizontal Plane,” 

The Third Standard Plane passes through the point where the first two meet 
the auricular axis, and is perpendicular to both of them. It may therefore be looked 
upon as an improved Transverse Vertical Plane. 

The Second and Third Standard Planes will not as a rule pass through the 
auricular axis and neither will generally contain the Poria. The second will not 
usually pass through the Kappa, nor the third through the 4pex. It may be not 
without interest to measure the mean departures of the Second Plane for our six skulls 
from the Poria and the Kappa, and of our Third Plane from the Poria and the Apex 

* In the equations to the.planes, ns on pp. 286—238, it is needful to go to 6 or 7 decimals in order 
to get values of the dixeotion ooslnes which will pcovide angles to a decimal of a minute. The yalues, 
being worhed from those equations, are written down to the same number of decimals, but to use 
two ox thxee decimal platiee in the distaneee is of course ample. 

Biometriha xxv 


17 



250 


The Cranial Coordinaiograph 


(A) Fnegian Skull. 

2tid, or Horizontal Standard Plane. 

The K is above this plane with the perpondioular upon it“ —‘000,4302. The 
R. Porion is above tha piano -'619,6640 and the L. Porion below it +'601,4860. 
Thus, as judged by the Potia, the right ear is about '6 above, and the left ear 
about '6 mm. below the Standard Horizontal Plane. 

3rd, or Transverao Vertical Standard Plane. 

The Apez ie + '008,6022 in front of this plane which like the deviation of the 
K is not aenaible on the skull. The B. Porion is behind this Transverse Vertical 
Plane - '993,3665 and the L. Porion in front of it + '964,333T. Thus the left ear 
oomea horizontally forwards, and the right ear retreats. 

(B) Nubian Egyptian. Skuil, 

2nd| or Horizontal Plane. 

The * is above tine plane at —'000,0622 again an insensible difference. Tha 
E. Porion is above it at - '316,1279, and the L. Potion is below it at + '302,8893. 
Again tbo right ear is raiaod above the Horizontal Plane, and the left lowered 
below it although the differences are only about '3 mm, 

Srd, or Tranavetae Vertical Standard Plane. 

The Apex is at -'006,‘lilI6 from this plana; the B. Porion is —'363,3601, 
i.e. behind, and the L, Porion about + '818,8686, i.e. in front of it, or the Poria are 
about one-third of the distanoe from,this plane of the Poria in the ease of the 
Fuegian skull. 

(0) Arab Skull. 

2nd, or Horizontal Standard Plane. 

The * is here + '002,1764, practically at an insensible distanoe below the Hori¬ 
zontal Plane. The E, Porion is below at + '241,7696 and the L. Porion is above 
the Horizontal Plane at - '263,4918. 

8rd, or Transverse Vertical Standard Plane. 

The Apex is behind this plane at a distance -'116,8461. The B. Porion is 
+2*620,9411, i,e, behind, and the L. Porion - 2'648,8911, i.e. in front of the Transverse 
Vertical Plans. These are the most considerable deviations we have found for any 
of the six skulls, 

( 2 >) Teita Negro Skull, 

2nd, or Horizontal Standard Plane. 

The * here is at a distance + '047,0996 below this plane. The E. Porion is 
•4'l'229,4296,i,e. below the Standard Horizontal, and the L. Porion ie —1'219,0388, 
i.e. above it. 

Srd, or Transverse Vertical Standard Plane. 

The Apex is in front of this plane at a distance +'017,7623. The E. Porion 
is behind the Standard Transyeree Vertical at + '464,0688, and the L Porion 
in front of it at - '460,1417. 
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{E) English VIih Q&ntwry Bknll. 

2iid, or Horizontal Standard Plane. 

Tlie K is here — '0X7,8341 above the Horizontal Plane. The R. Porion is 
at —'603,0299, i.e. above, and the L. Porion at +*515,3309, i.e. below it. 

3rd, or Transverse Vertical Standard Plane. 

The Apex ia behind this plane at a distance of — ’032,2620. The R. Porion is 
at —‘679,2383, i.e. in front, and the L. Porion at +*695,8605, i.e. behind the 
Tranaverse Vertical Plane. 

{F) Hindu Bkull. 

2tid, or Horizontal Standard Plane, 

The K is +'001,3340 below this plane. The R. Porion is ah +*097,8892, i.e. 
below, and the L. Porion at — *095,7656, i.e. above the Horizontal Plane. 

3rd, or Transverse Vertical Standard Plane. 

The Apex is behind this plane at —*004,2814 distance. The R. Porion is at 
+ ‘304,3197, i.e. in front, and the L, Porion is at -*297,6281, i.e. behind the Trans- 
761*80 Vertical Plane. 

Reviewing these results as a whole, we conclude as follows: 

Our Standard Horizontal and Transverse Vertical Planes, which we believe to be 
more reasonable than bho usual Frankfurt Horizontal and Transverse Planes because 
they are at right angles to the Plane of Maximum Symmetry, do not pass through 
the auricular axis, but the first passes very nearly through the Kappa, the average 
distance in the cases of our six skulls from it being only *0115 mm. regardless of 
sign. We have previously seen that our Standard Horizontal Plane passes, with a 
mean deviation of '0136 mm. only, close to the Mid-porion (p. 248). The Frankfurt 
Horizontal Plane also passes through these two points. If now the Fi'ankfurfc 
Horizontal Plane be turned round the line joining these two points as axis, it will 
pass to the position of the Standard Horizontal Plane, one Porion approaching it 
and one receding from it. This provides the difference in vertical height of the two 
Poria, or speaking popularly of the two eai«. 

The Second Standard Plane passes just as closely to the Mid-porion and very 
close to the Apex, i.e. at an average distance of *0309 mm. from it. It is also per¬ 
pendicular to the Frankfurt Plane. Accordingly if the usual Transverse Vertical 
Plane be rotated about the line joining Apex to Mid-porion through a small angle 
it will come nearly into the position of our Standard Transverse Vertical Plane. 
The rotation is, to judge from our six skulls only, somewhat greater than the 
rotation required to change the Frankfurt Horizontal into the Standard Hbriaontal 
Plane. The result of this rotation is to cause one Porion bo retreat behind the 
Standard Transverse Plane and the other to advance,in front of it. Popularly, one 
ear may be said with reference to the Plane of Maximum Symmetry to be farther 
back on the head than the other ear. 
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The Oraninl Coordhmto(jrai)h 

This tiHiro (lutailed juimorieal invustigation indicates how tlio ears arn displacod 
verbically and horinontally with regard to homologous positions as jinlged from 
a good representative of the mirror plane. Of course this solely emphaaises in 
a different iimnner the point we had alreatly roaebed, namely that the auricular 
axis is not parpeudicular to the Plane of Maximum Symmetry, 

The auricular axis of the skull ie invaluable as an aid to the dctonniiiation ol 
cranial planes of reference, but it is far from an essential base line when wo arc* 
investigating the symmetry of the skull. It cannot be legitimately used in deter¬ 
mining .standard horizontal and vertical planes, for in doing so we are oBBuming 
that it is neoesaarily perpendicular to a well-ohosen Median Sagittal Plane, aud this 
it is not. 

Summary. 

By aid of the Cranial Coordinatograph it has boon iioasible w> obtain the 
coordinates of any point on the skull roferrecl to three rectangular planes of 
reference. Thenea wo obtain the analytical equations of solid geometry to any linos 
or ])lan6s of the skull. Discussing the "mirror plane” of an absolutely symmetrioiil 
skull, wo w'ere led to find as cur First Standai'd I’lancf tiju plane of llio Miriinuin 
Square Deviation from the "mid-s!igittal” points. This plane is tiiat of mtixiniimi 
mesial symmetry. The Second and Third Standard Planes of the skull innat be at 
right angles to each other and to the Plano of Maximum Symmotry, To make os 
littlo change as foasiblo we took our Second Stimdaid Plane to make n minimum 
angle with the Frankfurt Horizontal Plano. This second piano praoticnily posses 
through the Kappa and the Mid-porion, but is tilted to the Frankfurt Horixontal 
Plane. It is a truer >Standard Horizontal Plane than the Frankfurt in that it is 
parpendioular to the close fitting Mid-sagittal Plane. Our Third Standard Plane is 
porpendionlar to tho first two and is a truer Transverse Vortical Plane than that 
through the auricular axia These two standard planes indicate well the actual 
shift of tho ear-orifices forwards and backward.s, upwards and downwoi-ds, being, as 
wc might naturally anticipate, an effect of tho general osynunetry of the skull. The 
ears, being at a maxlinuin distance from the Mid-sagittal Plana, show more than 
any other part of the ekull, or of the living head, a maximum displacement from 
a symmetrical position, and really preclude the use of the auricular axis for the 
determination of a true horizontal, or a true transverse vertical plane. 

The raadar may ask; How much labour is involved in reducing a skull to 
analytical solid geometry'! Originally it took me about two hours to two lumrs sa.^, 
a half to determine the Poria, Kappa and Apex on a Konke orauiopbor, to adjust 
the skull on the staddle and read off the coordinates of 16 to 20 points. But with 
practice I think two skulls could easily be done in a morning of less than three 
hours, The numerical work is very straightforward computing, but laborious. The 
solving of the cubic is not so lengthy as it may appear, as we can be fairly sure that 
will lie between 1 and 3 sq. mm. Because its value is so small and the other 
roots of the cubic so large it is needful to keep a considerable number of decimal 



: The Cranial Coordinatograph and the Standard Planes of the ShuU 



(a) Hindu Skull. Norma fadatis. (fe) Hindu Skull. Norma occipitalis. 

} plate mdicates liow a plane perpendicular to the auricular as:is and pasgang through the Mld-porion, and therefore perpendicular to the Frankfurt Horizontal 
Plane, fails to pass through any one of the “mid-sagittal points.” The horizontal black curve is the trace of the Frankfurt Horizontal, and the vertical line is 
the trace of the plane through the IVIid-porion perpendicular to the auricular axis. 





Plate II 



Blometrilca, Vol. XXV, Parts III and IV 

l?oarsoii: Tlui Crtininl Oodfdhuxtof/raph and tiie tilandaiil Pltmcjt of the Skull 







Biometrika, Vol. XXV, Parts ITT and IV 

'ZVii?. dramnl (^tmritiniituijmjJ'h and ilie SUtmlard Planes of tiw Skull 


(e) Hindu Skull. Norms verticalls. 


(f) Hindu Skull. Norma basalis. 









Plate IV 



Plan and Elevation Model of a Fuegian Skull. 


Blometrika, Vol. XXV, Parts III and IV 

PoiiTHoii: 77«! C 'raft ial ( UMmlhmUi{iiti.ph tind thet /^Itindunl P'Utnc.s nj tha iSIcnll 
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Plate VII 


Biometrikii, Vol. XXV, Parts III and JV 

JV-ursMii; Thv ('/■({!!!ul ('ttimliuuUujmjiii ntul the i<tandnnl J’lanen oj thn <SkvU 



{h) Final form of Cranial Coordinacograph with a Pearson projector attached to its base 
so that the plan is marked and elevation taken by the single Instrument. 






Biometrika, Vol, XXV, Parts m and IV 

Pearson: The, Cranial Goord-inatograph. and ike Standard JPlanes of the SJcmTI 



(li) Symmetricised Drawing Drawing of Cromwell’s Symmetricised Drawing of 

of Right Side. Death Mask. Left Side. 




Biometrlka, Vol. XXV, Parts III and IV 

Pearson: The Cranial Coordinatograph and the Standard Planes of the Stull 



Symmetridsed Portrait. Full Face Natural Portrait. Symmetricised Portrait. 

Mirror Portrait of Right Side. Mirror Portrait of Left Side. 

This plate indicates how mnch of personal eharacter depends on asymmetry of the face. 






Symmetricised Norma facialis. Natural Norma facialis of Ancient Egyptian Skull Symmetricised Norma fac/a//s. 

Mirror Portrait of Right Side. from Nubia. Mirror Portrait of Left Side. 
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places. I think that two skulls could be dealt with in 5 to 6 hours by a good 
computer, .so that an investigator could make a daily output of two skulls, or 10 to 
12 a week. A inonth to five weeks would complete a racial sample of some .50 crania. 
Thus 10 to 12 races could be studied in a year to eighteen months. This is less 
time than many students give to their thesis for a doctorate, and a most valuable 
study of the standard planes of the skull and its asymmetry would result. 

The present paper only professes to be illustrative of what may be achieved by 
the USB of a coordinatograph, and the application of solid geometry to craniometry. 

I may be over-enthusiastic, but I unhesitatingly believe that there is a most 
promising field for the oraniometricians who are the first to apply Cartesian 
geometry to the skull. 



A, STUDY OF TWELFTH AND THIRTEENTH DYNASTY 
SKIJLM FROM KEBMA (NUBIA). 

Bv MARGOT COLLETT 

ICrewisttB BeningtMi Siadwtl 

(1) Tim Dimmrf of At Skdk eU Kenm. The ikni! wrie* forming the subjwt 
of peieBt pp« wais .from Kemui, s [Aace lying on the esi*t banl of the Nile 
bstwatn Arp Mid Tamixi* {«« Fig. I). Kenn* it 150 inil« mmlih «f tii# boindary 
whleb diftto the A,ngb-%yptiMi Sndan fmia Egypt and m the mn Ei« it i» 
»l»«6 »« he from E«rma to Thebes, a disteneo of awtriy 440 milsi, w it is from 
Thalwi to Akx&ndrk The excawtions wem carried oat by Dr OwJrge A. Beisaer 
Wing the joint ex|Miditkm of Hamtrf Uniwraity and the Boiton Mmeiim of 
Has irto in the 1018-14 and 1915-Ifl, and the following [jartioate are 
6^B from hia wport®. No certain date for the occupation of Kerma ii given, 
earlier than the Twelfth Dynasty, but object* of earlier date have been found there 
and the Mtllement k believed to be one of gtmt antiquity. The raina of mud 
houm ditoovered under the fouadatiana of bniidings of Middle Dynastic date show 
clearly that there but been a settlemeot of coosldemble sin in oarlior tinm TaUug 
into eonsiibralion the local history of other parts of Nubia, it in most probable that 
during tho Old Kingdom (Ub—Sth DyuMtiw) and the Early Middle Kingdom 
(9th—lUh DynastlM) Kerma wae one of the mimeroos Egyptian trading statioiM 
held by an agent ami a few man, possibly local narivea, at whisb the periodio 
expeditions from Egypt called to deliver and oolloct good*. Tb«se expeditiana 
were sent out every Wo or three years carrying ointment, honey, faienee and 
cloth, which were taken in eatohange for resin, ivory, woods, oils, speoiaJ grain, 
incense end leopard skins. The diaeovety of etatuottea and pottery on which we» 
inserihod the names of Pepy I and II, who were kings of the ,Sixth Dynasty, and 
of Aroeneinhat I of the Twelfth Dynasty, gave tho first real evideticn for pur[)««a of 
dating. It is suggested that the sottlcment was slightly inoroiuKKl in the. reign of 
Amenomhat I aftor the quelling of a native revolt. Dr lioknor gives IflfO ti.C. 
as the date of tliis revolt. Later, in the reign of Sosostris 1 (also of the Twelfth 
Dynasty), and probably just after another native rising, a larger fotoc! was sont out 
from Egypt under tho governorship of Hepsefo who was probably responsible for 
the erection of a fortress or fortified residence known ns tho Western Deffftfa This 
building was the nucleus of a military settlement. It was of considerable siae, 
oontaiubg a guard-room aud several other rooms, some of which may have been 
used as storehouses. It is thought that the Defffife was built prinoipally as a strong¬ 
hold for the protection of goods brought from Upper Egypt for purposes of exchange, 

. *‘®M«v»Koii8slEermi,” Vol. i(PattSi—ni) andVol. n(Piut«iT—v). Honiara 4 /W»»a SliKii«, 
Vdo. V and VI (1938), 
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and of the taxes collected from the local tribes. Owing to the lack of water nearby 
there would not liave been a convenient harbourage for a large armed force in the 



This governor (Hepzefa), besides being the builder of the Deffhfa, is believed 
to have been the founder of the Egyptian Cemetery in which we are chiefly 
interested. It- remained in use for over 350 years. In the neighbourhood of the 
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Eteff&fa werfl remains of only Ivco other baiWinfp, btith being funeraiy chapeh, one 
of whieh was attacHrf to tho earliBil Inmiilne (R in) and the other to tine of lator 
date (K X). The potteiy wnl grave furniture thnmgliont this mtn3tei7, thss jwinting 
in the second chapel, the seal®, and the numetotti statuetle* were ail distinctly 
Egyptian in form and technique. On the other hand thiin! were oertoin (leculiarities 
quite unknown in the cnntempomry graves in Egypt proper. The principal among 
theae peenliaritrta w« tha aaBriftcial, or so-eallcd s4ti, bnriid when in aoiuB ombs 
aa many « 8M people appear to have bean bimod »Hve with the body of their 
chief This eustom was prevalent in %ypt during Predyoaetio Mid First DynmUio 
times; it was also common in the earliest Nubian grava and it appEiara to have 
been the custom ot tfr in early times. It was not only practised by the ruling 
olai®KS at Kerma; the smaller independent graves of quite i»or type also have one 
or possibly two human aatsrifices. In the later graves, where the Nubian element 
bwatne more marked, a ram or several rams seem to have been substituted for the 
human saorifices in somo oases, or there might be Ibrso rams and two hatnon beings 
»a opposatl to one ram and four human beings in an earlier grave. The covering 
of the body with a cowhide shows Egyptian influence, but again tho custom of bed 
burials was unknown in Upper Egypt at this time, In one of the later tumuli 
ooCBn burials wore introduowl oonteraporaneously with bed burials, another sign of 
Egyptiau influence. The pottery became noticeably coarser in the later graves and, 
although developing along the same lines os in S^iypt proper, a certain degenora- 
iaon is evident. 

The cemeteries at Kerma osn be divided into three groups: the earliest Egyptian 
Oemetery founded by Hepzcfa, the Nubian Cemetery which follows a transition 
period of Egyptian-Nubian graves slid the much more recent Third and Fourth 
Oontuiy A,D, Meroitie Comotoiy. With the exception of a few skulls from the 
Meroitio Cemetery which have not been measured all our material comes from the 
earliest Egyptian Cemetery which was in use daring the Twelfth and Thirteenth 
Dynasties. The following table gives tho numbers of skulls of which measutoments 
were taken belonging to different graves or tumuli, including the Meroitio skulls; 


No. ot TtunttlaB 
o« Qme 

No. gf ^qUs 


Nafroio of 

IBII 



III 

u 


laih 

Tmtiviltts 

rv 

X . 

13 

43 

4S 

60 

lath 

If 

XVI 

4 

16 

>» 

xviri 

11 

6 


XXIX 

: 1 



Minot tetaulus 

XX 



* 

xxm 





XXilT 

1 


” 

Minor ttimuIuB 

XXXV 

1 



B 

9 



Graves in open 

Idleroitic 

4 

H 

drd and 4tb cent. x.b. 

jt »» 
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The buinuli throughout the cemeteries "were all conatmcted on the same plan. 
They consisted of one or two main chambers centrally placed, one of which con¬ 
tained the chief body, a sacrificial corridor dividing the tumulus in half, and built 
at right angles to this corridor a series of parallel walls gradually decreasing in 
height towards the outside. The subsidiary graves were placed between those 
walls and they are thought to have held the bodies of the officials belonging to 
the court of the chief. The height of the walla where they met the walls of the 
corridor was about 3 ft. and it decreased to about 1 ft. on the outside edge: The 
whole erection was covered with a mound of earth and surrounded by a ring of ox 
skulls which were possibly the remains of a funeral feast, and also by a ring of 
black stones for which we have no explanation. In addition to these tumuli, which 
differed in size considerably, there were also several independent graves consisting 
of oval or rectangular pits and containing one, two or three bodies each. Both 
primary and sacrificial burials were made in each form of funerary chamber or 
grave and it is not possible from the records available to distinguish the two 
varieties in all cases. It is probable, however, that considerably more than half of 
the skulls dealt with were those of sacrificial victims. The tumuli were numbered 
in chronological order aa far as this was possible. The actual skeletons from the 
oonbral corridor, representing the chief body and the sacrificial bodies, were lettered, 
and the skeletons from the subsidiary graves numbered. Of the total 310 skulls 
available 56 were excluded from the series measured for various reasons and this 
accounts for breaks in the serial numbering which was done in the Biometric 
Laboratory. The present paper deals only with the skulls, though many of them 
have mandibles and considerable numbers of the other bones of the skeleton have 
been preserved. 

The archaeological evidence was apparently only capable of giving a very 
incomplete history of the settlement at Rerma, and the account of the excavations 
throws little or no light on many important points. We may conclude, however, 
that the original trading colony, which was founded at an early but unknown date, 
almost certainly consisted of pure Egyptians, although there was an early non- 
Egyptian village of considerable size and also a fairly large Nubian village in the 
vicinity. The trading settlement Inebuw Amenemhet (Kerma) was known to be 
in existence in the Twelfth Dynasty and evidence of a settlement much earlier 
than this is given. Eeianer says that "the colony at Inebuw Amenemhat was... 
on the site of an old trading post of the 6th Dynasty.” After the advent of Hepzefa 
the number of colonists was not substantially, if at all, increased by the traders 
from Egypt 08 far as we know, although there is no definite evidence on this 
point. Supposing there was no increase by immigration, the occupants must have 
interbred and remained in possession after the Twelfth Dynasty. The tenure was 
a military one and it is unlikely that there was much intermarriage with native 
peoples of the locality. The culture, as we have seen, remained essentially Egyptian 
in type until a much later period than that with which we are concerned, and the 
fact that a few peculiarities were observed such as the common practice of sacrifical 
burial and the use of a bed in burial cannot be accepted as evidence of blood 
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Mimixtare with any foreipi isletusnl. It would ajjjwiM that all thfsu p(jcu!iaritie» 
were laewly survivalii of eiemMib! of an earlier Egyptian cuHiitv. The bulk of our 
m&ttiriaj betoriga to a aimpamlively short period, probably not eseeeding 260 yearn. 
Beinner mys; "Fat the («iri»d from the death of Huprafii (Km) to tliat of th» 
pewn buried in K %% I mtimale an interval of about 200 yearn" 

It is fortiiiiftte that our knowledge of the cmnioingy of tJpjjer Egypt from Early 
PredyoJWtic to fcittiati time* k quite extenirivo, mnee the original ooloniate almost 
certainly came from thcra It i* known that the physical typo in the north was 
widergoing slight but cnntinnal modification, and we may hij[>e to give a definite 
answer to the (piBStioiM whether the oommunity which was apparently isolated in 
Nubia wm, during the period for which we have ao|iiaintanee with it, of the same 
physical type m the contemporary population of TJpixrr Egypt, or whether it was 
of the same type as the Upper Egyptian population of another period, or wliothor 
it had acquired diatinotivo oharaoters which would differentiate it from all known 
populations of Egypt. 

(2) The Nature of the Kerma Seriet. There are SIO skulls from Kenna irre- 
eetved in the Biomotrio Laboratory. Fifty-fivo of tlwiac wore excluded from the 
■ aerie#, and aa meaeuremonte of them were taken, for various reaeona; 31 are 
poathumeualy diatorted, eight are loo fragmentary to be nroaaured, one ia acapho- 
oephalio, seven ore imiualure, four are of Meroitic date, two found in tumuli are 
80 well preseirved that they can only be suppoacd to represent modern inlruaive 
burials and two otheta poaaeae manifeat negro characters. The remaining akulla, 
which are the only ones considered in later sections of this paper, are all in a 
similar state of preservation, which reeemhlos that of most other Predynaetie and 
Dynastic Egyptian aerioa, and moat of them are complete or nearly complete. With 
two oxceptiona, they all bear grave numhera, which luiaigii them to the Twelfth 
and Thirteenth Dynaaliea, and these are given with the oorreaponding aerial 
numhera in the appended tables of individual measureiuenta. The specimens which 
were not marked by the excavators (Noa. 224 and 272) are presumed to belong to 
the same period aa the others. When the skulls wore sot out on a table so that all 
could bo seen togethor, few striking differeucea in typo were observed except in 
the case of the two with clear negro charaotocH which were excluded firom the 
aeries on this account It was evident that if any Uivlainn of the remainder was 
to be made by merely examining the skulls, such would have to depend on the 
fact that some possess more negroid oharnoterB—viz. a Hatter naml bridge, a higher 
nasal index and a greater degree of prognathism- tlian others. But an atteninl 
to divide the whole into two contrasted groups showoii that it was quite impossible 
to distinguish the negroid and non-negroid specimens with any degree of exact¬ 
ness. Hence it was concluded that the safeat procedure was to treat the total aeries 
as if it represented a single racial type which would obviously be one posseseing 
negroid characters. The series did not appear to be mote heterogeneous than 
many which have been dealt with in this way. 

The sexing of the 256 adult skulls forming the series was done by Professor 
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Karl Peiusnn and Br G. M. Morant. They distinguished 141 males and 114 females. 
Ihis slight excess of the repreaentafcivea of the former sex over those of the latter 
has frequently been found for a collection of excavated crania, and it has been 
supposed due to the fact that the weaker female specimens would be broken more 
easily and hence less likely to be saved by the excavators. In the present case 
many of the skulls are known to be those of sacrificial victims and this may also 
account in ],>ai't for the presumed disparity between the sexes. Sex ratios, i.e, male 
means divided by female means, have been given by Kitson* for two European, 
two negro and the long Egyptian E aeries of 26th~30bh Dynasty skulls. The 
Kerma values are closest to those for the Egyptians and Bantu negroes (Teita) 
from Kenya Colony and comparisons with these are made in our Table I. The 
coifGSpondericG of the sex ratios for these three series is extremely close and we 
may conclude tliat they wera all soxed in a uniform way. 


TABDE I. 

S)(i3i Ration for the Kerma and other Series, 


Chai-aater 

Eoroia 

Egyptian £ 

Teita 

L 

1-045 

1-047 

1-046 

B 

1-029 

1-025 

1-024 

LB 

1-054 

1-063 

1*061 

B' 

1-040 

1-027 

1-039 

H 

1-058 

1-038 

1-044 

S 

1-039 

1-034 

1-037 

u 

1-044 

1-038 

1*037 


A rough estimate of the age constitution of the cemetery population repre¬ 
sented can be obtained by considering the state of closure of the coronal, sagittal 
and lainhdoid sutures. The results for the Kerma series are summarised below, 
those three calvarial sutures being the only ones referred to. 


All sattnoB Open 

-1 

Sutures beginning to 
dose or partly closed 

All sutures dosed 

Totals 

18 (11-3 7,) 

40 (38-1 7,) 

83 (68*9 7J 

51 (44-7 7J 

42(29-87,) 

23 (20-2 7.) 

141 

114 


The percentages may be compared with those givenf for six other aeries 
examined by Dr Morant. For every one of these marked differences were found 
between the corresponding male and female frequencies, confirming the fact that 
the sutures close at a later age for women than for men. The Kerma male 
percentage of skulls showing all three sutures open is lower than any previously 
given, and the percentage with all sutures closed is only exceeded by one other. 
The females show a smaller proportion with all sutures open and a larger with 
all sutures closed than has been found for any other series examined. The present 
* BimatHka, Vol. xxin (19fll), p. 276. f Biomeinka, Yol. xxiv (1982), p. 170. 
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sample must hence be suppiwed ta repn'nenl an older eeinotor)' population than 
any of the others, although the contrary would have b««!u esficetoi owing to the 
fact that many of the ponple buried at Karma met unnatural death* m they were 
,ti<ujrt8okl victims. 

We may HKpiire next whether there is any evidence of a change in the racial 
eonititution of the iwpulation of Kerma during the Twettlh and Thirtoenth 
DyUMtie*. The tnali? tnmn* wore computed for eatA of thwi! Dynaatie* and the 
Wide wftfficicnt of racial liktstvesa of 0-92 ± T7 for 31 character* wtt found totwoen 
them. No aignifiamt differedcoa between the means were found. The ctwffleient 
differa aignificantly frotu »ro. but it may be too high owing to the feet that the 
Egyptian S atandnnl deviations were used in computing it in place of the atandard 
deviation* for each of the samples compared. In any case it i» of such a low owler 
that it was thought sofait to conclude that there is no evidence of ti change in the 
racial nature of tha Egyptian sottlera at Kerma during the p«ri«! considered. 
The female coeffioient was not calculated, but a few of the more iinitortant means 
for the two Dynastios are compared in the table below. 


OlmnoUr 

Mnlc 

Femnk j 

Dynasty 

TliLi-lwiikii 

Dyoaaiy 

Tw«lfUi 

Dyijnsiy 

Tblrl«imlb 

DynwiLy 

msii 

mBlff- 

Sl 

71-8 m 
lOl-O h\) 

Gl*6 (48) 
e4“‘3 (46) 

74-fi (74) 
l00-» (W) 

Gl'B (63) 
66*-4 (60) 

73-1 (37) 
t01'B(S7 

63-0 (38) 

er'-S (81) 

73*4 (78) 
lOVU (5B) 

(D9) 

07’-4 (43) 


The difforenoes between these means in the case of each sex are quite iii- 
signifioant, All the Twelfth and Thirteenth Dynasty skulls from Kerma. accordingly 
were pooled, and the means, standard deviations and ooefficionts of variation with 
their probable errors for the total sample are given in Table II for all the characters 
measured and for the indioss and angles*. I was able to make use of a oorieidBrable 

* tbdSDihona of ths msasurnmeatH, vrhioh are d«aot«<l by blio osual Indsx Isiumt. wUt bs toe»d In 
nioffwtrittf, Vol, xxS (1S28), lip, A stDgla ohnnsu wiw roods in tbs way tbs nasnl height NIi' 

woo moaoiirsd, tn reoont otnniuroolrio etudies ^nbliahod in Itlonutrika tills hos boon token, In oddition 
to tho Frooblhtt rowol lielghtt, (rom lbs nMlou to tbs " b»»" of lbs nnlnrlnt nsmt spiiw with lbs obioot 
of providing o monturommil which w«i supposod the snroo m Iho ono doflnod by Biwn and tTartln nod 
again in tho Munaoo oohoroo. Wbllo the dednitloni prpvidsd in tboao toshnignon are net parlsbtty olmr, 
a ro-oxomlnatlon soggootod that a olsoor approaob to (ho noonl hoight aotnatly taken by thowi who have 
followed Ihero oould bo obtolnod in tho following way. Xbo lower margino of tho pyrifona aportnre are 
flrot drawn no ponoil linos and tho Prankturt haigbto are taken to tliooc oorvod llnei on oithor side. 
A third ponoil lino, wbiob will bo horlzoatat on a ayromotrioal spooitnon, is then drawn oo that It 
appears, when the ukuU is viewed in nomia fairtalit, to bo a otraight line joining the lowest points of 
the roargios on either elds. Tho point whore this horisontal line meets tits boQpdary of the anterior 
noeal apine—iteelf a vaguely defined lino-on the left.hend side is eupposod to be Martinis naaospinale, 
The NH' given lor tho Kerma skuUe le the obord from this point to the nasion, and in all ensee itwas 
fonnd to bo very cloae to the Trankfort US, L, The fH£"o given by Mloa Kltaon lor the Saga simile 
in the present volume of Biomtrifta were taken in the sarno way, bnt in earlier afendlea in the Bloniettdo 

Laboratory the NEf'was to tho “base” ol the anterior naaol apine.—G. M. M.] 
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nuinlH-r «f which had previoaaly been taken by Mr G, C, Dunning 

and I u; i.niiv.dual nu™,m.,„e„t.s arc given in Tablea VIII, Ix The nature of the 
saniplo mil bo estimated from the coiiBtants in Table II. It may be asked first 


TABLE n. 


Coimimta of the Mule and Female Kerma Series. 


Ghar&oter 




0 

i ! 

« I 

B- 

B" I 

BilMtCriOIlit! II 1 

M' 1 

M i 

011 1 

LB 

sy I 

>>« 

0- 

«■ 

fud 

fiiih 

O'B 

3L 

as 

,r 

m.B 

HfLL 

sir 

SB 

BS 

DO 

BA 

SS 

SO 

a] 

' i 

m 

2','^ 

Laorymal Oi, R 
■^2) R 
OlyL 


iHrrjidK-:mn:is 

i;wM±-;{a (U3) 

iio-7i ■sncu.'ij 
-IJt) 

uaM t 

ii.vi±':m w~. 

97'jl+'.l2 \ 

ia«‘ifimiiaut' 
b«'7±M5 ''lan, , 
nr}’Ht'40fU4i 
37-l‘7i*77 ;I33| 
.^1(l*s5±'Ml <133} 
m'Ot'U >mi 
39*4±-aocna5 
3Ct*l±-lU<l!n) 

fl0'3±’32 
BA'3±"a«{iii) 
ia7-fl±-n.H <B3) 

sw-o±*i«<na> 

OO'lfUMIlS) 

aft-Bt'H <IH) 
U'B (381 
m (33? 
S4'8 ras) 
4^0 ±‘09 (9ft) 
9ft) 

SI'Ot'SB (It7> 
47*3±‘gl (mi) 
39‘4t'gS tm) 
13‘S±n8 (S5) 
4l*GfU (118) 
(10&) 

m±'19 (45) 
3S-2 Im) 
3i*7t»ia(n4) 
32‘7±-U(lOS) 


\mwu (47) KWfttrrft 

I77‘0± n0 :114) :S7 

177'i±a5{ll4) G'5M5±‘2!ft 

lsi»'«±‘£8(na) I*ftit-1K 
K«‘8±'i7«lU) 

I07*r»±'42 ((HI) 4‘13+*24 

IO<Hi-24(l(iaj 4'51 +‘j|U 

I27-8±-31 (H8) 4-rK±-:{H 

12H‘2±-aft (77) .VOlfjJ.! 

lOTMt’lM (91) 4'8Ji±-lH 

90-0*-87 (K9) 4*lfi±-lH 

107'4t’sBi -’109) 4’9«i‘il 

Ill*0±-3:i(l0fi) .V78±‘34 
fM'3±'3l (}I7) rr34±-lW 

l*.»'i-3f3}l (UMI) n*2H+-S7 1 

l‘iiMl±in(HKl) 7-4«±‘31 I 
iis{-9±*in (97) vnTt-rwi 
3{HI'3±-8(J Il'ift) 13ift + 'a4 I 
iHK-afHiiatiTj I i3*Mjif&7 ‘ 


iSUndwd Dovlations 


CoefficioatB of Variation 


Jtai'H+MHi /HJIj i H'flHiM? 
»-l-8fl;i ill-J: I S-13±MI 
as'ifir. («is s-jifu 
BS'Tfas iKii 
93-7 t-aa (OR! j 
BU-SfSn (H7. ( 

Il«' 9 ±-a 9 PS) ‘ 

• 17 -af*) fws) 

<T'3i-ai (wjj 
•iT’ifia iooj 
samfis (KS) 

IM (SSli 
S2'j mi 
lav (Si) 

3-t±'u» (mij 

lost'17 

37-Rf!B (SS) 

IS-3±-I« !47) 

3»'7fI2 (Mi 
»' 7 fll 
37-IfH (47j 
»■« ( 40 ) 

SWflS ( 83)1 *- 08 f 0 « 

3 S- 5 fl 4 ( 89)1 a-OBfUl 


I'MfIR 

itMfm 
3-ftlti4 
*-«4fl5 

2-S0fl» 
S-OafLH 
. .. I'Htoa 
(84) I'73f« 

(47)1 itiifia 


Eemalfl 


W-«+r,-;i 

•TMt-il 

S'dS+'Sfi 

4- a7t-S(| 
4'ilJ+’19 
•!«+•:)() 
:iwfi7 
■l-.W + 'SS 
■fMt’sn 
■T 4 Mfl 7 
3'7rifiii 
4',Wf2| 
fSSf 24 
4TiR±'22 
IWl.t + 'SK 
■■i»i±pa 
n-rif.i 2 
iSM.IfSd 
l#-7«i-ai 
w;i:if4s 

5- lJfll 

s-lifil 
3«± -n 
■I'lillt ’ll 
4'SllfSI 
liiifsa 
2 -TUfll 
S'"Bfl 4 
S-73fl4 
S'Wfll 


MSftHI 
fist-14 
»-fllfl9 
S'MfIT 

Mifia 

I«fl3 

i-Kifoa 

l’44f07 

I'47flO 

l-RSfOO 


llemiile 


7'4B± ti!) 
3'8a± ’IS 
3'3B± -U 
3'3R± 'U 
■t'40± 'lil 
’ill 

4'a«+ '19 
3'4H± ’17 
3'ei)+ '18 
3«± GO 
4'0B± '22 
4'4a± 'll) 
5’02± '*2 
fj-lilt '24 
4'OOt '21 
6’80± '26 
O'Wt '28 
,1'r)l+ GO 
a'7s± ’O® 
S’BIt 'W 
8'(10± -30 
H-O'lt '37 
8-4.t± '29 
4 . 92 + '44 

4T7± ’2* 
4'0S± '24 
S'«4± -20 
(I-Ot)± -28 
B-90± '27 
0'II4± ■»' 


34'M±1‘«8 
18G3± '93 
-•aiS± 'SH 
B'Sat -32 
7tiO± -39 
16'»B±1'0> 
4-S9± 'U 
4G7± G9 
4'list -SB 

(fSOt * 
«-30t -SO 


7 - 06 + • 4-3 
3 - 27 ± *16 
3 ‘ 20 ± -U 
3’:n+ -If) 
4*71 ± -21 
4*51 ± '28 
3 ' 69 ± ‘17 
3-43 ± '17 
STiCi ‘19 
3-24 ± ‘10 

3 - 88 ± ‘19 
4 ' 22 ± '19 

4 - 74 ± -22 
4 'R 0 ± '23 
4 ‘ 0 l± *32 
ft'Ot)± ‘23 
S‘ 94 ± ‘20 
3*37 ± *10 
2 ‘ 61 ± ‘12 
2 - 8 ft± i 4 
fl-l 8 ± *30 
7 * 4 Q± *33 
6 ‘ 07 ± ‘27 
4 ‘ 94 ± -29 

4 - 92 ± *24 
3 * 50 + '23 

5 - 81 ± *30 
5 * 7 l± *30 
f)‘ 80 ± *29 
a* 52 ± *43 


36 ' 13 ± 2*33 
31'0811*28 
e-Ofli ’38 
0 > 21 t -38 
7*17 ± *44 
IB' 04 ± 1‘07 
4*03 ± *21 
3 'e 3 ± *19 
3 ' 9 Q± *27 

5*81 ± *80 
ft*a 4 ± *30 
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TABLE II (ciBifawtsi). 


1 


Mfuiaa 



0ha«M3ter 

Mta« 1 

FomAlfi 

Hfiile 

FuraaJa 

m RiL 

i 

7a-i±'80(ia) 


S-JlSfU 

s-oi±*u 

m u'lr. 

72'4±'ie 

C»iS ! 

7«-4±-l7 

/8«) 

3-674*13 

3*37 4 *13 

i«i nil 

73-S± *18(100) 

72*»±*18 

(7TJ 


3-S34'l‘l 

100 BlW 

looet-jji 

f»n 

101-at'32 

(88} 


4-504-33 

imMiu 

90*O±-3O 

M) 

101*0 ±'34 

(77) 

4*42* *21 1 

4-44 4 *24 

miB—ffyi 

0‘&± ‘S3 

la») 

1 *34*24 

l«8> 


3-394*1? 

laocf/mo 

72*7 ±-33 (104) 

7S*2± *e33 

(79) 

5-lK34‘2.3 

4*324-33 

mNBina, a 

ftl -et'23(111) 

.W-SfSS 

(84) 

a3‘04±-lS 

4*73±'25 

too a Bins, i 


111) 

53*3 ±*34 

(H6) 

3y5±-l8 

4*784 *24 

mamst 
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whethsi the male aad fomalB serioe represuot the mine raeial typ(j. The differencKS 
of the oorroapouding mean indieea and angles for the two Boses ate found to eseoud 
three times their piobahla errors in the case of 100 jS/A (A/p,p. A + 0 ), lOO SSjiiU 
(6‘4,), 100 0,/0i, B (6-6), 100 Oj/Oi, L (8-3). 100 0.j/fV, H (4'«). 100 B/if (fi-r), 
100 NBIITH, R C3'7). 100 M/MT, £ (4-0), 1.00 IfBINJI' tU’O), tV/. (7 4), (S'S), 

5ii(6'l) and Si£(3'2). Sexual diffettsnees of tho same sijfn na those now found 
are to be expected iu the case of tho first five of thoso iiidicoa The difibroncf in 
the ease of 100 iJ/if may be duo to obanoo oaiiHrs as that fiir tho viity similar 
index 100 RjH' is insignificant. Tho other meoauromonto selootod in this way are 
the nasal indioos, which all measure the same ohomotor in slightly different ways, 
and four angles which are neoeseariiy related. They simply show that the female 
type has a slgnifloantly higher nasal index and a greater dogreo of prognathism 
(judging by the nasal but not by the profile angles) than the male*. This might 
Biggest that there was more negro blood among tbe women than among the men 

». TSmbs MlsUona aio Btlll ima if tbs Twslfth and TiUrteenth Dysairtlea are oanaidered aspoiatsly, aa 
ia abowa by ibe table on p. S60. Bat tbe eexual diSexenoea between tbe enrreepontiing meant there axe 
prob|tl)l7 All InAigDiAoan.t. 
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of Koniifi, but i? WMubi id* hi iicofijit such A ftoncluflion without ■ i 

and criiufuirimtiH ,.f kind tnatlu IkiIow (p, S72) fail entirely 

atantiBti* it. 'rfii- f u i lii.i! ( 111 . tiiiij.irily of the ineMiirements of shape sh ° ’th ' 
infiigiiifirain liiff-r. iii-. -...... ,iiii,.r..ne..H’which would have been oxpeob6a°mrtlt h! 

tokOT In ittdsnu.- th!,i Otr i,,.,!,. anil fcniBlo «RmplB8 really repreaonfc the same 

Sexual diffiTi.u--. , vunaiiility »my hr; cotisidetwl next and comparigona wet 
made betWM-ii (Ii- i.f viuintion of the aheolule nieiisutomonts and th* 

atMidanl demili.iiw ..r tjj,. arnl aiiglrai. For these constante 4 H male values 

eiraed the c.rrriijr.ij.is),^. f. iiiuli* vahitet and for the remaining 1 !) 1 ,),^ 
in eicm For ihu l-.iii. Kaj ptmn A'w.ricit the male variabiliticR are the greater in 
ii MW* and *h" ?.'!«.«•.- », jj,,, „!h.T five, but a proportion mote Riniilar In that 
found for Ihr }„i» ii^n obscrvotl for most other long cranial aeries 

nvaihWe. 'Oio mily ililT<-r«'tice found for the Kerma mnli, 

ooeBeiMlerf i» f.., /„,l /4 ..48) and for th« sUndnrd tieviations 

of th# ittditw* ,®«<1 o,,, „„}y «(gmficalil difference* (A/p.c. a > 

OHM »f the tl/W.jr /*,• . s is, /VojfAibn V£ (W). Si/ {6tt) imti 
finally w may ib,- Kernm variabilitiuii with thiMw given for other .■writ's 

and it will ei«.? tojiy iho Egyptian &'»cri« in this cotm,jj, 

known Ifl b" i'. r. ti.>ti.. «!i»n almoet nil others that have been niisMurtal, 

Still nokipvnn.;; fU'' t.'Hrffariiojja.s ..f variation tif al^lute meaeurmnenia and the 
ntaiidiinl ilvtui’i'.- r.-. •<< sj*cJtr.o> ,i«i airgicw, it i» found that 31 of the nmh* Kimna 
variaWlitlM *i» j{»tr»n.rt nbsin sit,e Egyptian S and 1.1 l«wi. while four of the 
diflhnwwejswwl liw*’ unif» jli»ir pfiibaWe error*; for the femaioa ih« Kenim 
vatUlillfal m 'Aa gfvsat.'f in *<j irwasa, the leaaor in 10 and thoro i» mpialiiy in 
W »»f' ifce taay bo wiroiidwed nignificunt. Tho Kmna 

it Aw an.'»sfV' sstTvaM*. itwwi the h^^yptian but it is an hotiTOgoneotm 
Imve t.'* bv an ropmeenting single and indiviniblo raoial 

typ«i. 

(Ill liiwsti of K^ftsw. Bkidi$, «i1»l 

fttiai liffli, ifw $ar iMiHremidiijs# aflWjr feho 

.in fcb® m y«*Jr*. Tbfire »r# of J4I 

lU' P'rii.f -; ^ ' . mu af mmml fc Attlli 

me mpmSMly (w mmM 4 

thd IWih’ ;Vs; 

(“1 . ■ Ilw «f Ihe wwwrt, wglM a«| h«itAi»4 

Butiife f..; . ^ ,a Am a}»pBad«d rtta ef laditidw,! tmmmm: 

mc.iiK IV'■■.. •, ■; ■.. . 4 rt awy b» Mwmed kh«t mf ob% er al. <»f Sli* 

Biitarei ^ The 8pF0»'*‘«*® ^»*to rf Ita ap 

constiwh-u sA mm b® ttednsdl ttm |U««> tbta. 

Bidewl ^ ^ toftBiwrt » ** »fcr ef eh»«** rf |i„ 
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prmoi{»l Bnliirm Binoe tt dw tsoinl difFerenco i» supposed to be shown in this 
respect The following table give# the frequenoiee found for the different orders of 
do*ure: 
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It is apparent from these figures that the sagittal shows a clear tendency to close 
before the other two sutures, while the coronal also tends to close before the 
kmhdoid suture. The order of closure found with the greatest frequency in the case 
of both sexw is sagitbal—coronal—lambdoid. Three other series have previously 
been eiamined in the Biometric laboratory in exactly the same way and it was 
found that for negroes (Teita) the coronal suture showed a alight tendency to close 
bcfors the sagittal in the case of the moles, and a definite tendency in the taws of 
the females, though the numbers (37 mates and 10 foroolos) on which these 
eatimates were based are small. Both the coronal and sagittal sutures showed a 
marked tendency to close bofore the lambdoid. In the Uytbo and Bpitalficlds 
English series the sagittal suture woa found almost invariably to bo the first to 
close, or to begin closing, fallowed by the coronal and lambdoid sutures which 
began dosing at approximately the same time. Thus the Eonna type occupies an 
intermediate position between the Teita~a negro series—on the one hand and 
the Hythe end Spitalfiolda European series on the other. For the ncgioea the 
coronal suture obisea before the sagittal and well before the lambdoid; for the 
Nubians the coronal suture closes after the sagittal but bofore the lambdoid again, 
and for the Europeans the oovonal suture closes after the sagittal but almost at 
the same time as the lambdoid. These ate only average rosulte, and the nnmbcra 
on which they ato based are unfortunately small, but in confirmation of Qratiolat'a 
Law tboy appear to indicate a dofinito racial diffortmco in the ortlor of sutural 
closing. The figures for the aerie-s examined in the Biometric rjaboratory suggest 
that the tendency tor the coronal suture to oloso bofore the lambdoid is rather 
mote marked in the case of fomaloe than in the rase of males for any particular 
racial series, As the numbers for the Korma scrioa am fairly ailoqiuitB, it wm 
considered worth whllo to exarainu whether tho order of oloauro of the coronal and 
lambdoid sutures is associated with the magnitude of breadth mcaaiiremente of 
the calvaria, Tho following table giving measuremonta for tho two groups of male 
skulls from Kerma shows that the differences between the correspmding means 
ore clearly insignificant; 


Orclei of sutnre-olofiina 


21 

Biasterionio 1 ) 

: ^ ■ 

Ooi-onal suture closing before lamMoid 
La.mbdoid suture olosing before ooronal 

90-8 (72) 
93*8 (18) 

ia3‘8 (67) 
184*8 (10) 

105*4 (r>7) 
105*7 (13) 

186*7 (87) 
185*7(18) 
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Ootopleto casos of motopiBra vjere found in four male out of a possiblo 89 slculls, 
and six feraalo out of a possible 9*7 skulls, only small traces of a suture above the 
nasion being" found in, other apeoimens. All the longer European series bo be 
examined have shown a percentage of about 10 for metopic sutures and in the 
case of negro series the frequency is about 1 per cent., among the 122 Teita adult 
skulls only one metopic suture being found. The Kerma skulls, therefore, with a 
percentage of 4'6 for the males and 6‘2 for the females, again occupy an inter¬ 
mediate position between the negro and white races. Contact between the frontal 
and parietal bones in the case of a metopic suture being present is indicated by 
ZF+JtP or JiF + ZP and the measurement given is the length of the common 
Suture. The mrdea affected are Nos. 107 (contact?), Ill (at bregma), 113 (at 
bregma), and 126 (?PF-^ZP); and the females Nos. 163 (ZP + PP, 31 mm.), 
16S (PF-i-ZP, 8*2 mm.), 166 (ZF-t-PP. 8-2 mm.), 202 (IF + PF, 5-7 mm.), 219 
(LF + PP, 2‘9 ram.) and 224 (ZF+PP, 7’7 mm.). In accordance with what has 
been previously found, contact between the left frontal and right parietal bones 
is the most frequent occurrence. It has been stated that when the metopic 
suture persists to an adult stage it closes at about the same age as the sagittal. 
Five out of the ten metopic Kerma skulls have both frontal and sagittal sutures 
open; in two other cases both are closed and in the remaining three the sagittal 
suture is open but the frontal ia closed. One female specimen (No. 202) has 
the sagittal suture open but the frontal entirely closed and partly obliterated. 
Only when the squamous process made actual contact with the frontal bone 
were the cases of fronto-temporal articulation noted, these being in the males 
Noa. 62, 69, 1S6, 188 and 147 (on both sides), 70 and 124 (on the left bub not on 
the right side), 3 and 61 (on the left while the right side was too defective to 
permit examination); and in the females Nos. 162, 194, 196, 199, 265 and 271 
(on both sides), and 160, 173, 203 and 230 (on the right but not on the left side). 
For the males there were 89 cases on the right side where the sutures at the 
pterion were sufficiently open to permit examination for coses of fronto-temporal 
articulation and of these five were affected giving a percentage of 6’6, and on the 
left nine were affected out of a possible 101 (8*9 7o)» females, on the right side 

10 were affected out of a total of 83 (12’0%)i left six out of a possible 

92 (6'6 These percentages are unusually high, as for European aeries in general 
the frequency is of the order of 1'6 per cent., hut for negroes an average of 12 per 
pent, has been foundThe Kerma series it will be noticed once again occupies 
an intetLYiediate position. No complete cose of a horizontal suture across the malar 
bone occurs in the series, two female skulls however (Noa. 197 and 2.18) show 
slight traces of it. No traces of sutures between the ex- and aupra-occipitals were 
observed. 

(b) Pt^pemumera^y Pones. In the male series four cases of true interparietal 
bones were found oUt of k possible 111 skulls (3*6 “/o) I’b® fenjales only one 

out of a possible 104 cases (0'97o) noted, thus giving a percentage of 2‘3 for 

* Of. le Double, Traits ties Variations dss Os du Orfine ds VHomme (1903), jip. 302—303. 
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the whole »eri» Owing to the irregularity of the percentagw famid for both 
Earopmn and negro Beriee in thi* respect, it is not known whether any racial 
iignifleanw om b® attaiohed to the Ksrrna figures. Of th® wale speeimeim. No. 86 
show* the 08 peniagormls and right o* frionpaJure aeparate but with mi suture 
between them; the other thrue skull* (Na«, M, 121 and 180) htt« the os fmia- 
gonah only Bepaate, The female spaoimen (No. 198) atai hm the (w jmiagonak 
only separate. An os (fpaotal* was noted in one male aktill (No. 41): it is dirided 
hy a vertical suture which i* to the right of the sagittal iuture. Thera are no 
example* of an owiole of bregma and only small Wormian Vonee were found in the 
oobmI and sagittal auture*. The Wormian bone* in the kmbdoid auturo appeared 
to be smaller and !«» frwiuent than in Enropcan eeritaj. Two unusual aaomalias 
were noted; a male epeoimen (Na 107) has a largo Wormian bone between the 
temporal squama and parietal on the left side and a female sjiecimen (No. 1®8) 
ha* two large and two mnall Wormian bone* in the same jweition on the left while 
the right Ma k normal (see Plate IV b). Several eases of an (aeicle of lambda 
•were observed. Records were made of the epiptcrio bone* found, only those with 
a maximum diameter greater than B ram. being counted. In compiling the total 
numbers which might have possessed these supernumerary bones all those skulls 
were excluded on which the superior border of the greater wing of the sphenoid 
was indefinite on the side oonsidered owing to synostosi*. More male* than females 
were excluded on this account. The following frequencies were found for the group 
having the region of the pterion intact on both aides and with the autures there 
visible! 
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A considerable difference is shown between the poroentages for the two sexes, the 
males having 18 skulls with one or more opipterio bones out of a possible 51) oashs 
(24'6 7o), and among the females there are 28 casus out of a jxwaible 68 spocitneiW 
(36'8 7J' According to le Doublet >t k not known for whioU m'-x the anomaly 
occurs with the greater frequency and comparken with the Hythe and Toita series 
does not encourage the assumption that there ere any sexual or racial diffetenoee. 
The percentage for the Teita male series is 22 2 (or 8 out of a possible 36 cases) 
and for the female 19'6 (or 8 out of a possible 41 cases). For the Hythe skulk 
the male percentage is 82'0 and the female 26'8, 

(o) Teeth, The state of preservation in which the teeth of the Kerma skulls 
were found was remarkably good, and there was a very high percentage of palates 

* 01. le Doable, Tntte Ha Vartalimi da Ot du Crtne ic rilmmc (1908), p. 60. 
t Pp. eit. p. 806. 
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with no teobh lost before death. There are 111 complete male palates of which 71 
have no teeth lost before death (64*0 7o)> and for the females the percentage ia 
69*6,67 skulls from a total of 82 complete palates not having lost any teeth before 
death. Excluding a few cases, where it could not be determined whether the third 
molars had erupted or not owing to the loss of one or more molars before death, 
an investigation with regard to the presence or absence of third molars was made 
with the following results: 
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Considering the sides separately, in which case a few additional specimens with 
the region of tho third molar complete on one side but defective on the other can 
be included, it is found for the males that on the right side there is an absence of 
the third molar in 12 coses out of a possible 102 (11*8 7o) ftnd on the left there are 
12 showing an absence out of a possible 99 (12*1 For the females there ia 
absence in seven oases out of a possible 79 (8*9 */,) on the right and four out of a 
possible 82 (4*9 7o) on the left. Several dental anomalies were observed among 
the male skulls : No. 79 has only a single premolar on the right, No. 92 (Plate VI a) 
apparently lacked two teeth other than molars, No. 128 has no canine on the right, 
while No. 128 lacks a canine on the left side. The second right incisor in skull 
No. 101 has erupted behind its normal position. A curious condition is present in 
No. 107 (Plate VI d) which apparently had only three incisors of which one was 
placed centrally so that it appears to have erupted between the premaxillary bones. 
The socket for the third incisor present on the left in skull No. 4 is the only case 
of an extra tooth among the male specimens. The female specimen No. 165 
(Plate VI c) has no canine present on the left side and no third molar on the right. 
An absence of lateral incisors was noted in skull No. 216 (Plate VI6), and No. 266 
has only one incisor on the left and no canine or third molar on the right. Several 
examples were observed of crowding of the teeth and of deformations of the alveolar 
margin due to disease (see Plate VI a showing aa opening in the region of the first 
and second left molars). 

(d) Oth&r Anomalies, The relative sizes of the jugular foramina were compared 
with the following I'esults: 
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Thsee reaultn are qiiite in aooortlaaee with thcwi for all serita prtsvioutly examined 
hi thiB way. Premndylea, both aingle median and dmible, were noted in savernl 
owes, a female skull (No. 104) with a single median precondyle having the largest. 
There are no marked ea«e« of a foam, pharyagsa. A female gpeoiraeii (No. 180)' 
hM a large para-mastoid prootw) on the left side with an artioular snrfaoe, and one 
ease of a ba®i-oooipifc*l incisure was observed on the loft side of another female 
skttU (No. 193). Plata V b illustratos a curious condition ptraent in a mala skull 
(No. 86); this is a constriction of the inferior part of the bnei-tsscipital where it 
uoites with the sphenoid. The numbers of tympanic perforations were recorded 
hut DO details are given as no racial or sexual difforencB®, or evidence that they 
were more numerous on one aide than on the other, could bo dettuced. What appears 
to he an infantile condition of some interest is present in a female skull (No. 216; 
Plats V d) which shows a complete failure to unite on the superior aud inferior 
margins of the tympanic plato on the left aide and a union only just raada on the 
right*. None but very small oxostosos were found. Throe healed wounds were 
curved among the female skulls from a total of 114, but, as is to be expected, 
the wounds on the male skulls were more numerous, totalling 16 for the 141 skulls. 
Those of greatest interest are on male specimens and photographs of two of these 
are given: No, 74 (Plate IV a) has a depressed wound on the right pariotial and 
temporal stjuama and a healed fracture of tho left malar bone; No. 64 (Plato Vc) 
has what appears to bo a wound on the right maxillary bone below the orbit. 
No. 7 shows a ftaoturs and subaequont rejoining of the left sygomatic arch. One 
case of a wound on the naaal bones is noted in skull No, 66. Traces of roughening 
of the glenoid fossa due to arthritis were found on several skulls of which tho males 
Nos. 46,119 and 146, and the females Nos. 161 and 286 were tho most marked. 
The only other sign of disease was observed on the female skull No, 274(Plate Va); 
the diseased parts ars two symmetrically placed areas on either side of tho lambda, 
the lambdoid suture being prematurely closed where it lies within the diseased 
areas. This may bo a ease of periostitia Holes similar to those found by Prof. 
Elliot Smith on Nubian skullsf and suppoeed due to ineeots were evident on 
several of the Korma skulls (see Plato III b below). The holes are mostly small 
and not nearly so numerous as on the skull ho figures. No signs of healing are 
shown on our speoimens and the exoavationa were almost oertainly made after death. 


(4) Oomparisont betmiem Urn Kerma mid other RnmaX Smm. In order to gain 
a knowledge of the rataal relationships of the Kerma series, the Coeffloients of 
fiacial Likeness were calculated between its means and those avivilable for a numbeii 
of other aeries. With the usual notation, the form of the crude ooefficient used is 


^ n,nt 

“• £4 " u X . 

m cr/ Uj, + n,r 


-1 ± •67449 



^S(a )-1 ± ■67449 V-? 


“ The adolesoent Sbxanthivput akull shows r Himilu) fissaro of the ti'mpauia plate, and the eondJtion 
ia normal for rnfants to-day. 

■r The Anbaiolosieal Sttney 0 / iTiiMa, Jtepan for 1907—1908, Osiro (1910), Vol. u, p. 990, SnS 
PiM«i SutMiporngnj Vol, II, Piste xii, Kg. 9. Boe sigo "5I18 sUogea Disooveri ot SypUlit in Pro- 
higtorio BgyptiwiB," The Lancet, iugogt 39 (IMS), p. 631. 
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The reduced coefficient is defined to be 

50 X 11 5 _ X .074,49 /ll 

n,n^ ' - V mj 

whore ii* and ii^ are the mean numbers of skulls available for the characters used 
in computing the coofifieient for the first and second series in the comparison, 
respectively, The reduced coefficient is supposed to give the beat measure of the 
absolute divergencies between .the types which it is possible to find at present. 
The standard deviations of the long Egyptian S series of Twenty-aixth to Thirtieth 
Dynasty skulls were used in computing the coefficient. 

The male and female Kerma series are of approximately equal length, hut this 
is not the case for the majority of cranial series for which measurements have been 
provided. In general the male aeries are longer than the corresponding female 
ones and there are far more of them available. Our estimates of racial affinity 
are thus based principally on the comparisons of the male series. There are 20 of 
these'series of sufficient length representing different sections of the population of 
Egypt from Early Predynaatic to Roman times. Of the sites represented Gizeb and 
Deshosheh with Modum are in Lower Egypt, but all the others are in Middle 
or Upper Egypt. Table III gives all the ooefBeients of racial likeness between 
these Egyptian and the Kerma series and the reduced male values range from 
I'll to 19‘66. Working on data provided by Morant, Woo has given* the 
lowest reduced coefficients of racial likeness found for each of 23 male Egyptian 
series, and they range approximately from — 0'6 to +1'5, Three of the values now 
found with the Kerma series ore less than i'5 and two are as low as any which it 
has generally been possible to find for these types. We are thus led to oonolude 
that the population of Kerma in the Twelfth and Thirteenth Dynaeties was of 
typical Egyptian type. It has been sho'wn by Morant-f that in Upper Egypt the 
character of the population waa changing slowly from Early Predynastio to Roman 
times, the type having gradually lost its original negroid characters and at the 
sanjo time increased its calvarial breadth and hence its cephalic index, This 
general tendency was illustrated by the majority of the series available, and the 
exceptions to it which were found could be supposed due to the peculiarities of 
local types or possibly to a local and restricted admi xture of part of the population 
with alien immigrants, The question to what period the Upper Egyptian series 
which most closely resemble the Kerma belong is one of particular interest, Its 
closest oonneotions are found with the Naqada series which is probably of Middle 
Predynastio data and with a Late Predynastio series measured by Thomson and 
MaoIver|. A First Dynasty series is next in order and then the Kerma type is 

* Siamtlrika, Vol. xxii (19S0), p. 76. 1 Ibid. Yol. xvn (1926), pp. 1-52. 

t For the eeclee measured by Thomson and Maolyer only 14 of the oomplemeat of 81 charaotere 
used in computing the coaflieient of racial likeneoB are given. For theae 14 characters the male crude co¬ 
efficient between the Kerma and Naqada A and Q seriea is 1-21± *25 and the reduced value ia l-49± 'SI. 
These only differ slightly from the values in Table HI given fox the total 31 characters, and it may be 
assumed that the 14 characters provided by Thomson and Maclver lead to close approximations to the 
coefficients which would be obtained if all 31 oharaoters coQld be used in comparlBona with their serieB. 
It may be oonelnded that the Kerma series is equally related to the Naqada a^d to the Late Predyuastic 
aeries of Thomson and Maolver. 
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found to be equally removed from those of Early Predynaatic and Early Dynastic' 
populations. It is also approximately equally, but more distantly, removed from the 
earliest Predynaatic type (Badari) and from several found in 0pper Egypt about 
the Eighteenth Dynasty. The relationships of the Kerma to most of the Later 
Dynastic series, including the Koman, are more distant still. Exceptions to any 
orderly arrangement suggested by these facts must, of course, he expected. They 
are found, for example, in the rather dose connection between the Kerma series 
and the Ptolemaic and in the dissimilarity of the former to the First Dynasty 
series from Abydos measured by Motley, bo the Ninth Dynasty series from Sedment 
and to the Fourth and Fifth Dynasty series from Deshasheh and Medum, though 
it must be remembered that the last series cora^ from Lower Egypt. In these 
cases the other eeries, and not the Kerma, must be supposed peculiar, as has been 
pointed out in earlier papers. The evidence provides abundant justification for 
considering that our series represents the typical population found in Upper Egypt 
in Late Predynaatic times, and it can only just be distinguished from other series 
representing that population. But actually our series is of Twelfth and Thirteenth 
Dynasty date, though it is clearly differentiated from the contemporary population 
of Upper Egypt. Obvious conclusions are suggested by these facts. It may be 
supposed that the colony at Kerma was founded in Late Predynasfcic times by a 
body of emigrants from Upper Egypt who were racially typical of the population 
there and that this type persisted at Kerma unchanged by admixture with any non- 
Egyptian elements, or by the factors which were modifying the parent population, 
until the Twelfth and Thirteenth Dynasties. It appears to be extremely probable 
that these hypotheses are the correct ones, but they could only be submitted to 
direct proof if we had skeletal evidence of the racial constitution of the population 
at Kerma between Early Predynostic and Twelfth Dynasty times 

It is certainly unlikely that any ooeflScients of racial likoness of the same order 
as,the lowest in Table III could be found between the Kerma and any non-Egyptian 
series. There is a close connection shown with Abyssinians from the Tigre district, 
but all the closest connections os yet found for this series have been with Dynastic 
Egyptian types and it is supposed to represent a survival until modern times of 
part of that population. It has been shown by Stoessiger* that there is a moderately 
close resemblance between the Predynaatic Egyptian series and mpdern Indian ones, 
and by Kitsont the former also resemble various negroid and Bantu negro 
East Africaox types. It is among these two groups of races that we should expect 
to find those outside Egypt which will bear the closest resemblance to the Kerma 
type. Male coefficients of racial likeness were therefore calculated between the 
Kerma and all the best series available for the two groups and these are given in 
Table III. Of all the alien types compared, the Galla and Somali shows the lowest 
reduced coefficient, though it is higher than eleven of the values found with the 
Egyptian (including the Abyssinian) series. A moderately close connection with 
that '‘Hamitio" series was to be expected. Neither is it surprising to find that the 


* Biomeirihat Vol. xix (1Q27), pp. 126 — 186 . 


t Ibid. Vol. xun (1981), pp. 285—300. 



a?a i SUttfy of Itlk rrnd iM Skulk frmn Kema 

mMtl dwwt, ewjneetitttj in wiib * RMufero seriw ft»:>ro Kni'p*' '•*" the t»r:y,i, is 

«iib»«R »n4 wiiob i« (aif jrigiKS tn be one «rf (nsfw** m. of the err.hial 

jBHIittWMJlas. The TeiSa f»« Keoya Cbtoay aatm. «w;t in iituler mt! thi-y ate 
'flaHto tuitp:**, white tJw Twniilii ans * tiut« further wmortd. Tho 
tsw»hl««!» in the* •»«, w<d lie*! beli»e«» lie Kern* surf tta athec !va«t 
mkI ludktt tyjiei, aim Wfy mwiA n«*e 4iitft0lt Itwii the «n^«rily of titnse 
'b^wwstl t.h« Cema W tie %|ptiau lyp®*. The 6®*, Ujat a w»gw sieriwi A««'s. 

§, lew*r irfttwd (»«®ei«rit ttiati Ihm iwri«i may bs atlribateti 'In the ■; 

f»(* that the tatter m not of pure %ypti«li origin. It liJ» b«M •hewn by Woo, r 
fcr ejarapte, that hi* Sedmeni »«ria« and tlml of iJw FoarUi awl Fifth, Dywiatiia ' 
ftom I>Mh««h«h Mui Mcdnm are mBW chwjly retaSflt! to motlera EgypliaiH! and 
modara Oetaai thiui are tfw other Dynaniic EgyftlMin *Bri6». Thet* is again iw | 
gnggMtioti rtiat th« Kerma popatation wa* of any twt p«i« Egypliati origia j 

Ftotn th# 31 serw! for whion toaJo ewfficioni* of ntoial likenaa were taloatated, ■ 
sight were asleeted for the parposo of comparing tho fBrnal® tnoan* with the Kenan '’j 
falttw There are no ad»iiuu« femala nrean* nwhlaWo for most of thii other aeriflu. ;i 
If the male and temale moan* fcr each of two »ri« wanpared really represent the ;■ 
aame popniAliao, then wo ahould oxpeot to find that lh» rnclnm) mlfiaiMts far I 
the two i»*«i do act differ agnifleanlly. Thi* i» aetnolSy iho oaao in five out of the ; 
Bight oompariaon* mad® in Table 111, the diffireaww for ibww being all leas than ; 
S’® tames their probable errora For the other throe,-sb. the laito PredyiinslaB 5 
aeriaa from Kl-Am»h and Hon, the Twelfth to Fifteenth Hymwty from Htm and i 
Abydua, and the mi>d«ra apriw of »i‘gn*.a from Kgypi,- iho sestial dlfferencea 5 
botween the coeflteicuto are marWIly »iKni 8 >ani. Tb>‘ iio aiw for the taut ssrit* ;? 
are baaed on such umalt numbers that no alrewi m ud bi* pkrard on the di*»rdanBe. i 
In the caae of oaeh of the other two a diroul roitiiJanaon of the male and ftjniale 
means saggeats that Iho aaiuplea may not r*-pre*oiil « x«ily thn same population. 
It has been ahown in awtiou fS) above that Un- Km iiia male and female indioiia anti 
angles otdy differ clearly in an imesprotid way in t he ctuti' »f the nasal indlo«s and 
of the angles of tho fandamontal Irianglo, thn feiiMdo iy]i«? having Hie higher indea 
and the greater nasal angle, indicating a gr^srler th gteu of pingnathhim. This might 
auggeat that the female Kerma aatuplo was tnme wgtjiid linm the inftls, hut the 
ooefflclenta with the Telta and Tanganyika nrgro ta'i ica fail cnlitely to iiitetaliiale 
this view. Tho Kenna amnial differonces for Ihceo oharactora, th«tt^ of «> c''!'* 
whioh must be considered aignlBeanl, may only liave been duo to ohanne cause*. 

A detmled oompariaon of racaaoromiaite oopwidored p*i»gly need not be made. 
If only the 31 chametera used in comimting the coefticionts of reoial likencits are 
oonaidered, the a’s found show whether the diffi-renpics luitwoeti the moans aowpared 
should be considered significant or not HVo will suppose, aa usual, that a significant 
difference is indicated if the a is greater than ton. Thca proportion* of aignifleant 
to non-significant o's are found to iliffer markedly for different oharaeters as hm 
been observed in all previona coraparisona of Ihia kind. The ooeffloionts (given 
Table 111) were computed between the Kenna male eorie*, on the one hand, and 
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21 series of the ancient Egyptian type (including the modern Abyssiniang), on the 
other. There are eleven comparieons between median sagittal arcs (S) from nasion 
to Dpisthion—the measuromenfe not being available for the other ten series—and 
not a single one of these ia significant. For the baaio-bregmatic height {H') only 
one significant difference out of 21 is found, and for the glabella-occipital length 
there are only three a’s greater than ten in 21 comparisons. Such characters will 
clearly be of no value if a classification of the material on the basis of single 
measurements, or groups of a few measurements, is attempted. The only measure¬ 
ments which are likely to be of any value for such purposes are those for which 
more than 30 per cent., say, of the possible comparisons show significant differences. 
In the present case these are: 100 BjL (61-9 VJ, 100 NBjNH (52’4 7 B (42-9 7„), 
100 frs/ffi (42‘9 7q). (38T 7o)» ^^(36‘47o) 6'(®8'3 7J* The percentage 

for 100 G%IGx is only based on a total of seven comparisons and no stress can be 
laid on it, while the other characters selected in this way really only indicate that 
two primary factors are concerned. The differences between the maximum calvarial 
breadths (B) are necessarily associated with those between the transverse arcs (Q') 
and cephalic indices—the calvarial length and height remaining practically con¬ 
stant—and with those between the minimum frontal diameter (£')) while the 
differences between the nasal heights are necessarily associated with differences 
between the nasal index—the nasal breadth remaining practically constant. In 
comparing the Egyptian series Morant found that the essential differences were, 
in general, those between the calvarial breadths and the characters dependent on 
that character, and also those between the nasal indices. The Kerma series thus 
differs most markedly from the Egyptian aeries in precisely the same characters 
as they, on the whole, differ most markedly from one another, or, in other words, 
the Kerma type must be considered to be a perfectly typical representative of the 
Egyptian stock, as we have previously concluded from a comparisoh of the co¬ 
efficients of racial likeness. When comparison ia made between the Kerma and 
the non-Egyptian seriee the incidence of characters which differ most essentially 
alters as we pass from series to series and a detailed description of these differences 
would not be profitable. 

(5) Type Oc/ntowa, The individual contours were drawn and the type contours 
were constructed from them by following the usual methods employed in the Bio¬ 
metric Ijaboratory. The mean measurements are given in Tables lY—YI and the 
male and female types are shoy^n in Figs, II—VIL Comparison of the type contour 
with the mean calliper measurements in Table YU shows a very satisfactory agree¬ 
ment. The differences *re all leas than 1 mm. except in the case of the male and' 
female 8i —the chord from nasion to bregma—and the female GB. The difference 
of 1*4 mm. in the last case is chiefly due to the fact that the two means are based 
on very different numbers and when found for the same 33 skulls it is reduced to 
0'6. It ia probable that the rather large differences found in the case of Si were 
caused by the £a.ct that the nasion was not.located in precisely the same position 
when drawing the contours as when taking the calliper length. Table VII shows 
clearly that the practice of raising or lowering the pointer of the tracer in order 
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Unn Ummnmmiti of Kerim Tranttierm Oonkiiire. 













































Mea/n MQOx\iir&>nen.ts ofKerma Median Sa^Ual Contours. 
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TABLE VII. 

A Omnjiarism of OaUipee aid Type OaiUour MmuttirmteiUs*. 


Obsraotsr 

Male 

FaomlM 1 

Contout 

CaUipet- 

Oentour 

CalUjMsr 

L 

ifta-a <98) 

(m) 

nfl-i (73) 

177-2(114) 

OB 

110-7 (ia4) 

110-7(125) 

107-7 (fKJ) 

107-4 (ftl) 

s; 

119-5 (B«) 

112*1 (l«6)t 

im*7 (73) 

107*4 <109)t 

Si 

iU‘9 (as) 

IID'I (128) 

lit)-4 (73) 

110*4 nm) 

Si 

97-4 (92) 

97-2 (124) 

M‘7 m) 

94*.3 (97) 

finl 

W 

3H'8 (M) 
13-1-.1 84) 
8B-0 (SO) 

36*4(112) 
133-4 (03) 

34*7 (64) 
128-1 (64) 

34-B (92) 
127-8 (8«) 

(rii 

89-6(111) 

66-4 (37) 
95-1 (33) 
06-5 (04) 

«S*7 (82) 

&i 

0O-2 (4ft) 

90-6 (97) 

M-T (es)§ 

IB 

102-0 (84) 

101*8(117) 

9B-6 (89) 


* Tbo oontoor OH in bb« hAlglit of ili« trAutvAm lypo oonloarx And All ullior oonlour mettEnra- 
ttifiata Ara ukon ttom iha SAglUal type. Themexlmum length (L) i» moAeuml on tlmt liKUro; O'H, QL 
hxiALB ftro used in Lie ounsiruetlon end ell other moAeuremonU oonipered nre f»nnd byuIouVttUDQ 
(rem Ungtlie need in the oonetruoUcm of the type. 

t For the 98 mele ekoUi for wbioh sagilUl oontoan were drewu Ibe mean oaUiper S^ Is llSl'l. 

^ For the 7fi femele skoUs for whioh Mftiltel oonloars wore drawn the mean oaUipor is 1D7'8. 
f Foe the feeotle skoUa (or which the contour OL is given the mean twlUtwr riL U 94’8. 

to pass exactly through the "pomta" in drawing the angittal figures do«i not 
tntroduoe any serious disorapanoies. For all praotioal purposes there is little danger 
in assuming that all the points shown on &at seotiou really lie in a single plana 
in the case of each individual skull*. II the series be a long one it might be mors 
eatiefaotory to omit the specimens for which this is least true. 

The male transverse type is almost exactly symmetrical, all differonoes between 
the right and left sides of the same, parallel being less than 1 mm. Greater 
differences are found in tho case of the female figure and the largest is 2'5 for the 
ninth parallel. Tho Kerma sections show no striking peouliarities. A number of 
indices, providing meaenremonts of shape, have boon derived from these figures for 
the purpose of making racial oomparisons more exact, and for all these tho Kerma 
values fall well within the ranges given by racial series previously studied. The 
male and female indices are closely eiroiler as is geivetally found. By superposition, 
with aid of the tracings provided, the Kerma ontlinos ate found to be extraordin¬ 
arily close of those provided by the Teita negro series and rather further removed 
from the Badari types. 

The horizontal type contaurs are very approximately symmetrical, the maximum 
difference between the right and left sides of the same parallel being T6 in the 
case of the tnalo figure and 1'7 for tho female. They are again found to have noi 

• * p do not agree with thia view. The '*practice” does nok seem to me satisfactory, as tho 
seotiou of the individual skull oenscs to be a Beotion of that skull at all, and the dlograph thus US^i 
can lose the advautagea'ithas over the dioptograph. Bo,] 
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uniMual oharactera and the radioes which have been used for comparative purposes 
are allj with one exception, within the ranges previously found. The moat striking 
sexual difference in the case of the horizontal contours is seen in the shapes of the 
sections of the temporal fossae. Immediately behind the temporal lines (marked 
by the points 'IR and TZ) the male outline is contracted to a greater extent than 
the female. This difference has been measured by expressing the total length of 



Fig. H 'Iwmsver** ‘^pe Contour, cm 124 Kemta SkutU. 

parallel 3 ae a percentage Of the width between the temporal lines, i.e. very 
appoximafceiy TB{y)+TL{y). The male Kerma index is 97*7 and the female 
103*1, and, this difference is leather greater than any previously found between the 
male and female values for the same racial series. The male index is also lower, 
indicating more marked temporal fossae, than any previously found. The Kerma 
type contours are again found to be remarkably similar to the Teita, the only 
difference which appears to have any signiHcance being dependent on the fact that 
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tlm aeofcioim of the t6in|xiral ftwgae are mom accentuated on the male fig'are. 
The Kerma and Biidari tripes differ more markedly. 

The sagittal type seotiom possess no feature* which would have been muapected 
in contours reprenonting an Egyptian series, eieept, perhaps, a mther greater degree 
of progiiiithism. All the indices and angles which have been used to compare the 
most salient racial differences of the median sagittal section have mines tor the 



Kerma series which fall well within the ranges given by the types previously 
recorded. Mean sexual differences are generally found for some of these and those 
of the same sign and the same order are observed in the present series. For 
example) the index expressing the maximum subtense of the frontal are as a ^ 
percentage of the NP chord is 23'2 for the males and 24T for the females, and the 
fact that the female frontal bone is, on the average, more vertical than the male 
can be illustrated by angular measuremente. A comparison of the mean indices 
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and angles derived from calliper measurements for the two series showed that the 
most marked differcnceB in shape which would not have been anticipated were 
found for the angles of the fundamental triangle. Confirmation of the correctness 
of the means can be obtained from the sagittal type contours, The values are: 


Bex 

Metliod of MoaBurement 

JV4 

AL 

bl 

s 

By oallipera on skull 
Scaled on type contour 

64“*9 (95) 
e4‘‘-9 (46) 

74’'1 (96) 
73"'4 (46) 

41“‘0 (95) 
41*-7 (46) 

? 

By callipers on skull 
Scaled on typo contom’ 

67“-6 (63) 
ea”-3 (33) 

72*‘l (63) 
7r‘2 (33) 

40“-3 (63) 
40*'5 (33) 


By superposing the types it is found that the Kerma sagittal section bears 
a much closer resemblance to the Badari than to the Teita. Strangely enough, 
considering that one of these aeries represente a tribe of Bantu negroes, the degrees 
of prognathism of these three are' almost identical, but the section of the nasal 
bones projects considerably less in the Teita than in the Egyptian types. 

(6) Conclasions. The scries of skulls described in this paper represents the 
population of the Egyptian settlement at Kerma (Nubia) in the Twelfth and 
Thirteenth Dynasties. Only adults were dealt with and of these 141 appeared to 
be males and 114 females. No distinction can be made between the series repre¬ 
senting the Twelfth and Thirteenth Dynasties respectively. The male and female 
series may be supposed to represent the same racial type. The male variabilities 
are rather greater than the female, as is generally found, and the population as 
a whole must be considered rather more variable than those in some Dynastic 
Eygypfcian cemeteries, but still as homogeneous as most for which cranial samples 
are available. The type is distinctly negroid ancNhe frequencies with which some 
anomalies are found assign it to an intermediate position between those of Bantu 
negroes on the one hand and European types on the other. The coefficients of 
racial likeness show that all the closest relationships of the Kerma series are witli 
Upper Egyptian series of Prodynastic and Early Dynastic date. The closest con¬ 
nections found are with Late Predynaetic types and the Kerma sample may be 
supposed to represent the typical population of Upper Egypt at that time. It is 
distinctly further removed from the types contemporary with it found in Upper 
Egypt. Hence it is concluded that the settlement was probably founded in Late 
Predynastic times and that the racial type there persisted unchanged until the 
Thirteenth Dynasty although the parent population had been modified in the 
interval. Comparisons are also made with negro and Indian scries, but no unex- 
pebtieily close connections are shown. The type contours are provided. 

In conclusion I mitet thank Mr Q. 0. Dunning, some of whose measurements 
I have used, Miss M. Kirby, who drew the map and type contours, and Dr G. M, 
: Morant, to whom I am greatly indebted for much help and encouragement. 

19—2 





A Slwhj of Mth and VAth Dyimltj Skulls from Kerma 


DESCBIKION OP PIJI^TBS OP KEBMA 8KUEL8. 

I. T)Tpioal mule ekall (No. 37), Worma fueiatU (O'® oftfcwM «Ise). 
n. mate akull (No. 37)t Narma (ataralis (0^ nol-arAl site). 

lU. (tt) TjplotJ mala akull (No. 27), tforma v«rtic»lU (0*7 n&tarBLl a{u), 

This HpooiiuaQ bae a oepballo iodex of 72*0, and tlio mala moao for itio iicriB« in 72*2. 

{b) Mala akatl (No. 180; 0‘7 natural slie). TbU sbov^a bolos proiimtcd lo hava been made by 
ineecta aflat deaVb. 

IV. (a] Male okul} (No. 74; 0*7 nataral ffins;, irllb » deprc$ned wound oa lbs parietal and temporal 

boQoe and n healed fraoluro of the molar bona. 

(b) Feimlfi akull (No. 188; 1*3 nataral aioa), with Ui^o Wonnian bones belwoon the temporal 
egnama and partetol bona. 

V. (d) Pomale ekull (No. 374; 0*7 natural aixeh ihowlng dUeaaod oreoa on oUhor side of Iho 

lambda. 

(6) Ualo akoll (No. 36; 1*4 natural slie), ehoirlng oonatrioliou of the ba»i*ocoipiUi1 where it 
unites with tbo Apbenoid. 

(c) Uoio skull (No. 64 * 0*8 natural else), ohowlng a wound below the right orbit. 

(d) Portialo flkall (No. 210; 1*8 natural aloe)) ahcwinK lollure of the t^mpanio elomenU to 
unite. 

VI. (n) Male ekull (Ho. 93; 1'3 natural alee), with the eookobi of two teeth other than molare 

lacking and a di&eaeed opening on the left-hand aide. 

(b) Pemale skull (No. SIQ; 1*2 natural eine), \rlth no »ooke.U for lateral inelaon. 

(o) PemalQ ekuli (No. 158; 1*6 natural elae), with no sooketa for the left canine and right 
third molar. 

(d) Male skull (No. 107; 1*8 natural else), wUb eoekots for three ioolaora only, the socket for 
the oentral inoieor being apparently between the pro>maxi)lary bones. 



I 



Serial 

No. 

I ai . 

GJ3 

J 

NJEi' 

NZT, H 




I 

' _ 

94*7 

130*5 

51*7 

52*6 

51*6 

24*4 


•z 

q 6‘4 

97-8 

134 

52 0 . 

SI-8 

51*5 

24-2 











4 

— 

90*0 


52*3 

52*0 

51*9 

23*4 


5 

92'9 

100*3 

128 

135*5 

47*0 

47*1 

46S 

25*6 


6 

1 

98*0 

86'6 

:cw3*i 

98-4 

94*0 

50*8 

48*0 

45*7 

52*2 

46*6 

47*8 

51*4 

47*3 

45*4 

25-2 

22*8 

27*0 




87*3 





— 


zo 

— 

95*4 

128*3 

49*0 

48*8 

47‘9 

25*8 


IX 

— 

94*0 

127*5 

50*6 

52*8 

509 

25*8 


13 

C05-5 

101*9 

135 

50-2 

49-6 

502 

27*7 


14 

95’9 

91*0 

123 

45*1 

45*4 

45*9 

24*3 


15 

98-1 

93*9 

— 

50*2 

50*3 

501 

22*5 


16 

94*5 

965 

X29 

46*6 

45*8 

46*6 

24*4 


17 

■- 

— 

— 

— 

— 

■- 

—- 


x8 

— 

-- 

— 

— 

— 

— 

— 


19 

■— 

— 

— 



— 

_ 


20 

ro3‘4 

105*5 

133 

48-7 

50*0 

49*4 

27-2 


21 

92'5 

94’7 

122 

49*0 

49*5 

49*0 

26*8 


22 









33 

104*3 

98-4 

133*5 

56*2 

56-0 

36-7 

24*7 


=4 


— 

— 

— 

—. 

■- 

— 


25 

! 99'S 

TOI‘9 

— 

54*6 

54*3 

55*0 

28*0 


26 

j 92‘0 

92*0 

129 

46*0 

47-5 

47*5 

27*5 


27 

963 

103*1 

131*5 

54** 

54*0 

p:i 

2S'5 


28 

95-0 

92*0 


55*5 

36-3 

24*0 


29 

lOO'O 

100*7 

X29 

52*9 

51*8 

52*8 

24-9 


30 

97.0 

96*0 

X32 

49.6 

49*2 

50*0 

24*5 


3X 


90*5 


— 

— 

— 

25*2 


3* 

•— 


I2X 


— 

— 

— 


33 

|io4*6 

— 

— 

— 

49-0 

49 0 



34 

99-3 

90s 

128 

52*2 

51*8 

52*4 

26*4 


35 

jIQX ' 4 . 

100*5 

*34 

50*0 

49*2 

so*o 

27*8 


36 

S9'9 

103*1 

133 

48-7 

48-7 

48-4 

24*5 


37 

?04-3 

94.0 

— 

46-9 

46-7 

46*6 

26*1 


38 

ro2-3 

103*3 

— 

55*2 

54*4 

54*2 

28*2 


39 

91-5 

88.5 

124*5 

49*5 

48*6 

49*5 

27*9 


40 


—— 

— 

— 

—— 

— 

28-0 


41 

90*0 

94*0 

133 

59*9 ■ 

59'7 

60*0 


43 

: 96;2 

90*5 

r3o 

50*5 

51*8 

52*4 

26*1 


44 

! 92-0 

94*0 

— 

— 



— 


45 

94*3 

go*9 

131 

52*6 

53-4 

53*4 

25*8 


46 

\l 

|iop*5 

iroi-4. 

97*7 

98*2 

117 

X20 

50*3 

52*5 

49 0 

51 0 

SO*x 

5«*o 

26*9 

26*0 


102*5 

98-0 

X27 

51*4 

50-2 

51*4, 

27*4 


49 

90*5 

94-7 

126 

52'4 

54*2 

32-8 

28*1 


50 

|io6*S 

1o6*2 

135 

53*1 

52 -5 

52*4 

27*1 


51 









52 

—- 

93*0 

128 


— 

-- 

■— 


53 

100*3 

96*r ■ 

— 

43*5 

49*2 

49-5 

25*9 


54 

97.6 

g8*6 

133 

52*5 

52*5 

51*9 

25*6 


55 

99-8 

94*0 

X29 

50*0 

49*9 

49*6 

26*1 


56 

93'7 

92*3 

124 T 

51*3 

52*0 

51*6 

239 



98*5 

93*6 

127*5 

45*0 

45*9 

44*0 

22*8 


58 

91*3 

— 

— 

48-9 

49*7 

49-0 

27*0 


59 

99*4 

102*4 

141*5 

54*5 

54*1 

S 4'6 

27-4 



95*4 

98.5 

X24 

51*0 

51-5 

51-9 

26*0 


61 ( 

|roi-o 

— 

‘ - 

54*3 

55*0 

s6.2 

29-3 


62 

! 95*7 

95 G 

iz6 

48-3 

49-8 

49*3 

25*9 


63 

: 99*5 

90*5 

127*5 

55*3 

53-9 

55*9 

24*6 


64 

i 91*0 

— 

— 

46'Z 

46'! 

47*5 

28*4 


65 

i 95*7 

92*6 

130 

48*2 

48*6 

48-8 

230 


66 

j - 

S9-4 

123*5 

44-e 

45-8 

43-8 

24*0 


67 

j 91-8 

92*8 

— 

48*2 

47*7 

47*4 

25*5 


6S 









69 

JTOI-I 

93*7 

131 

484 

47*9 

48*6 

277 


70 

98-7 

95*1 

134 

46-6 

4G-3 

■45*3 

23*5 


71 

i QT-2 

92*2 

r24 

48-5 

48-7 

48*6 

27*0 


72 

1 94*1 

— 

— 

51*4 

51*7 

52*2 

30-4 


73 

1 - 

880 

X30 

50*3 

49-6 

300 

24*7 


'Tt 


wuv66<jiu6 ''j (»» ooiw di-^ 
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(’nllcU : SkuilM ffnut Kvrutu (A’«/»/r/) 





Blometrika, Vol. XXV, Parts III and IV 

Colloht: from Kernxa (bTiif}ia) 


(a) Typical iiialo skull. 


{b) Male skull showing holes presumed to have been made by insects after death. 

Male Kerma Skulls. Normae yerticales, 






(ffl) Male skull (No. 74), with woiiihIs on tl»o ptu'iotal mid malm' boiios. 


(6) Female skull (N o. J.63), with large WormiaJi bones between tli© temporal squama and paiioLnl bi 

Anoms^lniJ' K'^rma 







Biometrika, Vol. XXV, Parts III and IV 

Collett: Nlmlls from Kermti {Nritna) 



(ci) rainalo sktill {N'». 274), nln)wii){» dfeeoKcvl aims 
on fiiflipr side of tlie lambda. 


{(i) MivIohUuH (No. ;)(}), NhowingoonHtiiictioit 
of the' baHi-oouipilal whei’e it unites 
with the splionoid 


(c) Male skull (No. 04), ahowing a wound 
bolow tlie orbit. 


(ri) Female aknll (No. 21.C), shirwiiig f'ailuri 
of the tympanic elements to unit. 


Anomalous Kerma Skulls. 




{d) Male skull {No. 107), with sockets 
for three incisors only. 


(c) Female skull (No. 165), with no sockets 
for the left cairine and right third ninlar. 


Anomalous Palates of Kerma Skulls. 







ON THE LIKELIHOOD THAT ONE UNKNOWN 
PROBABILITY EXCEEDS ANOTHER IN VIEW 
OF THE EVIDENCE OP TWO SAMPLES. 

By william R. THOMPSON. From the Department of Pathology, 

Yale University; 

Section 1. 

In elaborating the relations of the present communication interest was not 
centred upon the interpretation of particular data, hut grew out of a general 
interest in problems of research planning. From this point of view there can be no 
objection to the use of data, however meagre, as a guide to action required before 
more can he collected; although serious objection can otherwise be raised to argument 
based upon a small number of observations. Indeed, the fact that such objection 
can never be eliminated entirely.—no matter how great the number of observations— 
suggested the possible value of seeking other modes of operation than that of taking 
a large number of observations before nnalysis or'any attempt to direct our course. 
This problem is more general than that treated in Section 2, and is directly con¬ 
cerned with any case where probability criteria may be established by means of 
which we judge whether one mode of operation is better than another in some 
given sense or not. 

Thus, if, in this sense, P is the probability estimate that one treatment of a 
certain class of individuals is better than a seooud, as judged by data at present 
available, then we might take some monotone increasing function of P, say /(j>), 
to fix the fraction of such individuals to be treated in the first manner, until more 
evidence may be utilised, where the remaining fraction of such 

individuals (1 - fir^) to be treated in the second manner; or we may establish a 
probability of treatment by the two methods of /;p, and 1 -/|P), respeotively. If 
such a discipline were adopted, even though it were uot the best possible, it seems 
apparent that a considerable saving of individuals otherwise sacrificed to the inferior 
treatment might be effected. This would be important in eases where either the 
rate of accumulation of data is slow or the individuals treated are valuable, or both. 

If we arbitrarily decide to eliminate the second treatment in favour of the first 
at this time, then the expectation of sacrifice to the inferior treatment would be 
(1 -P) for all subsequently treated individuals; whereas, if, for example, we take 
/iP) = P, the expectation of such sacrifice would be temforarily 

P(l-P} + {}-P)P=2PQ, 



Likdihootl timt dm Uitkiioton Prolxtidfi/if e.rrmh AtiolAer 


where (,) »s 1 - Obviniialy, il'Q a | anil, if /* )*• J, then 2Py < whence a mving 
i.H miuie in amtraat to llus aa-calliHl aUernait auu In the long run, if a real 

preference exiata between the two IrealmenUi, the cttptxMiA Having by continued 
application of this inethorf of apiKirlinniaent rather than by making immediate final 
decision ia senaibly 1 -- P of imlividnnla aubwKiacntly treated, 

Obviously, if we aro lu opuratc in thin manner, we neisl rnelhods of evaluation 
of P for m<dl M well ns large numbani of obiervatioii*. In the latter ease niiuiy 
approximate methoflg are available in all fiEltis although boiinda to approximation 
have not been ooiiaidcrcd generally. 

In .Section 2 a sampling probiera ia treated, which is equivalent to a apooial cose, 
where wii are to judge lietwecn two rival treatmenta njxju the boaia of the proba. 
bility of occurrence of n given critical event following such treatment. These 
probabilities arc oasumed unknown, but denoted by^iand jhd, and it ia assumed 
that, independently for each of those, a pi-ieri p, ia equally likely to lie in either of 
any two equal intorvala in its possible range, (0, 1), Our available experience 
ocnaista aolely of the data: 

Of «i individuals traated by the first raslhocl, r, oxperionowl the critical event 
and sj did not; and of n, treated by the aeoond, r» and ij wore the cemisjwnding 
numbora with respect to the orilioal event. 

In any given cose it must be deoided whether these reqairements are met or 
not, and whether we may apply the well-known Principle at Bayes to convert the 
problem to the form of Seoftoa 2. Statistical criteria are often employed, however, 
in situations in which certain deviations from the conditions required in their 
development can bo tolerated, when a better procedure is not available. 


Seotion 2, 

Consider tho case of two inflDite populations for which the unknown probabilities 
of occurrence of a given oritical event are ft and fit, and the probability of obtaining 
a sample containing r oritical oeonirenoea and « feilurea in n - !• + s trials is 
•pi' whore i -• 1, 2, respectively. Furthermore, assume that one sample 

has been drawn at random from each population, the rospeotive values of r and s 
being denoted by n and sj (where i— 1, 2) and + sd and that mdtptndmtly 
for i -1 or 2 tho probability that Pi lies in the interval (p, p + dp) is , where 


( 1 ) 






r. 

fny 




iJf.Cl'.ip 


where j = l-p, r = f<, s»Si, and n=r+s. Then 
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the last expi’esaion having heen indicated by K. Pearson* * * § in this relation. In the 
notation employed by him and by Miiller'l' we may write 


(3) 


1 - « P«‘ 

P.J •* O.JJ 


=I^(u,v) = 


Bp(u, v) 
£i(u, v) 


1 - {v, u), 


where u = Vi + l and u — + 1. The object of the present communication is to give 

a reduced]: rational algebraic evaluation of the probability that for the 

postulated systems pa exceed pi, and to indicate certain relations between its value 
(later designated by and the sum of the first +1 terms of a hyper- 

geometHo series which has appeared in the work of K. Pearson§|| as well as in the 
Imomplete P- and /-yunofions*f of (3). 


Obviously, we may write 


whence we have 
( 6 ) 




tl 

«=0 

(n+r 
^ r. 

i-a\ 

i J 

i-i 

+ Sj + 1 + 

1 

fni + n* 4- 2“^ 
^ Wi + I ) 

1 


a) 


rjisi! Jo.-oV « / 

J . dp 

(ii) 

(m +1)1 


(n + a )! (si + oa + 1 - a)! 

(Hi) 

nUii 

..A a ) 

(wi + Wg 4* 2) I 

(ni+l)l()ig+l)! J. 

(ri 4-a)! (si + 7)a + 1 — o)I 

(W) 

(711 + «2 4-2)I a_o 

rllcl.^l^(nt4-l -a)! 

(tii-l-l)I(ns + l)! ^ 

(rj 4- ‘Tg — c) I (^1 f Sa + 1 4* a) I 


(ni + Wa+2)I «„o 

r,I(rj-a)I «,:(«, + 1 +0)1 ’ 


where, of course, »= 

Now, it is obvious that = = where = l~pi, and 

thus in similar manner we have 


( 6 ) 


•^Pt>Pt ~~ 


Si 

S ( 

a=0 

+ Si-a\ 
\ St ) 

i-i 

+ '•j + 1 + 0 j 

1 

fni 4" Tig 4 2'\ 

k ni4-l J 

1 


Furthermore, = 1 — , as the probability that pi is exactly equal to pi is 

zero by hypothesis. Hence we'have two other similar sums which may be used with 
this difference relation to evaluate the probability under consideration. 


* PearflOD, Earl: Biometrika, Yol. zvi (1^4), pp. 202—203. 

t Miiller, J. H.: JBiometrika, Yol. zxn (1980—81), pp. 284—297. 

t Tba earliest work directed to this end ia disonseed by Todhunter, Of. A Hiitory of the Mathetiiatical 
Theory of Prohabilty. Cambridge and London (1865)r-pp. 410—420. 

§ Pearson, Earl: Philosophical Magazine, Series 6, Yol. 18 (1907), pp. 366—878. 

II Pearson, Earl: Siometrika, Yol. xx^ (1928), pp. 149—174. 



2KH Likeliliood (Im< Ow. (htkmion ProMnlMif exceeds Ana/her 

In actual cvahiation wc may nmke i««c of tlie well-known pyramid form of 
tohulatinn of the binomiiil wmfficienln. 

I 

1 I 
1 2 1 

13 3 1 

I 4 B 4 1 

(7) 1 5 10 10 5 1 

1 fi 18 20 15 6 1 


which ia retwltly constructed by the property that each entry except tho« on the 
boundaries (which arc always unity) ia the anm of the two noareat entrioa of the 
row next above*. The corresponding factors of the sneoessive terms in the sum to 
be evaluated may be found in order on given diagooaia, ooeoiiding in the case of the 
first and desoonding in the coat^ of the aeoond factor. The bounding diagonals of 
units may be deleted in practice (aa inay ail entrioa tn tho right of the middle 
column). Thoti the first factor of the first term of the sum in (5) Is the ry-th entry 
in the row whoso first entry (at the left) ia ri+r>,and tho corresponding factors of 
successive terms lie sucooiaivaly above on the diagonal through tho first and parallel 
to the left-hand boundary. Similarly, the ot)ier factors ore fonncl, but proccoding 
irr the opposite direction on tho appropriate diagonal. 


Now, for any positive number, x, let (3(« “ sf**!. Then, by Stirling's formula, 
we have 


( 8 ) 


f 

_ rej; 

m 1 “ Q{m} -diw. e~" . « . 


where 0 $ d < 1; whence (4) (v) gives 

(9) Pp,>p. - 


where I 12 mI < i-P--! ■-; 

' ' n «i Hi + l’ 

which may be used to advantage in approximation of when ri and »i are la/iye 
and fj small, 

Now we may define fi>r any fonr rational integers (not negative) as 

identical with the right member of (6), where ni>»rt+si> 0. Then we have shown 
several equivalent expressions of the same fnnotion and that 


* dUlBhar, J. yj. X,! “4 Table of Binomial-Theorem Ooeffleionie,” Mwengtr 0 / Mathmnattca, 
Vol. 47 (1917), pp. 97—107. 
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From the conditions stated it may be expected that if we set j> = — and 5 
then (provided 0 <p < 1 ), 


( 11 ) 


U,n = 1 . 

-*^(^2 4- 1 , J** + 1 ) 


1 -^), 


That this ia true may be verified if we exclude the cases, 1. Further bounds 
to approximation of this limit by the ratio (R) of these functions for given values 
of Wimay be found as follows; 


By (4i)(lv) we may write 

( 12 ) . .= 2 


(n + a) ! (8i + n, + l-g)l 

ri! «il 


(ni + 711 + 2 ) ! 
<iii + l)! ' 


and by (2) and (3), introducing the appropriate values of = and s = s,, 
we have 

(13) I, (s, + 1, n + 1) = 2 . p-. 

«x <0 V tt / 

where P — ~ Md ? Obviously, therefore, as all terms of both sums in (12) and 

(13) are positive, if we exclude the special oases where p or q = 0, B is bounded by 
the greatest and least values attainable for the ratio of a term in the sum of ( 12 ) 
to the corresponding term in (13). Thus we may define 


(14) 


and 


(ui = Min. 


Ms = Max. 




/_"1.. 

4- 2 / J 

[(r^Y 

j Si -4: «2 + 1 — 


lI ri / 

1 Si 

/ 1^+2/ J 


for 0 < a ^ T-s; and, obviously, then 

(15) mi<K<ms, and lim [S] = l. 

«,-»W 

In the excluded cases it is also readily verified that 
(Ifi) T, rs+ 1 ). 

n,-»<o 

The relation of this function to the sum of a given number of consecutive terms 
of a hypergeonteiric series is particularly interesting in view of the occuiTence of 
such series in the investigations of K. Pearson * f. By (4) (iv) we may write: 

, 1^. (■ni+l)'.(Tt;i + l)l' S (^++ 1 _a)I 


* Pearson, Kar\; Phiioiojihical Magasine, Series 8, Vol. 13 11907), pp. 365—376, 
+ Pearson, Karl: Biomelrika, Vol, ijA (1938), pp. 149—174. 
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which ia the sum of the fiwt rs+ 1 terms of n hyptryamuiric rni'im imiltipliwi by 
a constant. .Sirnilst'ly, we may write 

(||J+r)!(»i + 1 ); ft t«i + a)U''i t-na+ 1 -n)! 

U»> a:{ns+l-«)! 

+ + , g (i'i4-i-, + l + a)Us,+ 

”(n, + fis + 2):ri!si!',»i, (r»+l +«)!(*,--«)! 


{fj + tt)! J- III +1 - air 
a'(n* + i—a)! 


_ (»,+!)!(«»+ 1)1 . n 

" («1 + nt + 2)' ri f »1! L 

obviously (ua «,= I'j + »a): and by previoua domonstralion 

(19) +4’l«i.r..n,.fJ ”!• 

wheane 

(hj + (I, + 2)! r,!«,! ^ "^S' (ft + a) I («i + «» + 1 -^a)J 
(st+1) j(«t+1)1 a!{«5+l—a)! 


( 20 ) 


The last rolatioi), damonatrated above by independont proof, luia been 
eatablishod prevkmaly by Pearson*'}’ (with different notation^ Thus we may 
regard ■'|r(n,n,r,,ip as defined by the identity 


( 21 ) 


K „ ~ ' ai(^+l -g)I 

- «t4-i ^ft + ! (s, + »< + 1 - ttf l ’ 

.-o ~ o’l (nj + 1 -a) I 


extending the domain of definition to include the value, fa«ni + l; but retaining 
the restriotiona, ~ ft + at > 0, and that —1 be the least value of ri, Si, rj, and s« 
(only one of which shall be admitted to be negative). Then, by this extension, 
we have 

( 22 ) ■^(n,= ,■,'+^' 2 ' 


which lie outside the domain of the initial discussion, and we extend to the new 
domain the relation of (10) formally, i.e. 

(2®) = +(«',r’.>,r) =1 — r.f, f). 


K. Peareonf has oonsidered the problem of likelihood of various values of R and 
S, the n-nmber of marked members and unmarked members, respectively, in a finite 
universe of aggregate number, iT-jR + S; assuming }f fixed and all values of 
B, S^O equally likely a priori and that our sole experience from which judgment 
is to be made is that a random sample has been drawn containing exactly r marked 
and s unmarked members (fj and /S being used here in place of Pearson’s p and f 
to avoid ooufbsion). Then by (iii) and (iv) of the artiolefittst mentioned, wo have a 
means of evaluating the probability, Fg, that the universe contains no more than 
M marked members by the relation, 

(24) Fs^'h(r,l,X-r,If-~B-t-l)> 


* Pearoon, Ksrl: PhilOiqpMeal Sfaffaziju, Beridfl G.Vol. IS (1M7), pp. 866—878. 
t Pearson, Katlt Biomerrtta, 'Vol. xxX (1926), pp. 119—174. 
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which may he verified readily. Similarly, in the case of the problem considered 
earlier by Pearson•—having drawn one random sample from a certain infinite 
population, the sample containing exactly r' marked and s' unmarked members, we 
are required to find the probability (under the given conditions) that if we draw 
another random sample of n" individuals from the same population it will contain 
no more than r" marked members—the reqnired value is given for r" ^ n" by 

In the tabulation of values of ascending values of the arguments 

the work may be greatly simplified by certain relations in addition to those given 
in (22) and (23) in much the same manner as the binomial coefficients may be 
tabulatedf by mere summation of two values already given. To this end let us 
examine two functions defined by 


^26) 






_ ^r + 1 -' —a^^A' + i' +1+<zj 


and 


i), 




= D( 


_ /M + 

I « 


’« + n' -h 2 \ 

+ 1 J 


for «s= r + s, and n' = r' 


Obviously, by the original definition of extended in (21), (22) and 

(23), then 

... . _ 

(26) 

where we extend the definition of (25) for r, s, r', s' > 0 by 

(27) n*td 
and by (26) and (2.2) we have 

(28) - 77d.r.a'.r’), 

as it is obvious that Furthermore, by the well-known relation, 

(29) 

we have for s > 0 in (25) 


\b 

H{n, n‘> 






/onx \T fr-t r'-a\ r/ 8 +5'+(i\ + + 

(30) ^ A-1 ) + ( A jj' 

whence we have in any case under its definition, obviously, by (20), (27) and (28), 
the identities 

(31) • 1 , 1 *,a') — ^ <r,8—”1" ^ ^r, D 

= #, r', s') + JV{r, 8 , /-I, «■) • 

By (26) and (29), obviously, the same relation holds for the D-function; and 
we may write 

(32) , 


_ TV,,. ,- 1 . - 1 - 

. 


l^<r,8-l.f',i') -r X/(T,*,r',8'-l> 

* Fd&rson, Eftil: Philoaophical Magazine, Series 6, VoL 18 (1907), pp. 365—378. 
t Olaiflber, J. W. L.: ** A Table ol Binomial-Theorem Ooeffioiente,” Meatenger of Mathematict, Yol. 17 
(1917), PP: 97—107. 
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By muan» wf these rclfttioas it i» cviiknt that itKuffiass to tabiilato the N and 
the i)-firactions liy ndditioni of eorrcaponding paiw of values already listed or 
readily obtained by the rolntion* of (28) if we procesd from the lo'veat values of 
the arguments upward; and we need list valuesonly forthecaaesvrhere r + fSr' + s' 
and 8 where all four varinhlea may be rcetricted to poeitivo values, as by (26) 
we have 

( 80 ) ® 

By (25) w« may write 

v 

(34) E S Ar-l. f'-l***) • 

which ia of value if /)(„,„■) is tabulated for n>»' through nsoonding values of u 
and This may be done rapidly by nieoiiB of (29) and the relation s 
and is moni conveuient than the pyramid form of the corn»pariding binomial 
coefBoietite, In the tabulation we may reatrict it and »' to lha isjsilive integers, 
employing tho relation > sh + 2, A abort table of the M and I) functions is 
appended aa an illuatration, tho Kaiuired probability being the ratio of these 
correaponding vahwa. 

SnMon 3 , 

If a ayslom of operation such as auggoated in Seetim 1 worn adopted oxlonaively 
for the case considered in Seclim 2, refsrsneo to vnluoa of to*' amall values 

of tho arguinente should he required frequently; and, accottlingly, a simple method 
of formation of a table of these would be valuable. The mothwl given in Seofwn 2 
seems to serve this purpose; and, in conjunction with the relations of {2S), many 
values need not bo listed Tho short table is given merely in illustration. It really 
deals completely with all cases of n, n' < 5 although certain cases are not listed where 
the values are readily obtainable from those given and (28). The aovernl general 
evaluations at the head of the table would permit deletion of many more, 6.g. any 
instance where one of the (our arguments is zero; but they have been retained for 
illustrative purposes. 

The function, “ readily tabulated in a convenient form 

for inoteaaiug values of n^n'>l, as has been raentionod under (84) above by 
adding to a+2 sueoessively the values of m, already listed, and taking a sub¬ 
total after each addition, and dnally doubling the laat sub-total. These sub-totals 
and the final double ate the required successive values of Tho value of such 
a table extends far beyond that of the immediate prehlem; and, by means of it and 
relation (34), may be calculated rapidly or approximated with any required 

precision for considerably higher values of the arguments than it may be convenient 
to have tabulated In accord with some presoribed tolerance and limited 

extent, a table of approximate values of the D-fijnotion could be made with greater 
ease, but apparently not readily extensible within the same relative tolerance 
without revision, Just how far these tables should extend would depend upon 
demands for their use. All questions as to approximate methods should be decided 



William R Thompson 

Short Table tmd D(n,«') (« = »* + 5, find n' = r' +«') 


293 







204 LikdUmMl thcd Om Unktumn. PrahabUUy exceeds' Amther 

by several stetintieiniiB in wtjsultetiun nl a time when a definite programme for the 
u« of thott) niBthads is farm«i, 

In (2+) and the paragraph in which it Rtand* is given the relation between the 
hypergaometrioal senea studied by Pearaon’f and by means of which it 

is obvious that any approximation methods valid for estimation nf P* in (24) are 
equally valid for the estimation of the corttsaponding i^-function, several of which 
have heeti suggested by K. Pearson. The /-flinction of Ptafson is related to the 
if^funotion by (11) to (15) also; and another approximation of ia given 

in (9) with indicated domain of validity. 

A farther treatment of the ip-fnnction and the method of apportionment will 
be provided in a later paper, 

' Pwraon, K»th Mi/uspitriU Mat/atini-, BwIm 6, Vot. 13 (tWW), pji. 985—37S. 
t re»r»on, K«l; fflnpulriJia, Vol. xx* (ll«8), pp. 119-174. 



ON ASYMPTOTIC FORMULAE FOR THE 
HYPERGEOMETRIG SERIES, 


I. lIYFKUfiEOMETIUO SERIES IN WHICH THE FOURTH 
ELEMENT, x, IS UNITY. 

By 0. L. DAVIES, M.Sc. 

Thu hypoi'guomotric series F{a, /8, 7, 1) urises frequently in problems of chance 
when samples are taken from a finite population. For instance, in a population of 
size M in which p iniiividualB possess ti certain character A, and qi- U-p), not 
A, the chance of drawing a aiirnple of size n in which there arc rof A and s (= n - r), 
not A, is clearly 

)ll p p~l p-r + 1 ij q-1 q-S + 1 

r\sl'M'M-l"'M-r+VM-yM-r-l'"WZ-n + l . 

Hence the. di.strihiition of r and «in repeated samples of size n is given by the 
terms of tho aurica 


• Mi'lp 


I ".VT." 


■nq 


l!(p-n + l) 




■ n H- 2) 


..,( 2 ), 


V.{p-nAVj{p- 

wbera N is the number of sanipJea If we write n = -a, q = -/8,p-f-l -» = % this 
aeries can be transformed into the usual hypergeometrio form 




(,y-/j-I)!(7-a-l)! 


- 1)1 - 
- 1 )! . 


, , a/3 , a(c + l)/30 + l) , 
‘■^1!7'*' 217(7 + 1) +■■■, 


=^ y K 7 . 1 ).( 3 )- 


(7-£!-/S-l)l(7- 

r (y-/^' _ 

(7-a-/3-l)l(7-l)P 

The chance of drawing in a sample of size n at least r individuals possessing 
character A is equal to the sum of the first (r+ 1) terms of (2). This is what is 
meant by the probability integral of the series; its determination is of paramount 
importance, 

It is well known that, when M is infinite, and if p and q now measure the chance 
of an individual being A or not A respectively, the distribution of r and s in 
repeated samples of size n is given by the terms of the expansion of the biiK^*A, 
N{p + qy'. Its probability integral has been expressed by an incomplete i'et;”,,, 
function *. When neither p nor q is very small and n fairly large, the distribdSfef' 
may be fitted very closely by a normal curve. If, however, either p or p is 
small, the distribution may he represented by a Poisson series. This may alsb’H 


* Karl Pearsou, 3iffmetirika, YoL xvl. pp, 202—8. 
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fitted quite clmoly by a nurmal curve if n be mifficiently larps Thu prebiibility 
intagrala of both those iliatributioM, nonnat and Poisaim, have been tahulatorl*. 


Hypergeometric series of type F{a, ff, y, 1) may iiriae in at ieoat two other 
waysf, namely: 

(i) The proportional frequenciM of drawing in suooetwivo aamploB of a fixed 
size n, r marked and a(»a- r) unmarked individuals (r-0, 1, 2. it, «), from 
a population having previously drawn a sample of size N with p marked and 
q(mlf ^p) unmarkwl individuals, are gpven by the aucemivo terms of tho hypar- 
geometrio series 


■J'io. A7,1). wham 


■«=> — n , j 9>»7 + 1. 
ly^-fp + n), e»=7 —a —j8 


1 


-(/f + 2). 


(ii) A sample of size n with r marked and s(««a—r) unmarked individuals is 
taken from a finite population of size If. The likelihoods of M having p marked 
(p = 0,1,2,..., ilf) and q («iV - p) unmarked indi viduala am given by the aucoosaivo 
terms of the hyporgeoinotrio scriew 

cF{n. fi, 7,1), 


whore 


a = r + 1, /9» 
e^y~a-0. 

F(a, tj,y, X)«c- 


-(iir-n), 7««-(/V--r), 

■ 1« — (« + 2), 

, r(o-7 +i)r(/9-7 + i) 

“rx-M^T+TiTirr^)' 


An asymptotic expression for tho romaindor of tho series F{a, A, 7, I) after 
the (s + l)8t term has heon provided by M. J, M. Hill}. It may bo written in tho 
form 


where 


R (a, A, 7i «) “ 


n (s +1, 7 - l)(s + IF’-I f{a.0, 7. >) 
ff(s' +1, o -1) n (s +'1; A - i) (7 - a- A) ■ 


/(«, A, 7i«) = l + 


_(7 - a) ( 7 - A) 

(7-a -A + 1)(7 + 8 + i) 


, _iTr..“HTT.?.+ ^^(h'-A) (7“y8 + l)_ 

(7 - a - A + l)f 7 -a- A + 2) (7 + a + 1)(7 + S + 2) 

I have applied this formula to n number of partioular hypergeomotrio series and 
found that in most cases tbo series /{a, A. 7, s) did not converge with snfftoient 
rapidity to be of practical use for finding the sum of a number of #ip»»/ieant terms 
of the hypergeometric series. However, the formula was very useful for evaluating 
the extreme tail of the series. 


Professor Burton H. Camp§ has introduced a method for the approximate 
determination of the tail of a frequency distribution, oontmuous or disoreto. His 


* Table* /or SloWiKciowi o«<i Blo^wtrWaiu, Parti, Tables U end LI, UI. 

t Karl Peonon, PMUaupMcal Magaxitu, Maivb, 1907, pp. B6&-^78; JJimttetrika, VoL ▼. 1907. 
pp. 173—175, 7ol. jjji. 1980, pp. 1—16, Vol. x%K 1928, pp, 149—174. 
t Proe. Land. Math. Soe. Bar. 3, Vol. 6. 

§ BiomttriJca, 'Vol. xvi. p. 16S. 
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formula has been applied* to the series (a, /3, «y, 1), but it fails to give good results 
■when the “stump" lies within + 2<r of the mode, <r being the standard deviation of 
the series whose discrete terms are treated as a frequency distribution. 

In this paper -we shall obtain approximations to the sum of a finite number of 
berms of the aeries F {a, l) by fitting to it a Pearson-type curve. The question 
will be investigated of how closely the probability integral of the series may be 
represented by the probability integral of a Pearaon-type curve. 


The £ 


F(a, A 7. = l + 




217(7+1) 


■when infinite, is convergent as long as 7 > a + /9. The sth moment of the terms of 
the series, represented by a histogram with grouping unit “c" about a point c before 
the midordinato of the first block is 


Applying Eaabe’s test, the condition of convergence of this more general senes 
is found to be y>a + ff + s, or e>«-l, where e = 7-o —^-1. We cannot, 
therefore, have an infinite hypergeometrio aeries with all its moments finite, 

Oonvenient expressions for the moment coefiSciente of the above series, finite or 
infinite, have been found by Professor Karl Pearson. They are 

r(7 )r(7-a-ffi 

■ r(7-«)r(7-^) 

V(a-^ + l)T(0-y + l) 

r(« + ;8-7 + l)r(l-7) 


JV = sum of series = 


6 > 0, 


.< 0 , 


Ml =0- 


M2 = O’* 


o“a/3 (a + e) (,8 + e) 


i^a$ (a + e)(,0 + e) (2a + e) (2/3 + e) 

_!)(; _ 2) 

= e-<^rKe A? (^3) i« (n + e) + ^ (E + =)) 

4 - 3 (6 + e) a (a + e) /3 (^ + e)]* 

We will now test the goodness of fit of the Pearson curve P {oi>) to A 7? 1)^ 
where P and F have the same first four momenta. 


la. Infinite Hypergeomeiff'io Series, a, S, 7 positive. 

Since we are to fit by the first four moments, we must initially assume e> 3 to 
ensure all expressions finite. 

* Biometrika, Vol. xth. p. 61. 
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The first two hetiui of a hypergeomtilric series iti which x is tuiity, have, the 
following form: 

e-l (2a + e)*(2^ + 

(e-2)Sa^(a + e)(^ + c) 




A 


e-1 

(e-2)(f 


4 +, 


«(« + <), 
3) 


,)(*' 


(e-2)(e. 


,)■ 

L r_' 

• 3) L® 1“ + 


»*(e — 1) 


«(«+!) 


. + fi 


1 


1 






e)j9(/9 + e) 

A and A Wfi fimctioiiB of tho three parameter* a, ti lUid e, being symmetrical with 
respect to a and fi- As either a or B iiicrcascs, both A and Bt decretwe, When 
a and B *‘•■1’ respeet to f, i.i'., when y appronchtis the value (a + ^), Bi 

and Bt approach the simple eapressioiis 

Br-iv^elr 

3(.-lKi + 6) 

P«” (7~2)(.-3) • 

The oriterion K which aids in the detonnination nf the tyjxj of a ourvo, is 

i®‘03»+3^ 

4(2*-fAT-fl)(4*- HA)■ 




For the above values of A and Bt, K >« unity. Hence, tht»t> two hetns Irnoo out 
a line on the /Si, A plane which coincides with the Type V line. When t i« fairly 
large, but still small compared with a and 0, the distribution roproseiitod by the 
terms of the hy[)ergaomotric series tends to become normal. 

Substituting the general values of A WJd A the expression 2 A ~ 3 A “ 6 and 
simplifying, we have 

r,o[ 1. , 1 , 1 1 r(.*-7r + 4) 1 

(s- 2)*(e-3) L V- l'*‘a(a + «) )&09 + «)f ' tt(o + «)^(/9 + e)J 

1 1 r 

+ (. -1) (a (a + s) + /9 (0 + a)j - ' ^ j 

The constants a, 0 and y have been token positive, hence the point(/9i, A)l'®“ 
above, below, or on the Typo III lino 2* - 3A - 6 «> 0, ac<x>rtling a* ths exprcasioti 

X s a (a + a) /9 (/3 + 0 + (*~ 1) to (« + .) + /9 ()3 + a)i - ' "i »«*"!.!+!) 
is negative, positive or aero. 

The condition for a Typo III curve is clearly X » 0. The algebra may he greatly 
simplified by writing ^ 

«(<l + e)/9(i8’+«) 

1 X. 1 

a(o + s) + ;909 + s)“.‘"- 
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The betas then take up the comparatively simple forma 

„ 3(r-l)(r + 6) . .>(s-lV , , , ,, . „ , 

Pa = - -oTT::- 5T + r .— d\ /■ _ (e (e + 1) P + 6<r} 


and we find 

2/3,-3/3i-6 = 

4/8a — 3/9i = 


(,_2)(j_3) -(r_2)(e-3)' 


12 €=' 


(s- 2 )>(e 




l+(6-l)<r. 


e(e“-re + 4)(e-l)p' 
12 




(r-~2 )«(r-3) + 12 (e - 1) <r + a (6= + 5e - 8) p], 


A + 3 = [6 + 6(e-l)<r + e‘(«>-l)p]. 


'(e-2)(r-8)- 
Hence, substituting these values in the criterion 

A(l3. + 3)» 


X- 


4(2/3,-3/9i-6)(4A-3ft)' 


we find 


_ (16 + 4e».r + 6V] _ 

1 (12 + 12 (e - 1) <r - e (e - 1) (ja _ 7£ + 4) p} 

(6 + 6(«-l)o- + £(£a-l)p)> 

{12 +12(«-l)ff+ £(£» +6e-8)p) • 


a, 0, y and e arc, by hypothesis, positive quantities. Hence, o-, p, a® and o-p are 
positive quantities. The expression «• — 7c + 4i8s minimum when e = J. Its value 
is then —^> — 9. Hence 

, (16 + 4eav + e*p) [6 + 6(r- 1)(r + e(c®- 1)p)* 

^I12 + 12(e-l)v + 9e(«-l)p) jl2 +12 (e - 1) a-+e (e“ + Be - 8) p) ' 

Comparing the coeflScients of a-, pj q-p, < 7 ®, p® in the numerator and denominator 
of this expression, we find that K is always greater than unity. Hence the two 
betas of the hypergeotuetric series F{<z, y3, 7 , 1) with positive constants, lie above 
the Type V line which divides the Type IV and Type VI regions on the jQi, 
plane. 

By making a and /9 indefinitely large compared with e (which is equivalent to 
making the quantities p and <r indefinitely small) we have already shown that the 
first two betas tend to lie on the Type V line. Therefore, the Type V line forms the 
lower hound to the /9i and /S# area of the above hypergeometric series. This is 
significant, because it means that when fitting by the first four moments, the 
Type IV curve never arises. 

It now remains to find the upper boundary to the and area. This will 
be found as follows. 


The hypergeometric series 

{'-TO- 


g(g + l)g(/3 + l) 


217(7 + 1) 


?h-'l 


yo, 


20—2 



aOO On Amjmptotie Fnrnmlmfor Ihr !hji>erijmmp(T\r .S'enVw 
whtsre >/o is tlic invers*' iif th«' sum of the nericn, may Ik* writU'ii in Itie form 


r 

^afcri« 4 -li(i 3 +U\ 


1 j-X 4 . ‘ 

T 7 


‘+TT + 2:( 

I 1+* j 

1 ■ 

. 

\ 7 / 



y»- 


Make a, and 7 tend to itiliiiity in such a way tfuit ^ remains constant and 
equal to Hi. In the limit the sarios tak™ the fom 




which is the exponential or I’oisfton neriea Hence, the Pomm limit iu Um binomial 
w uho a limit to Ike liyper^eomslric teriiu. 

Now 


emy--a ^ 0 li 

e 7 _ 1 _ 1 __ 1 
00“ a0~ 0 a aH' 

< 7 I 

- ■ m -1- «9 , 

0/3 op m 

Henoo we uiay obtain the same Poisson limit by making 0 ,0 and « tend to 
9 

• remains equal to a constant quantity m. 

We have 


there fora 

III tha limit, therefore, 

ait 

£rj9 

infinity in such a way that ■■ 


and 


6-1 (2a + e)*(2/3 + «)‘ 

Pi - ( “ 2p SSXiTT) (j8 + 6) 

(6-1)«;3(s + ?) (!+]§») 

(6 - sTF^' (< -W- 3) 


a0 


( 6 + 1 ) 


“*^(s+3i)Q+|») 

■^®{aTJ+;)'^’/§i;r+7)l 

Proceeding to the limit, and /9t take the values 


€ 1 
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Eliminating m, we arrive at the Poisson line 

— 3 = . 

Substitute now the general values of /9i and ,82 in (Sg — 3 — /3i, we find 
2 


l3g-A-3 = / 


.[(re* - 16e + 12) + e* (e - 1) (o- + 6 - 1 p)]. 


(€-2)*(e-3)'- 

Sinee e > 3, this expression is always positive. Hence the points (/Si, A) never 
lie above the Poisson line. They never actually reach this line, which may be con¬ 
sidered as a mathematical limit. 

Hence, the limits to the /3i, /Sg area for the hypergeometric series in which a, /3 
and 7 are positive quantities and x unity, are 

j/9g — 3 = /3i upper limit 

|l9i (fii -I- 3)* = 4 (2/Sg — 3/9i — 6 ) (4/8g — 38i) lower limit. 

i two lines arise from the Gaussian point _ g| ■ 

Examples. 

I. 


These 1 


a = 10 , ^ = 30, 7 = 101 , 

« = 7 —a —/9 — 1 = 60, c=l. 

Substituting these values in the formulae for the moments and betas, we find 
log 1^= 1-639,8377, 
vg= 8-898,305,085, 

/9i'= -866,217,711, 

,eg' = 4'351,447,684. 

Position of the mode measured from start of histogram is 

(g-l)(ff -2)^4.209 677 
(6 + 2 ) 

Mean of aeries measured from start of histogram is 

^i'=?^-(--5 = 6-5. 

® % 

Corrected moments and betas, by Sheppard, are 
,12 = 8-814,9718, 

(91= -879,70242, 

,8g= 4-377,2277. 

The point (;3i, ft) falls in the Type VI region, and the curve which has the same 
first four moments as the above, is 

y = yo{x- 164-844,491)**“-”'' 
where log = 301-446,5204. 



Hu" {>» Agympkitk Fonnntae for the llupergruMnetrir Serieg 

For the onn'e: mods ITOTKl.MB, 

m^i - 171-«l,Sh+. 

Hence, etitmtiim nf curve roferml to mewi i« 

y - y„ (* + 8-837,09a^*^«» (t + lTl-471,584.)-““"'** .. 


1 Tnnzis at aarifi« 

of fl) 

Amrn tmtof (ij 

i 1*000,000 

•ftW.OTfi 

*088,604 

j 2-B70,Sa« 

S*R94a090 

3*887,840 


R'tsa.a*? 

4*886,15© 

0 - 1 70,1 a? 

0*27e,«»3 

0-.3SfI,ft4O 1 


e‘43t,39e 

6*4«8,47fl 1 

a'7fitt,107 

6*703,867 

fl *770,674 

4‘7a3,a33 

4*761,438 

4-74«,8CS 

3'fl<32.27D 

3-838,780 

3-644,017 

2-066.173 

e-fWOsATS 

2-062,174 

1 •8fi8,9W2 

I*843,aSl 

1-861.678 

l*3n2,S79 

1*343,160 

1*360,383 

•820.494 

•816,138 

*831,744 1 


•634,004 

•628,083 

•330,620 

-380,361 

*&a!. 08 l 

•304.BT7 

•WW,8*U 

•800,833 


-125,613 

•130,744 

*076,033 

•076,011 

*070,828 


II. a««j8«*&0, 

« «• 60, 0 ■” 1. 

Xlncorreoted taoraonte and betas are 

logi^- 4-974,6371, 

47-020,4(iiil. 

Bt' - -640,6824, 

8-944,4738. 

Correotsd momenta and betas are 

/!,-46-987,0748, 

Bi - -643,46670, 

B,- 8-847,88876, 

and the Pearson curve with the same first four moments is 

y ■= yo (»-86-467,8846)“''*“>"® iC-®-™.’*®, 
log yo-127-806,2781. 

Mode of Series measured from start of histogram = 16-173,077. 
Mean of series measured from start of histogram = 18-5. 
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For the «™ rvi;: mode ». 107-002,995, 

mean -109-370.152. 

Hence, eijufttinn of curve resferretl la inottn a* origin \« 

1 / - y„ (* + 22'm8,7B71 )>»«^«« (* + 109-870,1517 


j Terms of 

- 

Mid»r8j»»k!« 


T0nn.4 of 


ANisR* 

1 

ef(i) 

ondler (1) 

eerlM 

eflO 

tiudwr 01 

j i-ooo 

I’fjei 

2*143 

2210*294 

2216*193 

SiI7-T4f) 

a*io« 

3-33H 

lo-m 

1881*610 

1878*843 

1880*440 

34‘7«5 

85'R42 

37-694 

1582*046 

1579*832 

1581*402 

105-07-1 

IO4M0J 

107*483 


t3ia’496 

1310*981 


246-1124 

a6MIH4 

105M*2AI 

luna-Hot) 

1094‘im 

WJ4MSS 

496*498 

601*947 

001*236 

|NX)*10O 

801-4S8 

8a7’922 

H7fi*B44 

883-607 

73«*0O7 

7.17*243 

7iv8-:wo 

uofl’Oe4 

1393'llW 

1398*031 

001*166 

80O-03I 

001-587 

^037-641 

2027-573 

20.1O-881 

4a?*341 

-ISO *964 

487*788 

i747’294 

2741*420 

2742*632 

303*330 

393*072 

393-773 

mi'W 

34Hl*828 

34«0*a33 

310-176 


316*596 


41H1‘148 

41H7*fl32 

253*220 

263*C?»a 

arf3*61ll 


48I(M47 

48)0*HH5 

202*116 

202*003 

aw-^-ii 

fi302'3{)3 

5314*851 

0308*492 

100*83] 

IW>'76« 

iai-104 

6W?-ft3« 

WiflO'ftae 

5664*130 

127*619 

127-&B4 

127*839 

mvm 

6«'ia*«44 

0837*208 

101*007 

100-057 

101-IKO 

Wi&7'304 

6867-9.39 

0801*007 

79 *758 

7D'70« 

7H-H81) 

5740‘046 

5748*660 

6743-66S 

62*840 

62*706 

62*041 

dM3<fl46 

flOOH’lHJI 

OOCW'MO 

4B-4S0 

40*378 

49*492 

6173-848 

M70*2Ofi 

6173-474 

3«*«04 

.18-761 

3H*B44 

4777-844 

4777^864 

4770*227 

30*417 

3tj*3eft 

30*439 

424V916 

43-10*233 

4339*640 

23*809 

83-768 

aa-8i7 

3888*884 

3888-114 

3880*210 

i8-ai3 

18*564 

18-810 

3m'677 

3434*300 

3434*904 

14*535 

14*468 

U*626 

3002'635 

SDftO-OlO 

.'WOO* 13ft 

111 ,-•■ 

- , , r 1 t 


2594*180 

2690*791 

2592*102 





Ill, a = 94, c ”«1, 

7 a* 689, e wt 400. 

Baw moments and betas are 

logiV'= 7-807,8369, 
v»-33-776,6010, 
fii'm -198,6889. 

/3,'- 8-210,1843, 

Mode of series »■ 21'514|92B, 
mean of aeries »• 22-68. 

both being measured from the start of the histogram. 

The quantity r = " 2 ^^r 3 ^ —^ latge. of the order 6000, We are justified, 

therefore, in fitting a Type III curve. 
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CorrecUni momdtiMi are 

in - 73-3!».762.'i, 
when® ft« •140,87770. 

The pBarsKm-ly[jE III curve having ihw amne finil Ihrre immwiila is 

t/ m 

log Jo •• 22'O9B,HS20. 

For the curve: mode « £9‘803,401, 

moan-30-952,0.07. 

Equation of curve rufen-ed to mBMi as origin i« 
y - j/a'o (x + 3O-853,O.07 


SigniQoiinl 
Uirmi fit 
a&riM X lO"! 

^oimpoodlug 

mlddrdiu(ht«« 

(ifcurMxlO"* 

AnMia 

under 

etinrexlO-* 

i 

fllgvlfiOBnl 

leruMof 

eeriMKlO^i 

ConmpQDiling 1 
siidorainelAe i 
of min-js % lO"** 

Areax 
tinder 
curve X10" 

S 

3 

3 

120.924 

120,743 

120,931 

u 

la 

17 

99.969 

W1,HO0 

77.310 

90,993 

00 

08 

7a 

77.439 

77.480 

S37 

250 

264 

A0.O6U 

ftH,0SS 

42,298 

59,116 

708 

778 

811 

44^77 

44.430 

«,U1 

2,098 

8,106 

38,874 

32,810 

32,920 

6,068 

6,000 

6,118 

24,025 

23.972 

84,002 

10,$4t5 

10,070 

10,867 

17,3.08 

18,880 

17,888 

17,350 

S0,d06 

S0,69-l 

80,848 

12,313 

12,300 

67,249 

8C,BOfl 

37,126 

8,6&B 

H.0tt6 

8,707 

01,144 

83,087 

00,094 

00,956 

93,409 

ftOCt 

C,08H 

C,CKK) 

83,048 

4,171 

.1,14H 

4,171 

184,647 

134,150 

134;466 

2.843 

2.824 

S;04l 

182,911 

182,(K)4 

1^803 

1,910 

I.IXW 

1,815 

238,873 

235,830 

235,8«8 

1,283 

1.270 

1,378 

280,084 

290,204 

290,130 

850 

839 

a^Hi 

341,158 

^704 

341,411 

568 

550 

S04 

386,351 

380,005 

385,067 

803 

357 

360 

410,131 

418,967 

419,430 

235 

230 

23S 

440,122 

440,939 

440,367 

151 

147 

m 

447,240 

447,054 

447,!t84 

90 

93 

84 

440,748 

441,282 

440,773 

81 

58 

50 

422,024 

4a!,361 

481,846 

JW 

30 

37 

363,aso 

393,471 

393,170 

24 

23 

24 

357,363 

357,354 

357,178 

310,809 

16 

14 

15 

317,002 

310,879 

274,714 

9 

9 

0 

874,007 

274,788 

U 

5 

0 

23$,355 

283,131 

233,229 

8 

3 

3 

194,112 

156,899 

193,886 

158,190 

194,030 

158,367 



... 


With the exception of the first few terms we see that the areas under the curve 
accord very closely with the terms of the series when the standard deviation of the 
latter is not small, or what is equivalent, when the number of signifloant terms is 
not small. (See also pp. 302—304.) 
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808 On Amfinplotw Fnrmnlmfor t/w I/tfpergivmelrlr S'enes 


I S', fnjimts Jlgptrgmmdric Sertaf in whkh ttvo afa, j), ■y are 

Jfon-inX^oi Numbtru. 


(i) a and 0 negative, 7 ptaitivc. 

Ijet a be the largest integer in |o j and b the large*!, integer in (( 8 then 
a >« — a ~ S), 

0 <S,.S 8 < 1 . 

Aaau me that h S> a, i.o. ^ a. Tho (n +1 >«l tcnn of thn serii!* ia 

ttfa 4- n (a + 2). • 4_-Mj8 (S +1)... (if + <i) 

(a. + i)! 7(7 + 11..47 +«) 

This term i# ixwilive. 4116 (a + 2)niJ term ia 

a (« +11,, 4- Si} (j - Si) (9 (fl +1).. 4i8 + a) (jS + tt + 1) 

Ctt + 2j;7(7+1)..47 + «+)) 

In order that this and all subaeiiuenl teriim Ik‘ poaitivp, the following condition 
must bo satisfied: 

^ + 0+1 > 0 , 

Now Bx-a-Si 0<Si<I, 

0'^ — a — bt &> > Si- 
Therefore j9 + 0 +1 «>(1-S*) > 0, 

i. 6 . 1 > S,' > 0. 

A necessary and sufhoicnt eondition for all terms to be jioaitive is, thereforn, 

a - 6, 

Since the aeries is infinite, the condition c > 3 must be satisfied if wo intend 
fitting curves by the first four moments. 

When 8^4, the first two betas lie above tho Tyjx) III lino. When also 

tho first two betas lie above tho Poisson lina In either case the corresponding 
Pearson curve is of Type I (or tho typos assooiated with Typo I). (For proof of this 
statement, see corresponding section tinder finite series, pp. 208 — 0 .) 

(it) a and 7 negative, 0 positive. 

As in the previous case, in order that the terras of the series he all positive, the 
condition I 7 —o|< 1 must be satisfied. 

Now c = 7 -a~/ 3 -l >3, 

<- 0 . 



O. L. Davies 


309 


I'lence, for all expressions to be Unite, (”<^) must be at least greater than 3. 
This iiripUes /3 < — 3, contrary to the hypothesis that /9 is positive. A positive e 
would imply a negative /9, hence we cannot have an infinite convergent hyper- 
geometric aeries with all terms positive and 7 negative. 

Example. 

a = /9 = -~25-6) 

7 = 30, c = 1J ■ 

Crude momenta and betas are 

\ogN= 5-369,3666, 

18 = 3-836,2290, 

/9i'= -004.,688549, 

A'= 2-94.9,4076. 

Mean of aeries = 8-671,571. 

Mode of series = 8 807,786. 

Corrected moments and betas are 

PI = 3-751,8956, 

A= -005,007951, 

A = 2-947,7272, 

and the Pearson curve having the same first four moments is 
y = 2/0 (16-041,94 + »)»■»».«» (23-00322 - 
log yo = 1^-789,4740. 

Origin at mode. Mean-mode of curve = -0714,082. 


T^rms of ieilea 

Midordinates of curve 

Areas under curve 

1*0 

1-2 

1*6 

21-8 

19-7 

24-5 

213*2 

188-3 

216-6 

1,237*1 

1,131-3 

1,232-6 

4 , 738-7 

4,664*6 

4,764-9 

13,136-9 

12,886*0 

13,122-7 

28,646*5 

26,638-9 

26,575-1 

40,468-6 

40,829-6 

40,514*2 

47,299-1 

47,808-2 

47,300-7 

42,840-2 

43,164-0 

42,799-3 

30,269-4 

30,271-0 

30,273-0 

16,741-7 

16,661*8 

16,760-6 

7,263-4 

7,064-9 

7,270-7 

2,467-1 

2,339*8 

2,463-8 

648-,0 

696-6 

646-6 

132-1 

115*6 

m-fi 

20-6 

16*7 

19*6 

2-4 

1*8 

2*2 
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Hore again the aooordanoe Ijatween the terms of the series and the areas under 
the curve is very close in the significant parts of the curve. (See also pp. 802—4 
and 806.) 

IL Pinite ffypergwmetric SenM. 

The hypergeometcio series 

14 .^ , a (a+t)j8(/9 + l) 

*■^117’^ “217(7 + 1) 

is finite only when a or /3 or both are negative integers. In order that the series 
may represent a frequency distribution, each term must be positive. Hence, either 

(a) a and /3 are negative with one at least an integer, or 

(b) a and 7 negative, a a negative integer and | 7 |> |a|. 

These two sets of conditions give rise to two distinct typos of series which will 
he oonsideted separately, 

(a) a and j 8 negative. 

In order to find the position of the point (fii, /9i) for such series, relative to the 
Poisson line, substitute the expressions for the /9's in 3sfi. We then 

have 

- 1) {o ( 0 + e) + /3 09 + 1 )) + «* (e - !)•]. 
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If e> 3. the coefficient is positive. Hence, 

the sign of — 3 is the same as that of the expression 

E=a(ai-^)^(^ + e) (7€=>-16e + 12) + £’(e - 1) (a(a+c) +/3(yS + e)) + (^ - 1)=*. 

E is negative when a^/3 = — 1 and also when a = /S= —(e —1) for all per¬ 
missible values of e. When either a or is greater than — 1 , E may be positive, in 
which case the point ()9i, will lie below the Poisson line, We will now show 
that for e > 4, ^ is negative when a and y9 He in the range (— 1, — e + 1). It will 
be suflBcient to prove that under these conditions E is negative at all its points of 
maxima and minima. 

Differentiate E with respect to a. and /9 respectively. 

^ »(2a4-c)[e»(6-l) + ^(/S + £)(7c“-16e + 12)], 
riE 

^ = (2^ + e) [c« (f -1) + a (a + £)<7e» - 16e + 12)]. 

Clearly, the points of maxima and minima are given by 

(i) /9'(^ + «) = a (a + «) = - e* (« - l)/(7e“ - 16e +12), 

(ii) a = /9 = -|. 

At point (i), E has the value 

o (o + r) [s» (t +1) + ;3 (^ + e) (Vs* - 16e +12)] 

+ e’(e—1)“ + /3 (/3 + e) e’(e — 1) 

= e»(c-l)[(e-l) + ^(j3 + e)] 

€^(e-l)»(e-2)>(r-3) 

(7e»-16€ + 12) 

This is negative for all values of e > 3. 

e® .... 

At point (ii), E has the value — jg (c — 4) (« — 2)®. This is again negative for 

e > 4. It follows, therefore, that E is negative when c S, 4 and — 1 |^| > — (e -1). 

The corresponding betas then lie above the Poisson line. 

When e = 4, then (« + /9) > — 5, in which case the values of a and ,8 which 
result in a series with the largest number of terms are, respectively, -2,-3. This 
is a series with three terms. Hence, for finite series with a minimum of three terms, 
the first two betas lie above the Poisson line. 

As previously (p. 300), if - o, — ;8 and 7 tend to infinity in such a way that 

— remains constant and equal to a finite quantity m, the finite hypergeometric 
7 

series will, in the limit, become a Poisson series. 



:i12 On As)/mpi<iCif Ftirmulnf for the Hypergcometrk, tSfries 

Whuii a and 0 arc fmctional, the aeries is infinite (see p. 308). a and 0 may then 
he greater than — 1 and the oumsipoiiding betas may lie below the Poisson line. 
However, by sulmtitutiiig in 2^1 —3ft —8 it can bo readily shown that for and 
for any negative values of (t and B the first two botaa lie above the Type III line. 

The scrie-s (2) (p. 285) is finite, it and 0 are negative integers. Honco, for e « iV > i, 
its first two betM lie above the Puiawn tine. 

(i) Smnd type o/ finite series. 

a anti 7 negative, a an integer; 0 positive and I 7 I > |a|. 

The last condition is introduced to ensure that all terras arc positive. 

Now 7 <«, 7 ——1 < — (8 — 1, 

i.e. e<—(; 8 h- 1 ). 

0 ill (rositive, hence e is negative. 

The position of the firet two betas of such series reliitivo to the Poisson lino is 
determined from the sign of the expression 

+ e*(f- 1 ) (a(a +e)-h/9 (;3 + <)1 + e*(e- !)>]. 

The term outside the square braokets is always positive, It is suffieient, there¬ 
fore, to consider the sign of the expression inside the braokets. This hoooiues, after 
substituting for a, e, (e + /9) etc., their absolute values — o', ~{e' ~0) ote., 

- (7e'« -He«' + 12 ) a' (o' +«') 0 (.' - 0) 

+ e'> («' + 1 ) ((«' +e') o' - (.' -0)0]- s'* (e' + 1 )*. 

This expression may be positive, negative or xero. The first two betas may, 
therefore, lie below, above or on the Poisson line. 

Rearrange in the form 

a' (o' -h e') [s'" (s' -hi) - ;9 (s' - 0) (7s'*+16s' +12)] - s'* (,' + 1 ) [(s' + 1 ) + ^ (,' - ft], 

o' may vary independently of s'. Hence, this expression will bo negative for all 
values of«' only when 

s'* (s'+1)~0 (s'-0) (7»'» -bl Os' +12)« 0, 

1 . 0 . + 

i.e, when 0 lies between the values 

^ [1 ^ (s' + 2 )^j 

"When /3 lies oufcaide these limits, the first two betas of the corresponding' series 
may lie above the Poisson line. 
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However, by substituting in 2^92 —3jSi —6, we can show that for all permissible 
values of the oorres])onding point (j8i, /Sj) lies above the Type III line. For the 
position of this point relative to the Type III line depends on the .sign of the 
expression 

[a (a + e) + /3 (^ + e)] (e - 1) + (a + r) (/9 + e) - {e‘ -le + i). 

Putting in for the constants their absolute values, this expression may be 
rewritten in the form 

- (e' + 1 ) («' («' + s') - /S (e' - 0)1 - «'0 (e' - 0) («' + e) - , 

Rearranging the terms, 

0 (e' - 0) [(€' + 1) _ a' („- + t-')] - a' («' + e') (e' + 1) _ (e'^ + 7r' + 4) fi). 

This can be positive only when {e' + !)>«' (ff' -f e'). 

For such values, the inaxiimiin is reached when 0 = " . Substitute, therefore, 
0 = ^ in (i). We have 




+1) f'(s'+ ])(£'* +76' +4) 


4 


12 


..(ii). 


This la evidently negative for all permissible values of e'. Hence, the corre¬ 
sponding betas always lie above the Type III line. The series referred to in 
paragraphs (i) and (ii) (p. 2S)6) and Examples II (p. 316) and IV (p. 318) arc 
illustrations of finite series with negative 7 . 

When 0=1, the hypergeometric series reduces to 

7 7(7 + 1 ) 

This is finite when a is a negative integer. The terms are all positive and 
finite when 7 is also negative and 1 7 1 >|«|. Substitute for a and 7 their absolute 
values, the scries then adopts the form 


, , (“ ' - 1 ) , «' («' - 1 ) («' - 2 ) 
t ' 7'(7'-!) 7 %'-11(7'-2) 


,.(iii). 


When 7 ' ->n', the distribution represented by the terms of the series tends to 
become rectangular. For all other values the distribution is J-shaped. 

In order that a hypergeornetric series may represent a U-shaped distribution, 
the following conditions must be satisfied: 

(i) Series finite. 

(ii) 7 >a 0 . 

(iii) There must exist an antimode, be. from some point onwards the terms 

of the series must be constantly increasing, i.e. 

(a-r )(0 —r) , , 

'—; > 1 for 
' (r+l )(7 + r) 


r> ro. 

.’■0 < I a I • 
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314- On Am/mpfntir. Form7ttaefor flir ifi/iiergivnietriG Scri.rs 


G'mc (h), a unii H negation:. 

(<t + )•!(/,■} + r) ^ (.rt J - (■)( /S(- r) aH 
(I+l)(7 + i-) (;- + lK7 + '') 7 ' 

Hurice, if initially we have y>af), the teriim nf the sefies will form a mt/niitune 
ilenrcusing aeqtietHai and in no cawu can they rejircacnl a U-ahajied (lietribution. 


Cm6 ( 6 ), 0 iKjBitivB, a and 7 negative. 

For a U-shapc(l distribution, we must initially have y>a0. There must also 
exist a positive r for which 


{0 + r)(a' — r) , . 

where a' and 7 ' are the alwohite values of the eoiiaunits. (iv) is equivalent to 

y'~a'0 , 

r > e ^ 7 »<;'c<o . 

n — — 7 + 1 

ro must be less than a', i.u. 

7 '<ix'* —a' 7 ' + o' or 7 '( 1 +«')<«'(!+a') or y'<<i\ 


(lonOrary to the hyijothosia that 7 ' is gi-eater than o'. 

In no case, thoroforo, can a hyporgeometric aeries with x I represent a U-shaped 
distribution. Since tho upper Inanoh of tho biquadratic on the j9i, /9, piano forma 
the lower bound to Poaraon U-shapod curves, it also forma thu upper limit to the 
first two betas of hyporgBinnotric series in which the fourth olement x is unity, 

EximpUe. 

I. a = - 30, /a-»-.60, 

7- too, c = 1. 

Tho variance and betas of tho series after applying iShopjwxrd’a ootroctions are 
/X, = hfiY 1,8906, 
ft- '018,306731, 
ft-2'950,3878. 


The sum of tho series is given by 

JogiV-4'740,160fl. 

Mean and inode of series, inensurod from the start of tho histogram, arc 
respectively, 

8-879,8883 ; 8'784..8066, 

Tho Pearson-type curve having tho same first four moments as the series is 

y=yo«"™.»» (42-604.879 .(i), 

log y„ = i04-416,7762. 

Mode of curve —14'772,980. 

Mean of curve ==14'931,387. 
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Equation of curve referred to. the start of the histogram as origin is 
= 3(0 (6-051,499 + i<;)"™.«“(36-463,3S0 - it,)62-069,m 


Terma of aeries 

Gotraapondiu^ 
toidordinatea of (i) 

OoTireapottdinB 
areas under (i) 

1-00 

1-17 

1*60 

15-00 

13-81 

16*29 

106'62 

196*89 

106*90 

463-46 

434-62 

469-18 

1427-50 

1382*39 

1419-70 

3283-25 

3253*92 

3281-78 

5862-95 

5887-76 

5873-86 

8344-04 

8424-94 

8357-10 

9640*48 

9736-84 

9640-82 

.9164-40 

9231-93 

9162-52 

7239-04 

7262-68 

7241-46 

4786-14 

4778-35 

4786-49 

2662-66 

2641*87 

2668-52 

1260-82 

1230-47 

1256*37 

497-32 

482*74 

499*43 

167-52 

169-ie 

167-28 

47-80 

43*90 

46-99 

11*54 

10*06 

11*00 

2'86 

1*90 

2*12 



21—2 







:!U! On Amimptotir t'ormnkir for the. Hyjiergeounrlrif, Series 

II. c[»=--30; ^ 60, 

c =. 1. 

(Ilirri'Cteil momenta mid beta arc: 

>r,-0-2i)3,359«. 

A- •00127,22+tl, 

A»2'8f)6,nKH5, 

logJV-8-45i),5208. 

Mean sintl modo of aeries iiieaaured from tlio aUirt of the histograin are, 
respectively, 

l(i-S7l,4286; 16-627,2727. 

The Penraon-type curve which has the same first four momenta na the aeries is 

y =. i/o.r"«*.«’(4,5TKO,l!m - .r)««>.‘« .(i). 

logyo = oS'665,6600. 

Mean of curve i»2fT0H,20U. 

Mtuie of curve«* 24‘i6I.07.'l. 

Ei|Uivtioii of curve roforrod to the start of the histogram a.s origin is 
y - yo (7'631 ,M69 h (.17-64H,;i27 - 


Sfgiiiiloaut tarmf o( 
»etl«a 5s 10"S 

Correftsondiog 
inidordinftteit of 

0) X10"* 

C!orTOH]>oDdinfC arOBS I 
undof curve X10'* 

2'ft 

2-4 

2-H 

18'0 

16*0 

19M) 

9H 

91 

DO 

•IS4 

39(1 

424 

IfiW 

1,430 

1,600 

4,r>BU 

4,374 

4,646 

1I,H69 

U,ft23 

ll,H47 

27,02ft 

26,499 

27,012 

ft4,38S 

63,738 

64,410 

07,49fl 

06,871 

07,602 

i66,fl73 

166,101 

160,068 

220,210 

220,264 

248,26U 

294,892 

206,510 

204,839 

347,416 

346,601 

347,278 

370,116 

371,642 

360,080 

366,383 

367,764 

360,339 

300,670 

310,041 

300,847 

242,148 

242,492 

242,204 

169,609 

169,420 

160,811 

106,079 

106,201 

106,002 

58,829 

67,739 

68,480 

28,294 

27,647 

28,238 

11,810 

11,406 

11,770 

4,177 

3,063 

4,170 

1,210 

1,162 

1,229 

282 

268 

203 

48-7 

482 

55-0 

5*6 

6*4 

7*6 
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in. a = -100, /9 = -100. 

e = 200, c = 1. 

This series is symnietrioal. Its corrected moments and betas are 
fn = 12-479,4807, 

/3x= 0. 

/la- 2-989,9710, 

JV= 9054-849 x 10“, 


Significant terms of 
series x 10“” 

Oorrespooding 
midordinatee of 
normal carve x 10”“ 

CorrespondinR 
areas x 10”“ 

1017*906 

1022-570 

1018-286 

979-380 

982*400 

979*826 

868-746 

871-141 

859*173 

712-564 

713*000 

712*344 

539*799 

638-627 

539*081 

377-591 

376*569 

376*862 

243*821 

241*705 

243-237 

145*287 

143*577 

144-966 

79*856 

78*721 

79*806 

40-467 

39-837 

40-670 

18*896 

18*607 

19-042 

8-126 

8*022 

8-256 

3-21D 

3*192 

3*305 

1-170 

1*172 

1*256 

•391 

*397 

*418 

•120 

*124 

•130 

•034 

-036 

•039 



•010 



•003 







'.US On Ani/miitofic Farmibte for the Hi/iieiy&mictrir Srrim 


Mi'aii ■» mmi« =« SO'.*!, lufManal from the etart itf the liiFitiigniin. 0, ia sufficiently 

“ms 

near 3 to iuatify our fitting the normal curve , cr «• !1'532,G31. 

V Stto' 

Since the seriM in aymmctricul, the terms aftiir the nmilc only will be given. 



IV. 1, )8»-fl0, 

7 =» —6S, c "• 1. 

The hyj)ergeomelric aerloe having the above values for its constants is very 
abrupt, the maximum terra being the first. It is necessary, therefore, to apply 
abruptness correetiona to the momenta. The eoirectod moments about the start of 
the histogram are 

Hi' = 9'063.6496, 

I43'r3«,0331, 

/x,'»3088'9.'i2,200fi. 
anil IVwU. 

The best fit is obtained by fixing the start and fitting a Type I curve by equating 
the first throe momenta about the stump. This curve is found to be 


y = yosr•«“.«»(68'849,?29 -a;)*-**.*™ .(i). 

This is sufficiently close to the curve 

■y = y„'(63-349,729-*)•*»“» .(u), 

logyi, = 9’028.40X9 


for practical purposes. 
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The area up to a point s is given by the following relation: 

Na, = ya £(6 - kF dx = —^ ^ [Ji'+i - (i - s)!'+i]. 


Tei'inB of 
sei'le.-i 

Midovdinatos 
of curve 

Areas under 
curve 

Terms of 
aeries 

Midordinates 
of curve 

Areas under 
carve 

7 *000,000 

•999,587 

•999,980 

•033,688 

'03.3,661 

•0.33,680 

•923,077 

•992,722 

•922,922 

‘028,734 

•028,709 

•028,733 

■850,062 

•850,655 

•783,163 

•860,855 

•024,380 

•024,367 

•024,381 

•783,436 

•720,246 

*783,344 

•020,571 

•020,549 

*020,569 

•720,021 

•720,104 

-017,253 

•017,233 

•017,262 

■667,209 

•661,018 

•661,183 

•014,377 

•014,359 

■014,376 

■606,lua 

•605,944 

•606,097 

•011,898 

•011,882 

•011,897 

•554,743 

•664,603 

•654,748 

•009,774 

•008,759 

•009,773 

•606,921 

•606,800 

•506,939 

•007,964 

•007,961 

■007,982 

■462,454 

•462,350 

*482,479 

•006,432 

•006,421 

•006,432 

•421,103 

■421,074 

•421,200 

•005,146 

•005,136 

•005,14.5 

•383,876 

■382,799 

•382,914 

•004,074 

•004,066 

•004,074 

■347,424 

•347,357 

•347,472 

•003,188 

•00.3,182 

•003,188 

■314,048 

‘314,089 

•314,690 

•002,464 

•002,457 

•002,464 . 

•284,394 

•284,340 

•284,442 

•256,657 

•001,877 

•001,873 

•001,877 

•256,012 

•256,463 

•001,408 

•001,406 

•001,036 

•001,409 

■230,801 

•230,616 

•230,900 

•001,037 

•001,038 

•207,303 

•207,262 

•207,346 

•000,749 

•000,748 

•000,751 

•185,709 

•186,670 

•]85,740 

•000,529 

■000,-528 

•000,633 

•160,953 

•166,016 

•165,987 

•000,364 

•000,363 

*000,366 

•147,915 

•147,878 

•147,944 

•000,243 

•000,243 

•000,244 

•131,480 

•131,444 

•131,607 

•000,156 

•000,166 

•000,167 

•000,097 

•116,539 

•116,604 

•116,562 

•000,096 

•000,096 

•102,688 

■102,934 

‘103,007 

•000,066 

•000,057 

•000,057 

•000,727 

•090,604 

•090,745 

•000,031 

•000,031 

•000,031 

•079,663 

•079,631 

•079,675 

•000,016 

•000,016 

•000,016 

■069,706 

■069,673 

•069,716 

•000,007 

•000,007 

•000,007 

•060,769 

•060,738 

•060,778 

‘000,003 

•000,003 

•000,003 

•052,773 

■062,743 

•052,778 

•000,001 

•000,001 

•000,001 

•046,641 

•039,302 

•046,612 

•039,276 

•045,646 

•039,304 

•000,000 

■000,000 

■000,000 


With the possible exception of the first example, in whioh the number of 
significant terms is small, the goodness of fit of the Pearson curves to the above 
series is quite oloae. The fit improves rapidly as the number of significant terms 
of the series increases, and when this number is fairly large, or, what is equivalent, 
when the standard deviation of the series is fairly large, the agreement between 
the terms of the series and the corresponding areas under the Pearson curve fitted 
to it by moments is sufficiently close to justify our replacing the Probability 
Integral of the series by that of the Pearson curve. 

In the first example (p. 314), where the fit is not very close, the standard 
deviation is small, being approximately 2. In the following two examples the 
standard deviations of the series concerned lie between 3 and 3'6 and the corre¬ 
sponding fit has improved appreciably, giving an accuracy of three to four figures 
in the areas. This in itself is sufficiently close for most statistical purposes. In 
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the last example, the standard deviation is larger, being approximately 7‘9, The 
resulting fit, with the exception of the extreme tail, is surprisingly close. 

The number of significant terms of the hypergeometric aeries is approximately 
equal to six times the standard deviation. For.aeries with less than 24 significant 
terms—corresponding to s.D.’a less than 4—one would not in actual practice go 
into the labour of fitting a Pearson curve in order to determine an approximation 
to the sum of a number of terms because this sum can be obtained accurately and 
quite readily by calculating the terms directly. It is doubtful, however, whether 
such a procedure would be adopted if the number of terms is greater than 30. The 
total sum of the series is, of course, known. Hence, the probable limit where one 
would calculate the terms directly is a series with 60 significant terms, correspond¬ 
ing to a standard deviation of about 10. For such series, the appropriate Pearson 
curve should give at least as good a fit as in the previous example (Ex. IV). For 
instance, the Pearson curve fitted by momente to the series F{1, —'60, —65,1) 
is (p. 318) 

3 /- (63-349,729 - . {i)his. 


The ratio of the sum of the remainder of the series after the ninth term, to the 
total sum of the aeries, ia -399,3917. 

The approximate value of this ratio found from the curve (i) ia 

I’OaMO.'KN / i-ea.S4B,72» 

Ja 2/^^’- 

This ia the incomplete beta function 

-^•867,9316 (5-988.8238; -999,8862). 

By triple interpolation into the beta function tables, using third differences, this 
was found to be *399,3800. 


This differs from the true value by less than unity in the fifth place. 

In order to appreciate what happens when the number of significant terms ia 
large, the goodness of fit of a Pearson curve to the series /’(10,000; 10,000; 1; 1) 
is examined within a short range after the mode. 


Sum of series N = -224,6696 x 10®“ 

F is symmetrical and is approximately equal to 3. 

/ig = 1249‘979l70 whence o- = 35*356,0445. 

In the following table the terms of the series after the mode are compared with 
the areas under the normal curve 




N 




V27r. (T 

which has the same mean standard deviation and sum { 


I the above series. 




a22 (iff hymphilir. Farmlarfiir ik Uijpmjmmirk Serins 
Tlie (|ii!iiitities tnliitlattitl firu iiqtial bu 10 tiiiit's tlicir actiin! valtu’n, 


Twin!! tjf Rffries 

Am< QiidM tiomml j 

cam j 

i 

■tv,t,lira 

1 

•2(14,:iH2 1 

■254,2H1 j 


■252,877 

•i'i^,488 

■252,471 

•251.7(i.5 


•^5(1,872 

'2f)0.«!l 

•248,771 

■249,7(81 

‘248,4771 

•24K,4(i5 

■24(1,i(W) 

•24U.H7H 

‘2iri,;!l(l 

•245,3114 

■ 2 i:i,.ir»K 

•214,441! i 

■241,422 

•241,4111 1 

■2.48,2! 1 

■2.48,20(1 

■24(1,Hlil 

■'24(1,82(1 1 


Tlie true value uf is '2'99i)90G, wliith is slightly Icsj than fi This Hccoimts 
lor the constfint deliciency of 1 in tlio fifth pliicc in the mreiiH under the normal 
curve. A slightly better lit is givuii by the Type II curve which lifis the wine first 
four mouients as the series, Even so, the norraai curve gives sufficiently accurate 
results, 

Iain indebted to Professor Pearson for suggesting this problem to me and fur 
his advicQ and oriticism thrauglmut the preparation of this paper. 



THE BODY BUILD OF AMEBIC AN-BORN 
JAPANESE CHILDREN. 


By P. M. SUSKI, M.D. 

The better bodily development of American-bom Japanese children over the 
children horn in Japan, presumably through environmental induencos, is the fact 
observed by many during the past few years. Ishiwara first called attention, in 
Japanese medical literature, to the superior height and weight of the second 
generation Japanese in Atnerioa. A few years ago, I measured Ainerican-bom young 
Japanese ranging in ages from 16 to 2.6. At the request of Dr Ishiwara, two years 
ago, I measured a hundred Japanese hoys born in America. In the former group 
the height and weight only were obtained. In the latter, the stature, sitting height, 
iliac spine height, knee joint height and weight were measured. The ages of these boys 
were 19 to 22. With the measurements of the latter group, the height and weight 
of their parents were compared, and it has been found that the children born in 
America excelled their parents by about 5 % in. height and about 6 ^ in weight, 
(In several instances, one or both of the parents could not be measured.) 

That there is a marked difference in bodily development of the children born 
and raised under environments foreign to those under which the parents thrived, is 
found to be true by many authors. American-bom descendants of immigrants differ 
in type from the foreign-born parents, according to Boasd) who further asserts 
that, the longer the sojourn of parents in America before the children are horn, the 
more intense the influence is felt. Bakwin and Bakwin(z) demonstrated a striking 
difference in the body build of infants of two groups from different social environments. 
Gray and Gower(8) found the height and weight of girls in private schools are better 
than the average. Studying the bodily growth of Chinese children in Hawaii and 
those in Chekiang and Kiangsu Provinces in China, Appleton (4) observes a marked 
influence in the manner of growth and development, such that the growth curves, 
in general, are more smooth and regular, the period of growth retardation comes in 
a later period and to a lesser degree in Hawaiian-born Chinese children than those 
born in China. She thinks that the acceleration of growth in the stature of Chinese 
hoys in Hawaii which is greater than that of hoys in Bast China is mainly due to the 
more rapid increase in length of lower limbs, in which the height of knee is the more 
active factor. 

If lands foreign to the parents act upon the growth and development of their 
offspring, we may enquire what may be the influence of America (i.e. Southern 
California) upon the growth of the children of Japanese parents; this was the 



:)i!+ 77ift Bni!\f liulkl of Amrriran-born Jiipani'se. Children 

tiueafcion I Iwd iilways bitnu: ii> iiiiml wliili* nmkiiig inraisiirciiielits of cliildreii in 
Los Angelos, born of Japnitcwi; ijsirenUi. 

The iimterial conaistB oF«tiuient« nf private Jafmnesc mHooIm, which arc. conducted 
to supplement the jjithlie whool eduealion of the city of Ijtw Angelcn. So, piiictically, 
all of the childrmi nro public uohmi! ehililren. The age range is from (1 to 11), although 
the youngest and thasi; above 18 yeara of age are *o few in mimber, that I have 
omitted them from the tables and oharta, Thu {larents of the childron are from all 
walks of life, from unskillwl labourer# to businea# meti.mamifiictitrers or literary and 
professional pooplc. With the excoption of about one per cent, of the childron, who 
were Iwm in Hawaii, those measured are OaUfomia born. 

These are the first nf the eerie# of the intended annuel physical inaasnreinenta 
of Japanoflt! children bom in America. A# yet the number i# not large enough to 
show conclusive rcaulta, hut the chief reasons for the present publicaititm of my 
findings arc to show at lua.st the apparent marked {iiflferenco in ataUire, weight, 
cheat circumference, silting lieight and leg length which I found, when compared 
with figures available for the Japanese children in Japan, and alto to request the 
authorities in this lino of work to point out any defects in procedure in my work, 
and to give me suggestions for research work in diret'tions which I may not have 
taken. 

The children will be measured hereafter onoe a year at the same time of the 
year a# fur as possible. Thus far, the measurements were limiteii to the months of 
Juno and July. But the field will bo enlarged so that other lots of ehildren will be 
obtained for other months of the year. That the growth rate is not uinform throughout 
the yoac.ispointed out by Orr and Clark(«), Zeinor-Hendrikscnie), NylinO') and others. 
Hejinian and HattlS) mode monthly measurements of stem-stoturo index. Sumner 
and Whitacre (9) followed monthly change in weight of Texas school children. Iowa 
Child Welfare Eeaenrch Station (lo) reports various measurements made monthly 
of young children from 3 to 6 years of age. It is usual for the investigators to take 
measurements weekly or monthly in the case of infants or small childron. The 
figures obtained through theso IVequent measurements, if computed Individually, 
would certainly reveal the seasonal variation in growth and devalopment of ehildren. 
But the purpose of my present investigation ooncenw the annual growth rate. 1 
have planned the examination of all children only onoe a year, and at the same 
season of the year for each group of children, so that the seasonal variation In 
growth would not interfere with results. 

The time of measurement was in the afternoon for one school and in the forenoon 
for others. Martin ( 11 ) recommends about 10 A.M. as the ideal time of measurement, 
Nakadate found the maximum diurnal variation in stature uf children of 10 to 15 
years of age to be 1'66 em. for boys, and 1’62 cm, for girls. He finds the maximum 
in stature to be immediately after rising in the morning, and it drops to the lower 
level around 11.30 A:M.; from then on till 8 p.M. there is a very small amount of 
change ( 12 ). 
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The nearest birthday system is employed in classifying the children into 
different age groups; i.e.j the children from 6 yearn 6 months to 7 years 6 months 
of age are grouped as 7 years, and so on. When making comparison with figures 
obtained from Japan, it was necessary to make allowance of a half year, because 
of the fact that many Japanese inveatigatoiis classify a child between the 6tJi and 
7tb birthday as 7 years old, and so on. 

Instruments used are: Martin s anthropometric set, consisting of a measuring rod 
with arms, callipers, steel tape measure and a slide compass; a box with a square 
flat top to measure sitting height; a standard spring scale. 

I have examined the lists of measurements of Martin (ii), HrdlickadS), the Geneva 
Agreement as cited by Hrdlicka(ia), yoahida(l 2 ),and Lucas andPryor(23), and found 
them to containSOtoVOdirectmeaanrements of the limgbody,excliisiveoffunctioiial 
and capacity tests. As Hrdlicka points out, the number of practicable measurements 
on the human body is infinite, and these measurements may be of value if taken by 
the same method on a sufficiently large number of individuals of various groups. 
Bearing these things in mind, I made a selection of physical measurements, chiefly 
through the suggestions of Ishiwara, namely, ten measurements, nine direct and one 
indirect. They were: 1. Stature, 2. Sitting height, 8. Height of anterior superior 
spine of ilium, 4. Leg length, 5. Knee joint height, 6. Arm span, 7. Chest circum¬ 
ference, 8. Intercristal width, 9. Acromial width, 10. Body weight. 

The stature is measured with a child standing on a flat floor without shoes, and 
the head erect, keeping the eyc'-ear line horizontal The left anterior superior spine 
of ilium is first determined by palpation, marked with a dermatograph pencil and 
then measured. Dowues(i4) reports there are over 60 asymmetry in the height 
of the iliac spine exceeding 0'5 cm. I found only a ftw cases of asymmetry, and 
these in a slight degree. 

For the knee joint height, a groove between femur and tibia is easily found 
laterally on the level between the patellar prominence and the tibial tuberosity. 
By inspection from the left side of the left knee joint, one may easily locate the 
position of the groove, and verify it by palpation and mark it with a pencil. 
The distance from the floor is then determined. Martin recommends the internal 
groove of the knee joint, and it is most subcutaneous there and therefore easiest to 
measure. But I did not meet any difficulty in locating the groove on the lateral side. 

The leg length has been computed from the figures of the anterior superior spine 
height according to Martinis formula, and is intended to measure the height 
of the head of femur from the floor, corresponding to Martin’s “gauze Beinlange” 
(the entire leg length). 

The sitting height is obtained by seating a child on a box not too high so that 
the child can rest the feet on the floor, and measuring the height of the, vertex above 
the seat level. Gray and Root (16) call our attention to the fact that some workers 
call this and other measurements under various names as stem-length, trunk-length, 



;i20 Thr liiitly Hvild qf Ammrtui-horii Jupawne ('hihlrrn 

riimii-lBngth, ote., wil.li aiiultigmin Umns in other liingiinges, so that it may mean 
lengths from vertex, shoulder, suprastenml notch, 7th cervical vertebra or ucrumion 
flown to us pubis, first or last coccyx, jicrineum, ischial tuberosities or gluteal linea. 
It is therefore necessary for one to be very aareful when referring to any old 
literature, and it is alsii very im(»rtatit to iimke nclearutatcment as to exactly how 
the sitting height is obtained. The method I oinployed is in accord with that of 
lliB Geneva Agreement of 1912, used by Hrdlicka, Martin, v. Pirquet, Yoshida, 
lahiwata and others, llrcyertu) urges bonding of the, knee and pulling up slightly, 
instead of square sitting with both knee and hip joints at right angles. 1 tried 
Dreyer's method in a few of the children alter niiiasuring them in the usual way, 
but I failed to find the 3% difference as pointed out by Dreyer, In the first piano, 
it waa difficult to keep the sacrum in contact with the post, if the knees wore drawn 
up as in Droyer’s illustration, besides in nearly all of my cases (which were young 
children) tho ischial luhorositica wuni quite autwutamsius with no appreciable 
amount of adipose tissue intervening. 

The arm s[ian is measured with a ateol tape nioaaure, frifin tho tip of oiiu middle 
finger to the other, the arms being stretched to both sides of the borly horizontally. 
I found it was tho best way to lot a child stand against tho wall to take this 
measurement. 

The cheat oiroumferenoo is taken at the middln of the normal inspirabitin and 
expiration, on the level above nipples in front and below the acapular angle on tho 
back. Tho biorlstal width is obtained with a pair of oallipfjrs, the tijM of which wore 
firmly pressed on tho widest part of tho pelvic orest The acromial width is measured 
in a similar manner, only hare as the respiration, shrugging of shoulders or throwing 
backward or forward of tho entire shoulder will give a groat change in results. I 
exercised great oare in taking the diameter at the middle of ruspinvtion and keeping 
the shoulders at the proper position. 

The body weight is measurfsd nude, allowing only a garment weighing 200 gm., 
and after emptying the bladder. It was recorded in the nearest i pound, and later 
converted into kilograms. 

The arithmetic mean, for each ago sox group, of all ineasuromente is given in 
the Table I, with the standard deviation and probable error of eooh, computed 
according to the formulauKiV) 



r.K. = ± 0-6746 


Table II gives the relative measures to the total height or stature, often called 
the index to stature, or ratio. The relative measures are computed as follows; 

Index = 'neeenre other tha n statu re x 100 
stature 
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TABLE U. 


Americiin-borii Jupanege Children. Meamreinenlii relative la Sfrtiure. 


Km 

Staturis 

Sittmg 

Ant. aup. 

Trtjg 

Knew 

Arm 

Ohrst 

Cri»l. 

Acroto. 

Hoi’H 

Height 

Kpine 

l^engih 

Joint 

Hpan 

fiirc. 

Width 

Width 

.... 

i 7 

UHi 

h5*7 

,'»a‘6 

.52‘a 

2ft*3 

»H-7 

50*1 

1.5-07 

21*21 


ItXI 

M'T-, 

5.1-7 

.53-4 

25*3 

l»»-8 

IH*5 

1.5*17 

20*94 

» 

UK) 

54*0 

r.u» 

5;i-T 

2ft •« 

011*4 

40*0 

15*21 

20'TO 

lu 

IfK) 

rj.’i-O 


54*6 

2fl‘3 

UK)*0 

AH'4 

15*12 

2n'{K) 

11 

UK) 

5.1-2 

50«1 

54-7 

2B-I 

100*1 

40*0 

Ift-Ol 

20*53 


KM) 

WI 

50-3 

54-6 

20-3 

loi-f) 

50-fl 

H*lMi 

20*90 

in 

UK) 

,52‘7 

fltt-a 

54*0 

26*0 

101-fl 

■1B*H 

lf-M4 

20*71 

U 

UK) 

52*0 

.50*4 

.54*5 

26*7 

lo2«n 

40*0 

Ift'lfi 

20*HH 

i.n 

inn 

:i2’n 

rmi 

54*2 

26*ft 

101'4 

49*4 

15*07 

20*(}r) 


UK) 



54 -3 

20*« 

101-ff 

ftO'C) 

15*24 

21-IH 

17 

UH) 

5:UM 

.55*11 

5:)*7 

20*2 

102*5 

5S*7 

I5‘4l 

21*47 











7 

UK1 


ns-H* 

52-7* 

25-.5* 

!)7-« 

4»-ft 

ir>*4H 

21*45* 

M 

lOU 


54*« 


2ft*7* 

»{l*2 

49*2* 


21*30* 

* <\ 

i(X) 


.'>4*H 

Aa*n 

25*7* 

9K*4 

4H‘7 

15*0.1* 

21*27* 

I l‘> 

UK) 

.51-5 

5fj*U 


2«l*0 

UK)*4* 

■I7’» 

15*41* 

21*01* 

t 

UK) 


5Q-2* 

r.s- 1 * 

2«*2* 

UK»*4* 

47*9 

1#M1* 

21*05* 

12 

100 


5ffl 

54-7* 

26-3 

101*0 

49*1 

IS’7S* 

21 '37* 

IS 

KX) 

5a'(u 

55*7 

54-3 

20*11 

101*0 

49*6* 

15*9(1* 

il'«* 

IS 

UX) 

a-ua* 

.55-0 

54*2 

2«*0 

101*0 

49*7* 

lC‘t)D* 

21-7B* 

M 

ion 

.54'2* 

55*7 

54'4* 

25*0 

101 

49*«* 

in-ao* 

21‘OH* 

in 

UX) 

5-1'0* 


53*2 

25*7 

101*4 

4D*3 

HKTl* 

SIMI* 


* The iM^riflk bIio>vh Utat In tbe»« omo« the (tlrli* vero higher thtm iho boys. 


ThWos hi anci IV U)g«thor with Figures I to tO show the AtnericiUi, 
Qomian, Japanese, and American-born Japanese figures. The American figures 

TABLE III. 


t^ta/idviff Height by dij^'ermt AtUiioHtiea cvmjxired. 


iluVM 

Amu 

HoU'h and 
U.8. Gov. 

Ogares 

combined 

Dm. 

Camerar- 
y, Plrquot 

cm. 

Aioerloaii' 

born 

Japaneu 

om. 

OiiiLv 

Ago 

Holt's and 
0.8. Gor. 

ftgaroH 

oombined 

om. 

Camferer* 

». Ultijuwt 

cm. 

Amorioan- 

born 

J apan CM 

om. 

7 

110*7 

116*0 

116-6 

7 

110*1 

113*0 

116*6 

H 

121*0 

120*0 

121*3 

H 

121*4 

118*0 

119*4 

9 

lae-B 

126*0 

120*2 

9 

126-a 

123-0 

124*1 

10 

1S3-0 

130*0 

131-6 

10 

130*9 

128*0 

iaO’4 

11 

130*3 

136*0 

135*9 

11 

136*1 

133*0 

136*4 

12 

141-0 

140-0 

139*7 

12 

143*6* 

138*0 

148-S* 

13 

146-6 

146-0 

147'3 

13 

148*4* 

146-0* 

146*0 

14 

153*6 

161*0 

186*6 

14 

162*7 

ISS-O* 

149*4 

15 

169*2 

157*0 

161-3 

15 

155-6 

158*0* 

150-4 

16 

165*9 

— 

iei-4 

16 

166*6 

160-0 

161*8 


Those marked with an asleriek are inctanoea in whiefa girls exoel boys in height. 
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are obtained by combining the United States Government Table of Heights and 
Weights and Holt’s Age-Height-Weight Table ( 18 ). The German figures are from the 


TABLE IV. 

Body Weight by different Authors compared. 


Bora 

Holt’s and 
U.S. Gov. 

Camerer- 

-Amm^can- 

bom 

Japanese 

fJlOLS 

Holfc’a and 
U.S.tiov. 

Camercr- 

Amorioan- 

Age 

figures 

Goinbiiied 

V. Pirqnet 

Age 

flgm-ea 

combined 

V, Pirquet 

Japanese 



cm. 

cm. 

cm. 


cm. 

cm. 

cm. 

7 

22-3 

23*0 

22*3 

7 

21-7 

21-0 

21'1 

8 

24-(i 

25-0 

23-9 

8 

23*9 

23'0 

22-6 

0 

27-1 

27-5 

2G-5 

9 

20*0 

25'0 

24-3 

10 

20’9‘ 

30-0 

20-7 

10 

28*7 

27’0 

28*2 

u 

32-4 

32*5 

32-8 

n 

31-6 

29-0 

30*2 

12 

35-4 

35*0 

34*8 

12 

3<5’2» 

32*0 

38-1* 

13 

30’3 

37-0 

39*5 

13 

40-8* 

37’0 

39-8* 

14 

44*0 

41‘0 

46-3 

14 

4rri* 

43-0*^ 

43'1 

15 

40'4 

45'0 

49*9 

15 

48'(5 

48‘0* 

43-4 


55-5 

— 

53-0 

10 

51-1 

.52'() 

46'7 


* Those marked with an asterisk aro instances in wliioli girls excel boys in v^eighfc. 







;i 550 The Hoily Ihtild of Aimriciui-honi Jeipanem Childrm 


7 8 9 10 n 12 13 14 15 16 7 a 9 10 II 12 13 14 15 16 

.-,-j.-^ j_.- y y -j , ...,„^ 



Pig. 8. BUindiug Holghi af Jaimnoto. 
(EducaUan &£uii«lry figticAK.) 


Fig. 4. BUadtng Moiglil of AaiorIoaD«boTn 

^ApaaoM 


7 8 9 10 il 12 13 !4 15 16 
170ri—I—1—I—I—r— r—I — 1 ~—n 


?“• 7 B 9 lO II 12 13 14 )5 16 
l/Orr*—I—r'—ii—i—T r—i—r 


-AmwicRn-boca Japaucfle 

.Amerlcftui (tl.B. Government flgnroB) 

S, Slandlng Hdgbii of Amerioan-botn Japanese 
and Ameriaans oompared. 



'' American-born Japaneio 

..... Americana (U.S. Government fignreB) 

Fig. 6. Standing Height of Amerioan-bom Japanese 
and Amerioans compared. 
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Agh 



rig. 7. Bo(^ Weight of Amerioans. (Holt’e nod 
XI.S. Goveramont figures comhiued.) 


Age 



Fig. B. Body Weight of Enropeau Childrou, 
(CamBret'V. Hrq,uet figures.) 


Aou 


Age 




Fig. 9. Body Weight of Japanese Children. Fig. 10. Body Weight of Americau-born Japanese. 

{Education Ministry figures.) 


Age-Length-Weight Table by Camerer and v. Pirquefe (19). The Japanese figures are 
from the table issued by the Japanese Ministry of Education ( 20 ). As seen in Fig^, 5 
and 6^ the stature of American-born Japanese boys is very close to that of American 
boys at least up to 16 years of age, while there exists a wide difference between 
the former and that of Japan-born Japanese (see Fig. 11). The stature of American- 
born Japanese girls is nearly the same as that of American girls up to the age 
of 12, after which it drops off a little, but when compared with the figures of Japan- 
born Japanese girls, there is quite a space above the latter. The American-born 

22—2 











The Ikdij Hnild of American4om Japanem (Mdrcn 


Au» Aiik 



Japanese also excel their coiwina in Japan in body wuight and chest cireiiinfereiim 
(see Table V and B'iga, 13—16). 

U '6 a well-known faet that the children from infancy lu 11 and 12 years of age, 
growupwithoutshowingamarked difference with respect to ses, Butween U and 
M, corresponding to the pre-puberty period, girls e.xcel boys in .stature and weight, 
alter which hoys attain aupuriur weight and height. Our tables and figures show 
theae changes in all groups. Bat the relationaliip hetwemv girls' curves and boys' 
curves, which is of slightly different cliai'acter in different gmiiiis, i.s best studied 
on tlio special dlagmin .1 have prepared for the pinrpose, Piisf., I took the boys' 
height or weight at each age ns a standard and figured out a purcentage for girls 
at that ago. Thus, for tho statiiro, 

Qirls^ean Staturei^givniago x 100 
Boys'floorTStaturo at tho same iigo ’ 

and onllcdit"th6 percentage of girls'statiiro on that nfbnys," In the same mannar, 
thobndy weights of boys and girls are compared (Tahloa VI and Yll, Figs, 17 and 18). 
The boys’ figimis arc represented by a straight line at the 100 % level, and the girls’ 
curve runs below it while the buys’ figures are gi-eater, but when the girls' figures 
surpass that of boys, the curve runs above the boys' lino. When I first drew 
this type of diagram, I showed it to Drs Lucas and Pryor, who thought it was 
unique and excellent in indicating the ohange in relationship of boys' and girls' 
figures so clearly. Later, however, I found Collins and Clark( 2 l) had already devised 
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TABLE V. 


Co7npa7'ison between Japan-born and Ameirican-born Japanese Ghildren 
in Stature^ Chest Cii'Guir^erence and Body Weight. 


Age 

Hoiglifc 

(cm.) 

Cheat Circnmferance 
(em.) 

■Weight 

Boys 

Japan born 

U.S. bom 

Japan born 

U.S. horn 

Japan bom 

U.S. born 

7 


115-5 


57-9 


22-3 


111-7 

— 

661 

— 

19-3 

— 

a 

_ 

121-3 

_ 

58-8 

_ 

23-9 


iie -1 

— 

57-9 

— 

21-1 

— 

9 

_ 

126-2 

_ 

61-9 

_ 

26-5 

9^ 

120-6 

— 

60-0 

— 

23-1 

— 

10 

_ 

131-G 

_ 

63-7 

_ 

29-7 

10 ^ 

124'8 

_ 

61-8 

— 

26-1 

— 

11 

_ 

135-9 

_ 

66-6 

_ 

32-8 

iH 

129-1 

— 

63-9 

— 

27-4 

— 

12 

_ 

139*7 

_ 

70-0 

_ 

34-8 


133-9 

— 

65-5 

— 

30-1 

— 

13 

_ 

147-3 


71-9 

_ 

39-5 

1.3i 

140-0 

— 

C8-4 


34-0 

— 

14 

_ 

155-6 


77-1 

_ 

46-3 

144 

147-3 

— 

71-6 

— 

39-3 

— 

15 


161-3 

__ _ 

79-7 

_ 

49-9 

ISJ 

152-7 

— 

75-1 

— 

44-8 

—- 

16 

_ 

161-4 

_ 

80-7 

_ 

63-0 

i«4 

157-3 

— 

77-9 


48-6 

— 

17 

_ 

161-6 

_ 

86-1 


56-8 


159-4 

— 

79-7 

— 

51-2 

— 

Girls 







7 

_ 

116-6 

_ 

57-2 

_ 

21-1 

H 

110-0 

— 

54-2 

— 

lR-5 

— 

8 

_ • 

119-4 

__ 

58-8 

_ 

22-6 

Si 

114-5 

— 

55-8 

— 

20-3 

— 

9 

_ 

124-1 

_ 

60-4 

— 

24-6 

94 

119-1 


57-0 

— 

22-2 

__ 

10 

_ 

130-4 

_ 

63*5 

— 

28-2 

10-4 

123-6 

— 

50*4 

, — 

24-4 

— 

11 

_ 

135-4 

_ 

64*8 

— 

30-2 

lU 

129-1 

. — 

61-8 

— 

27-3 

— 

12 

_ 

143-2 

_ 

70-8 

• — 

38-1 

124 

135-1 

— • 

64-5 

— 

31-0 

— 

13 

_ 

146-0 

_ 

72-4 

— 

39-8 

lai 

140-4 

— 

67-6 

— 

35-2 

— 

14 

_ 

149-4 

_ 

74-2 

— 

43-1 

144 

144-8 

— 

71*2 

— 

39-6 

— 

15 

_ 

150-4 

_ 

74*9 

— 

43-4 

154 

147-6 

— 

73*0 

— 

43*1 

— 

16 


151-8 

_ 

74-8 

— 

45-7 

164 

148-2 

— 

75*8 

— 

45-4 
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SiiU The Ikdij Build of Amcrican-iorti ./apanm Children 



Aue 



Fjg. U. Uoity Woiiilil nf Atnflriciin*bcirD JaisnneAO Girls 
ooiojnvroil vrilb Japnn-tKira Jupniteso Girls. 


Aoe 



Fig. Id, Obeet Giroumferonae of Amurioiui-born Jivp&neso 
Boys compand wUh Japan^bora JapaneM Bv]**. 


Ane 



Fig. 16. Olieal Circumforancc of Amerloan-bnin JapaccM 
Glrla oomparad with JapAu-buru JapancM Glrk. 


a somewhat similar diagram in 1929*. I have also figured out the percQUtage of 
girls’ other relative values on those of boys, namely, the relative sitting height, 
relative iliac spine height, relative leg length, relative knee joint height, relative 
arm span, relative chest circumference, relative bicrisfcal width, relative acromial 
width. A.mong these, I could only make comparison with values of Japanese in 
relative sitting height, relative leg length, and relative chest circumference, apart 
from stature and weight (see Tables VI, VII and VIII, also Figs. 17,18 and Figs. 
19 6-266), 

* [This seems merely a di&gram of the onstom&ry sex-ratio moltipHod by 100; the sex-ralio is very 
familiar to antbropometriolana and oraoiotnetrioisos. So,]. 
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TABLE VI, 


The Percentage of Oiris’ Standing Height to that of Bays. 


Aga 

TJ,a. Gov. and 
Holt’e Figurea 
corabined 
Americana 

Gamerer* 

V. Pirquet 
Gcrouins 

Aineriofin-born 

Japanese 

Education 

Ministry 

Japanese 

7 

99*5 

98*3 

lOO-l 

98-5 

08-6 

98-8 

09-0 

lOO-O 

100-9 

100-2 

9B--i 

96-7 

94-2 

8 

99-G 

98*3 

98*4 

9 

99-2 

98-4 

08*3 

10 

99-2 

98-5 

99*1 

11 

99‘U 

oa-f) 

99*6 

12 

10V9 

09-3 

102*5 

13 

101-4 

100-3 

09*1 

14 

99-4 

101 *3 

06*0 

16 

97-7 

100-6 

93-2 

16 

94*4 


94-0 


TABLE Vn. 


The Percentage of Girls’ Weight to that of Boys. 






331 ! The Bodif lUdW nf Avierican-horn Japmme Children 


A'?K 





Fig. 17> The PoncnUgo nf Uirlx' BUiiiding Qeiglil 
to thfit of Boy*. 


T)i1k dit^r&m ehowa paiconlnge valui'K at KirU* otAnding 
height, tnkioff tlie boye* itandiuK holKht an the Hiaiidaril or 
100”/, for wdu age. The flKuroR poblialidd by the Minintry of 
Kcluoatioo of Japan are baaed upon age groniw lakuti fram one 
birthday to the next. For thli reonan, tha j^lnu ara marked 
on the diagratn hilf-way between agcH. 



Fig- IH. Tlie I’erewJUgn of UirU' Body Weight to that of Boyi, 


.Germaa (Camorer.r. Fi«inct) 

.Amaiioaa (U.8. Qovemmeat'Holl'a} 

> < • < - Japanow (Bduoatloo Hiniitry) 

«-— Japanese {Amerioan-borc} 


TABLE VIU, Comparwon of R^ive SiHing Heighis of 
i/<tpan-6ont and American'hom Japanese Childwu 


Ago 

Japanese in Japan 
(Figures of Drs THurumi, 
Hakodate, Yagl and 
Toyoda ooinbluod) 

AmerloaH'bom 

Japanese 

Doys 

Qlrls 

Boys 

Qirls 

7 

67-B 

nr'«» 

85*7 

(IS-.1 

fl 

rj7'2 

67*2 

64*8 

S4-0# 

t) 

50-4 

ae-d* 

54*0 

64-2* 

10 

56*0 

56-4* 

M'fl 

63*6 

u 

55*4 

65’8» 

63‘i 

68‘6* 

12 

54'fl 

M'6* 

63-1 

63'3^f 

i3 

04*0 

56-1* 

52*7 

53'6* 

14 

63-0 

55-3* 

82*8 

54*3* 

15 

53-3 

55-4* 

52-0 

64-2* 

16 

54’1 

65‘6* 

53-0 

64*9* 

17 

04-0 

66*0* 

o3’6 

— 


Tbooe marked with an aeteriek ate inetasoes tn which girls excel boys in alttlDg height. 
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Relative Sitting Height of American-boira Japanese 
and Japan-born Japanese co:npared 
A«e 



Relative Height of Anterior Superior Iliac Spine 
Iliae Spine Heleht ^ 


Stature 

Aon 



Fig, 20 a.. 

Amerionn-l 


Relative Leg Length, or — x 100 



Fig. 21 a. 


Percentage of Girls’ Relative Sitting Height to 
that of Boys 
Aon 



Fereeotage ot QiiU’ Relative Height of Anterior 
Superior Iliac Spine to that of Boye 
Aoe 



Percentage of Girls’ Relative Leg Length 
to that of Boys 
Aqe 



..... Japan-born Japanese 

^heae Sgures are meaearetnenta of Drs Mishima and 
Minayoahi oombined.) 

Fig. 21 b. 


Amerioan-bocn Japanese and Japan-born Japanese. 


















;i;t8 Tht Hody IhiM of Americaii ioni Japanese Children 


r^rocnUiga of GirlB' Kncf' Joint Haight 

to that of Boys 
A(iK 



lloInUva Arm Spatii or 
Aob 



51 

50 

a 

I 49 
4fl 
47 


Belfttivo Ohest Olrcumforenoo. 
AmerloaD'born Japancaa 


RolatlTo Oliost Olroumforoooe, Japaueae 
Aos 


Adi 

52 

—1—^ ^ 

7 8 9 10 II 12 13 H 15 16 

-1 rT ’~|—[—1 1 —r—n-n r-i 

51 

■ 

A ■ ^ 

y 50 

- ^ 

- "V'-.. * / 

.§ « 







" .--. 


47 



- Boja 


Fig. 24 a. 


Fig. Uh. 
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Percentage of Qirla’ Belutive Cheat Ciiounifeveuce 
to that of Baja 

Aok 



Relative Biorlstal Width, or - 

' Aou 


10 H 12 13 14 15 16 17 



Paiceutagd of Ciiis' Relative Bioristal Width to that of Rojs 
Aofi 


Ameiican-born JapaDese, 



Percentage of Girls’ Relative Aoroniial Width to that of Boys 
Age 














;(40 The Ikuhj Jlinld of Amerkan-horn Japanese Children 

Th(.‘ luu'vos (if tlm jii‘rc(jnt«t'«H of girls’ ahiture anil weight to tlmai! of boys 
(Tables VI, VII, B’lgs. 17, IK) niii the same goncrul eiiurst!, whether they be for 
Ariiericans, JmiaiKjae, Aiiuiricim-born Japanese or Biiropearis. The curves show the 
piX'-puhorly upheaval over the hoys' 100*^ line between the ages of 11 and 14 years 
ill sLiiLurc, aiul between 12 ninl 15 years in weight It i« noticeable that the curve 
of the Anierican-bnrn Japanese is slightly irregular on accnnnt of the smailor 
iiuinber of observatiuna, Figures for Americana ns well as for Japanese we based on 
mcasuremonti of railliona; those of Germans are thought to be ecjnally large; but 
thoae of Ainerican-born JapanuBe are only a little over a thousand. 'I’hat the ourves 
of th(i American-bom Japanese girls show a sudden and rapid drop after reaching 
a maximum at 12 yearn, may be explained os the general poor physical condition 
of the girls of 13 years or more. After making measuremente of the same group 
of children a number of times in the future, I may be able to offer a better ex¬ 
planation. The ourvoa of the German girls' acceleration tend to be. delayed for aliout 
2 years. This is probably cuvused by the delay in puberty on ueeount of higher latitude 
and colder climato. 

The relative sitting height of American-born Japaneses is remarkably low when 
compared with that of Japun-bortis. It is known that this index is highest at birth 
and goes elown with age until it roaches the lowest level at a dofinitB age and then 
again goes up a little. Bcaniaa) calls this index a "skulotal index" and finds it 
inverse in stature (that is smaller in taller people than in shorter). Ho found Whites 
and Filipinos to have about the same index and Negroes smaller. The skeletal 
index, according to Bean, reaches the minimal level betwesn ages 10 to 16 and 
9 to 14i in American boys and girls respectively, and between 8 to 10 and 8 to 12 
in Oerinan-Amorioan boys and girls reapootivoly. The minimal level for Amerioan- 
boin Japanese boys is reached at 16, and the same for Japan-born Japanese boys 
at 14, the minimum for girls being reached a year or two earlier in either case. 
(Table VIII and Fig. 19 a.) 

The percentage of girls’ relative sitting height is nearly at 100 % level at 7 years 
but it rises gradually till about 1.5 years of age, to the level between 108 and 104 
in both the American-born and Japan-born Japanese, (Tablo IX and Fig. 19 b.) 

The relative height of anterior superior iliac spine goes up from about 64 at 7 
years to around 66 at 10 years of age, from than on there is no marked change, 
only the girls’ figures drop somewhat after 13 years of ago. 

The percentage of girls’ relative height of anterior superior iliac spine to that 
of boys is nearly at 100 % mark up to 11 years, then it drops off gradually. (See 
Table IX and Fig. 20 6.) 

The relative leg length of American-born Japanese is, in general, greater than 
that of Japan-born by 4'0 to 4'6, the general tendency of both being a gradual 
climb with age up to 10 or 11 yeans, after which it stays rather stationary. (Table X 
and Fig. 21 a.) 

The percentage of girls' relative leg length to that of boys runs just about the 
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TABLE IX. The Percentage of Girls’ RelaUve Measures to those of Boys. 


Ago 

Sitting 

Height 

Iliac Spine 
Height 

Leg 

Length 

Knee Joint 
Height 

Arm 

Span 

Chest 

Civonmf. 

Criatftl 

■Width 

Aoromial 

Width 




Aincricau 

bom Japanese Children 



7 

99*29 

100*72 

100*74 

100*94 

\9<)*04 

98*71 

98*81 

10M4 

8 

100*82 

99-91 

99*87 

101*59 

TO*99 

101*59 

104*35 

101*09 

Q 

100*35 

99*78 

99*74 

100*43 

98*94 

99*23 

102*75 

102-47 

10 

9&*78 

99*82 

100*36 

98*88 

100*31 

99*02 

101*93 

100*55 

11 

100*61 

100*11 

100*77 

100-37 

100*30 

97*66 

102*83 

102*53 

12 

100*32 

99*66 

100*24 

100*21 

100*04 

97*28 

105*49 

102*23 

13 

101*67 

98*94 

98*89 

96*32 

98*76 

101*59 

106*85 

103*54 

14 

103*13 

98*46 

99*48 

97*14 

99*03 

100*23 

104*15 

104*15 

la 

104'18 

99*42 

100*38 

97*48 

100*60 

100*79 

108*57 

104*99 

16 

103*47 

98*23 

97-96 

96*66 

99*72 

98'65 

107*19 

100*16 

Japan-boj’n Japanese Children 


100*16 


09*2 



98*1 



fil 

100-10 

_ 

99*2 

— 

— 

97*8 

— 

_ 

9| 

100*30 

_ 

100*6 

— 

— 

97*7 

_ 

__ 

loi 

100*70 

_ 

100*6 

— 

— 

i)7*0 

__ 

_ 

111 

100*79 

— 

100*4 

— 

— 

96*8 


_ 

12l 

101*21 

_ 

99*6 

— 


97*6 

_ 

— 

lal 

101*92 

_ 

99*8 

— 

— 

98*6 



ui' 

103*16 

_ 

99*8 


— 

101*3 



isS 

102*97 

_ 

— 

— 

— 

101*8 


_ 

16$ 

102*62 

— 

— 

_ 

— 

— 

.... 



These are from 

These ai’C from the figures of 

These are fi'oni 6)io figures 


the figures of 

Dra Mishitiia and Minayoshi 

publialicd by the Ministry 


Drs Tatinimi, Naka- 


combined 


of Education, Japan 


date, Yagi and 








Toyoda combined 








TABLE X. Relative Leg Length of American-born Japanese (Jhildreii 
compared that of Japanese OJdldren in Japan. 


.Ago 

Am«ri«an-l>oi‘n 

Jftpanrpn 

JaimncRo in Japan. 
Measurnments cF 

Dra Mlflhima and 
Miiiiivvoaiii (itunlnnod 


rsitis 

Btiys 

Givis 

7 

52-3 

52-7 

49*2 

4fl*fi 

8 

53*4 

53*4 

49*3 

48*9 

.9 

63*7 

53-6 

49*5 

49*8 

10 

54*6 

' 54*8 

49*6 

49*9 

11 

54*7 

55*1 

49-7 

49*9 

12 

54-G 

04*7 

50*0 

49*8 

13 

04*9 

64*3 

50*0 

49*9 

14 

54*5 

S4*3 

00*5 

49*9 

15 

54*2 

54*4 

— 

— 

16 

64*3 

53*2 


— 






:ii2 The fiadi/ liidld of Amrrican-horn Japaui'sf ChUdren 

Hiiiiii! coui-Ho in Ainoricaii'borr] lui in Japiui-bom Japinrap. Tin; girts excel boys 
between i)| anil 12 yeiira of iige. (See Table IX und Pig. 21 li.) 

Tlie relative knee joint height of American-born Jajianeae shows a slight inorenso 
with age. The jicrcentage of girls’ relative knee joint height to that of hoya him 
a downward tendency, being above the boya' level at 7 yeara and dropping down 
to about iJO'f) at 18 yoara of age. (See Table IX and Fig. 22 h.) 

The relative arm span of American-born Jairaneso. climbs up from il8 to 102 in 
the course of years 7 to 17. The values for boya and girla are nearly the same. 
(Sea Table IX and Piga. 23 a—6.) 



Pig.«. 
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The relative chest eiroumferenoe takes a course first down and then up, the 
lowest level being at 10 to 11 years in the case of American-bom and at about the 
13th year in case of Japan-born Japanesa There seems to be a grefiter difference 
between boys’ and girls’ figures in Japan-hom Japanese than those of Ainerioan-born 
Japanese. (Table IX and Fig, 24 c.) 

The relative bicriatal width and the relative acromial width of American-born 
Japanese are kept almost at the same level all the way through the ages 7 to 17. 
The percentage of girls’ relative values to those of hoys is always above the hoys’ 
line, and the general tendency ia a steady climb. (Table IX and Pigs. 25 h, 26 6.) 

TABLE XI. 

American Native White Stock {Third Generation NaHve-hom). 


Collins and Clark, U.S. PuUie ffealth Reports 44; 18, 1059, 1929. 


Ago 

Standing Height 
(cm.) 

Sitting Height 
(om.) 

Chest Circumf. 
(cm.) 

Weight 

P<8-) 

Boys 

Oii'ls 

Boys 

Girls 

Boys 

Girls 

Boys 

Girls 

7 

n9’6 

118-D 

C3-8 

03-3 

59-3 

5B-1 

22-6 

' 22-1 

8 

12rrl 

124-3 

66-0 

65-5 

KIibh 

59-1 

25-1 

24-3 

9 

130-2 

129-4 

68-0 

67-5 

-62-6 

61-3 

27-6 

27*1 

10 

136-1 

134-6 

69-8 

69-5 

64-3 

63-2 

30-4 

29-8 

11 

139-0 

140-1* 

71-5 

71-9* 

66-2 

65-8 

33-3 

33'7* 

12 

144-4 

146-O* 

73-3 

74-4* 

68-1 

68-2* 

36-4 

37-8* 

13 

150-0 

152-0 

75-5 

77-6* 

70-7 

71-1* 

40-5 

43-0* 

14 

166-6 

156^5 

78-2 

79-6* 

73-0 

73-3 

45*1 

46-8* 

16 

1S8‘9 

157-0 

79-8 

80 A* 

74-4 

_ 1 

73-7 

47-3 

49-6* 

Actual Mcciu Annual Increment 

7~ 8 

5*6 

6-8* 

2-2 

• 2-2 

1-6 

1-3 

2-6 

2-2 


5*1 

5-1 


2-0 

1-6 

1-9* 

2-8 

2-8* 

9—10 

4-9 

5-1* 

1-8 


1-8 

1-9* 

2-8 

2-7 

10—11 

4-8 

'5-6* 

1-7 

2-4* 

1-9 


2-9 

3-9* 

11—12 

4-5 

5-9* 

1-8 

2-5* 

1-9 

2-4* 

3-1 

4-1* 

12—13 

6*6 

6'0* 

2-2 

3-2* 

2*6 

2-9* 

4-1 

5-2* 

13—14 

6-6 

3-5 

2-7 

2-0 

2-9 

2-2 

4-6 

3-a 

14-15 

3-4 

1-5 

1-6 

1-2 

0-8 

0-4 

2-2 

2-7* 

Percentage Increase per year 

7— a 

4-72 

4-87* 

3-47 

3-65* 

2-84 

•2-25 

11-03 

9-98 

8— 9 

4-08 

4-11* 


2-97 

2-53 

3-28* 

9-96 

11-57* 

9—10 

3-76 

3-94* 

2-65 

2-97* 

2-85 

3-05* 

10-06 

10-27* 

10—11 

3-54 

4-20* 

2*46 

3-53* 

2-98 

4-17* 

9-77 

13-02* 

11—12 

3-19 

4'19* 

2-48 

3-51* 

2-98 

3-67* 

9-09 

. 12-17* 

12—13 

3-92 

4*13* 

311 

4-23* 

3-65 

4-25* 

11-61 

13-60* 

13—14 

3-67 

2-28 

3-55 

2-68 

4-18 

]_ 

2-98 

11-37 

8-63 


* Those marked with an asterisk are instances in whioh girls excel boys. 

























3+4 The Jiodi/ Build of Ameriran-bitm Jajmtmc Children 

'I'hi* sittitij; height, anti the ant«rior superior apinu height arc nearly thn wrnie 
in Hiinic chililren, but hat in all. A child mny be either rme of these, i.e., those 
iiioiu'iun.'iiitints are nearly etiuaJ, or the iliac apiiie height is greater, or Ihe sitting 
height i.s greater. Whether tlKiise typea, if they may be m called, have sottu-thing 
to do with body types of children, is yet to be determined. For the: present, I will 
just divide the boys and girls of the Atnericaii-bom Japanese inui theso three 
tyiiea, vis,: 

i. Iliac spine plus type. (Where the iliac spine height is greater than the 
sitting height.) 

S!. Equivalent type. (Where they are equal within O'.’S cm.) 

3. iSitting lieight plus type. (Where the sitting height is greater than the iliac 
spine height.) 


Aantiat InoromcDl in Btda:iili(t Height 



Actual Annual lacremeut in gilllus Height 

om.p-,-1-1-,-1--p-P 

aI 



1 


Actual Annual Increment in ChoKl Clrunnifci'cncu 

flOOtO — 



kg. 

& 

9 

4 

3 

2 

1 


Actual Annual luorom^nt in Body Weight 

^ ----j.,, 



-Boys - .,. - Girls 


Pig. 28. Ametioan Nnlive White Stock 










TABLE XIII. Actual Mean Annual Increment of other Measures 
than those listed in the last Table. 


Anterior 
Iliao Sp, 
Height 
(cm.) 

Leg Length 
(om.) 

(cm.) 

Knee Joint 
Height 
(om.) 

Arm Span 
(om.) 

Bicristal 

Width 

(om.) 

Acromial 

Width 

(I<bO 

Boys Gills 

Boys Girls 

Boys Gills 

Boys Givia 

Boya Givis 

Boya Girls 

4‘-l 2-B 

4-4 2-8 

-1-8 1-2 

6-3 5*4 

0-3 1-0* 

0-9 0-7 

3-0 2-8 

2-9 2-6 

1-6 1-2 

6-2 3-7 

0-8 0-5 

0-8 

4*4 4‘9* 

3-8 4’8* 

2*3 2*0 

6-2 8-8* 

0-7 0-7 

1-3 1-0 

2-6 8-2* 

■2-8 8-1* 

0*9 1-6* 

4-4 6-l» 

<)*6 0-8* 

0-4 1-1* 

2*4 4*3» 

2*4 4'1* 

1-2 2’2* 

5-0 8*7» 

0-6 1-7* 

1-3 2-1'^ 

4*2 0-9 

3*8 0-9 

30 0-2 

8-2 2-8 

1-1 0-7 

1-3 0-7 

4-9 1*7 

4-5 1'6 

1'9 0‘9 

9-4 3‘4 

1-9 0-0 

2*0 1-2 

2-6 0-8 

2-2 0*6 

1-2 0-1 

4-9 2-4 

0-4 0-7*^ 

0*8 0-1 

0-3 0‘0 

0-4 0-0 

0-1 0-1 

0-5 0-6*^ 

0-3 0-2 

1-2 -0*1 


10—11 

11—12 

12— 13 

13— 14 

14— 15 


* Those marked with an asterisk are iuBtanoes in which girls excel boys. 
Biometrika xxv 







346 The Body Build of AtMTican-boni JapawM. Children 

Tht! porct'iiUgt; of th(s numbf'r «f cfich type at each age and mx ia given in 
Fig. 27, So far I have not Keen roporta of this tiatnro by other investigatora. 
I cannot thorefons make any oomp&riaon or draw any eonefusion. One may ace, 


Aoltial Anna&} Inoretiuml in HUutdint; Hc4(ln 

iC iSC: 

OTO*,^ 



AciMftl Annual toeremonl is Silting Height 



Aatunl Asutial Inen»s«nlof Oheal CiroutnferesM 



--Boya .Ciixla ^ 

Pig. 29. Amerlcan^bom Japanese Boys and Oirla. 


however, that the maximum of iliac spine plus type in the boys is reached at ages 1-3 
to 15, while the juaximam of the same type for the girls is reached at ages 10 to 12, 
though less pronounced in degree. The equivalent type seems to have no aigniftoanoe. 
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Collins and Clark ( 21 ) published valuable daba on Atnericari native ■white stock 
(third generation native born children), for which they calculated actual mean 
annual increment and annual percentage of increase, in stature, sitting height, chest 
circumference and body weight. (See Table XI and Fig. 28.) Girla seem to have 
greater actual annual increment than boys during the ages between 10 and 13. 
These figures are based on measurements of 28,074 chiJdre 2 L My figures on the 

Actual Annual Incruinetit in Anterior Superior Spine 


^ C) fs) 



Actual AnnuAl luorement in Leg LeogUi 



Actual Annual luctemeut in Knee Joint Height 

cm. 



Boys . -.., Girls 


Fig. 30. Ametican-born Jopanese. 

measurement of a little over 1,000 children may not be worth much, but I publish 
them here (Tables XII and XIII, Figs. 29,30 and 31), simply bo show that at least the 
girls’ annual increment is decidedly greater than that of boys in all measurements, 
at the age of 12. 

In conclusion, I have computed the index of measurements of the American-horn 
Japanese, taking the figures of the Japan-born Japanese as a standard, thus; 

Measurement of Ameri can-born x IQQ 
Measurement of japan-born 


23—2 









348 The fkithj liuild of Ameriran-honi Japam ne ('hildreM 

!ui(l friurul that, in stature, the Artiericftn-lwtti are higher by tj te 7%, ulfchnvigh 
girls rlrep te at the age of 14^. The relative sitting heiglil. of Aitiericuui-born 
is beluw that ef Japan-born by 4^ up to 11^ ycai'K, after whieh it climbs up to 
about —2%. The relative leg length of Americttn-born is more than greater 
at 7 years than that of Japan-bom, and rises to at 11^ years. 


Aotiinl Anoufti iDtsrvmoni la Arm Hpau 



Acluftl Annuf^l Incrumcul In AoromUl WiilUi 

cm. 

V i J- ». >-r • «.r" r r j 



— Bo^b .01ri» 


Fiy. 91. AmoHoiui'bora Japanese 

The chest circumference of American-bom cUnjbe from 1 % plus Ur 9 % above 
that of Japan-born at the ago of I4i in case of boys, while the girls' Hguroa are 
generally higher, i.e., rise from 7 % at 7 years to over 10% at 12J yuars, then drop 
to 5 % ttt 14^ years. 

The body weight of American-bom ranges from 19 to 26 % above that of 
Japan-born in the case of boys. The girls’ figures are lower than this by 2 to 3 %, 
bub the lowest level at 14^ years is still over 9% above that of Japan-born. 
CTable XIV and Figs. 32. 33.) 

Taken as a whole, the difference in body build of the American-born Japanese 
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TABLE Xiy. 

Index, Values of American-hon Japanese, with Values of Japan-born 
Japanese Ohildren taken as a Standard. 

The figures of the Ameriean-bom Japanese are increased by ^ annual increment 
in order to raise to tbo age of the .Tapaneae which is year+^. 


Age 

Stature 

KeL Sit. 

BeL Leg 

Chest Giro. 

Weight 

Bo^8 






74 

106'00 

96*87 

106*30 

101-26 

119*69 

Ri 

106-63 

9.5*28 

108*32 

100*86 

119*43 

9| 

106*88 

95*75 

108-48 

104*00 

121*64 

io| 

107-13 

95*71 

110*08 

105-60 

124-70 

111 

106*74 

1)6*03 

110-06 

106*42 

123*36 

I2| 

107-17 

96*90 

109*46 

108*70 

123-69 

13| 

108 -22 

97*69 

112*36 

108-92 

126*18 

14| 

107-D4 

9814 

109*00 

109-50 

122-66 

Average 

7'04 

-3*47 

9-26 

6-64 

22-66 

Girls 






7i 

106-82 

96*01 

1O8-0O 

107*01 

118-38 

8| 

106-38 

95-93 

109*20 

106*81 

116-26 

9X 

106-89 

95*93 

107*63 

106*77 

118*92 

io| 

107-20 

94*86 

109*82 

107*24 

119*67 

111 

107-90 

95-71 

110*42 

109*38 

126*28 

12| 

107*03 

96*04 

109*84 

110*70 

125*48 

13} 

106-20 

97*28 

108*82 • 

108*44 

117-90 

14} 

103*52 

98-19 

108*62 

104*77 

109*34 

Average 

0*37 

-3*75 

9*04 

7*64 

18-90 

Average fori 
both sexes / 

6-7 

-3*6 

9*15 

6*64 

20*8 


(the so-called second generation Japanese, as their parents are of Japan birth) from 
that of Japan-bom children is, in round nutnbera, 7 % higher in stature, 4 % shorter 
in relative sitting height, 9 % greater in relative leg length, 7 % greater in chest 
circumference, and 20 % heavier in weight. 

Both parents of these children were full-blooded Japanese burn in Japan in all 
instances. There were only a few pupils of mixed Japanese and Caucasian parentage 
in the two schools where measurements were made, and they were not included in 
the present investigation. Even here in America, the intermarriage of Japanese 
with other races is very rare, as the Japanese community is fairly large and Eurasian 
children are unusual. 

The children in this investigation are certainly growing faster, that is taller and 
heavier, age for age, in comparison with children in Japan. It seems very likely 
that they will grow up to be taller and heavier adults than native bom Japanese, 
inferring from the height and weight attained by these children at 16 or 17 years 
of age, which were already greater than those of adult Japanese. 




Hoti The Hudy Hiiild of .Unencajidmrn Japanmc (duMren 

A lew ynirs ivp», I uuvisnn’jl a h»iniroil y«»ri^ r^f Anierityin birth 

whiisf \v*Tt' HI yems :unl n[ivvanls, itn<l fimrul tlunii Ui fatlu-m in 

height liy nu ii\«'rag«j uf nitm- thnri 3 inehi'K. W]i<*n 1 have ineaisttrefl th<? chihlrxiri 
uf the iHVM'iU Mtiuly anmmlly f«»r a few yearw. I <*xp<x*t t*> \h' able Hi rejKUt rnare 
tielinitfly what tlu'ir iiUiiimte sUiUirc am? weight will be. 


II3-- 

112— 

111 — 
110— 
109-.- 

lOfl— 
107“"’ 
i06— 
105— 
104— 
103- 
102 — 
101 — 
100 . 


«'? 9.^ UlS Hi I2j IJJ 

i I i i 1 i I I 


I I r I I I I I 

/A 


• l]ayH ..... Qlrla 

m. as. 


IVwnUtto of fitalun* of Annaicfln.born 
Jn]iflno«k' ovur ■tnpa.n Utjni 


■i Mf .fui>»n'h<>rii 

: PiTwuWti* »»r HwiffllivB HtiihiK of 

I AnM"rio*n-h<irn Jttiwum; Uavl of 


rMtvoDUiiO of JUInfivi" f>i^ I>cnRkl) uf 
Aiuerlonh'burn Japnnemft oY«r UiAi uf 
Japan.bnm Jat^Ano*!! 


Levdl of ^np&n'lKim Japaainm 


Prof. K, Peirson tel!# me in a porsonal cammuiiioation of his experienoa ffitb 
two tall Japanese, who said their stature was quite usual in the ease of the Jaismose 
island from wliioh they came. I am not aware of any island in. Japan which is 
noted for a higher stature of its inhabitants. As far as I know, the people of Japan 
cannot be divided into racial groups, with the exception of the Aiiiua in the extreme 
north. The latter are not included in the present study. Parents of the children in 
this work come from all parts of Japan, and they may be regarded as representing 
the pure Japanese race. The Japanese Government measurements were performed 
under the supervision of Dr Yoshida, who follows Martin's method as I do. The 
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Qovernmeat measured tke school children, from all over Japan^ that is Japan proper, 
where no different races figured, annually for a number of years. Therefore I think 
I am justified in making a comparison between my measurements and those of the 
Japanese Government. 



-Boys ..... Girls 


Fig. 38. 


No appreciable difference is shownin stature and weight between social and 
labouring classes in Japan. Of course, the weight and stature must be greater in 
better nourished children of well-to-do femilies when compared with those of 
paupers. In any case, my figures as well as those of the Japanese Government 
measurements cover all classes, 
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I, Introduction. 

(1) The Testing of Statistical Hypotheses. Statistical theory which is not purely 
descriptive is largely ooucerned with the development of tools which will assist 
in the determination from observed events of the probable nature of the under¬ 
lying cause system that controls them. The measured characteristics of quality 
vary from unit to unit, and the statistical technique is required to analyse this 
variation and covariation to break it, into parts' with which may be associated 
assignable causes, to test and compare alternative hypotheses, and to express the 
resulting conclusions in terms of measures of probability. It will be found that 
some of the most recent generalisation of theory has resulted from an attempt to 
provide critical tests of increasingly complex hypotheses. We may trace the develop¬ 
ment through a chain of questionings: Is it likely, (a) that this sample has been 
drawn from a specified population, P ; (6) that these two samples have come from 
a common but unspecified, population; (c) that these k samples have come from a 
common but unspecified population? Again the population P may be (d) com¬ 
pletely specified or, (e) only partly specified, e.g. its mean is given but not its 
standan^ deviation; or when there are a number of samples we may allow the 
means in the sampled population to he different and question whether the standard 
deviations are the same. Another line'of advance is from (/) problems dealing only ' 
with a single variable, to (g) those in which there may be a number of correlated 
variables. 

Now we may frankly admit that in so far as the technique is to be used in 
handling data broken up into small groups, the recent theoretical developments 
assume normal variation. But to place the procedure for testing statistical hypo¬ 
theses on a firm logical basis under one set of simplified conditions, is in itself an 

* International Researcii Fellow m'tfathematlcB. 
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ivchif veimmt nf aoiiie valui;, iinii ptrhajw the most pnulioil line of mlviiiins: w the 
following 

(fi) To establish wlintwe may term "normal theory" 

(b) To gtvidy in a more syatematic way than Imu been attempUirl the extent 
ot dei«U'tm-e from normality mot with in tlilTcrent fiehlB of application. 

(c) To examine how mpidly normal theory tots tx.(came itiefficient as the 
form of variation and covariation departs from the normal, and to determinis the, 
nature of the errora in judgment that will arise if thise tots arc. still used, 

(2) Tim AncdyDU of Vananee. R. A. Fisher's methods of Analysis of Variance 
may bo regarded from thu following viewpoint: 

(a) In any given problem it will generally be [xsisible to specify certain factors 
which may be the euuse of jiarb of the variation, while there will be a residual iiart 
which, in the slate of knowlodga at the moment, must be regarded as due to un¬ 
identifiable or chance oauaes. 

(!)) An experiment may be designed to test whether a certain factor is otxu'a- 
tive or not; for example: 

(i) Do differences in manurial treatment affect the yield ef stmio variety 
of cereal? 

(ii) Does modification in the production process alter the ijuality of out¬ 
put of some manutholured product? 

(c) At the same time, in addition to these factors svhoso influence is under 
investigation, there may be other assignable causes of variation inevitably present, 
the effect of which would be obscuring were it not eliminated. Thus, for example, 
in the illustrations given above, there might be 

(i) Variation due to changing soil fertility, 

(ii) Variation duo to differences in the skill of operatives or in the state 
of wear of machines, 

(d) It follows that it is often possible to regard the variation in n oharaotsr 
a: as made up of parts due to different assignable oauaea A, B, C, and of a 
residual part which, for the time being, we must attribute to-ohanoe causes. This 
may be expressed as follows; 

a:t.n,“Ou + 6* + Cm,+ +!*((. w,e,IB,..(1))* 

where «j.V,„ is the charaeter of the t-th individual of a group of Un,all of 
which receive the same contribution Ou from the A factor, the same contribution 
from the B factor and so on. Xj,represents the residual term. In so far 
as the causes of variation are assignable, this grouping is possible. 

* (The reader vvaet bear in mind that for (1) to ba true the effeet of the oauaea At B, Cf, on tho 
obaraober x must ba additive. For example, the teal efleot of A. and S might load to a ratio ajbg lu 
tlie expresaioo for «, v, w, i in vhich case the aeflomption of an additive relation vroold involre the 
influence of B, C, ... appearing in Bn.] 
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(e) The technique of analysis consists in airanging the data so as to test 
vsepavately for the presence of an A factor, or a B factor, etc. as desired. This is 
effected by obtaining in each case two estimates of the unknown variance, cr^, of 
the residuals X, which would differ only through chance fluctnatioDs if changes in 
the particular factor had no influence on variation within the limits covered by the 
experiment. 

This method of analysis ia based upon the assumptions that the residuals X, 
(a) are normally distributed, and (i)have the same standard deviation, o-, whatever 
be the values of the berms a, b, c, eta, that is to say, for all combinations of the 
assignable causes. We may be justified in accepting this to be the true position in 
very many practical cases, but it should be recognised that the method outlined above 
does not put these assumptions to the test There are indeed a number of problems 
in which (6) is not true and where the discovery of significant differences^ from 
group to group, in the variation among the individuals, X, may lead to the identi¬ 
fication of further assignable causes of variation. Such has been found to be the 
case, for example, in the analysis of variation in quality of articles in mass-production 
industry. Further, we may be concerned not only with, a single variable cc, but with 
a number of correlated variables x, y, 2 , .... and we may then need to exatnine the 
stability from group to group of the covariation as well as the variation among 
residuals X, Y, X,.... 

(3) An Illustration of the Problem. The purpose of this paper is to develop 
certain methods recently suggested for dealing with these problems*. We shall 
treat here only the case of two correlated variables tc and y, and shall suppose 
that the observations have been divided into k samples or groups. The problem 
will be to test whether those groups can be differentiated owing to significant 
differences either in the average values of a* and y, or in the variation and covaria¬ 
tion of the residuals within the groups. The choice of suitable criteria, i.e. of the 
teats to be applied, has been based upon the use of the principle of likelihood as 
suggested by J. Neyman and E. S. Pearson. More recentlyf these writers have 
suggested a more fundamental method of determining the most efficient test of a 
statistical hypothesis; this method of choice h}is been shown in many cases to be 
identical with the inethod of likelihood, but in the particular problems wc are now 
considering the correspondence has not yet been established. 

The following example, which is treated more fully below, will indicate the 
nature of the problem. In certain cases of manufacture tests of quality are destruc¬ 
tive. Such, for example, is a test for breaking strength; it is therefore important to 
find an alternative correlated measure which may be used in its place in routine 
testing. In dealing with metal products a measure of hardness, based on a best 
which is not destructive, is sometimes used as an index of tensile strength. If, 

* For the caac of a single variable: aee J. Neymaa and E, S. Pearaon? Bulletin de VAcad^wie Bolonaise 
des Soie7iCf.a et des Letirea, Sdrie A, 1930 and 1981. For the case of many variables, see S. S. 'Willta: 
Bmne.trika, Vol, xxiv (1982), ]jp. 471—404. 

t Bhil. Trims, of the Royal Soc., Series A, Yol. 231, pp. 289—337. 
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however, we arc tii proilict atrengLh from hardness, using the corrtilation method, 
it is usaentiiil that the degree «f relaliutiship iKstww-n the two (jiialitiiw ahtiiild 
i-emniii stahle. It roust not change from one plant to another i»r from one month 
to the next; in other words a proliminniy reaoarch investigation should not only 
be cancernBd with changes in average atreiiglh and hardnosa which tuui ho attributed 
to nraignahle aausea, hut also with the stability of the rawarialion among the 
residuals X and F. Table I shows a preliminary statistical analysis of 60 (lairs of 
test results made on a wrtain aluminium die-casting, divided into S groups of 
12 pairs. Within a group the assignable caitaia of variation aru believed to ho 
constant, but it ia noceasary to analyao not only the figures in the 2nd and 4th 
columns, hut also thtwo in tho Srd, 5th and 6th. 


TABI.E I. 


vDato for Aluminium DU-Caxlingx^. (Hamfiles a/ 12 cihervtUiimn.) 



Tonaile Strength 

Hardnaae 

. ' ‘ j 


(10® lb. |>cr »q. in.) 

(Hockwuira K) 


Hatnnio 






No, 

Moan 

BUtidard 

DovtaUon 

Mean 

Btandard 
ilcvintiiin ; 

Correlalioil I 

1 

33-300 


B8‘4n 

lu->» 

0*BH3 

s 

s»' 2 in 

4*318 

88*02 


0-KTB 

3 

30‘313 

2*188 

Bfl*5T 

10*17 

0*714 

4 

33nft0 

a‘9S4 

76*12 

ll*OK 

fr7J.'! ! 

6 

84-209 

2*715 

09‘D2 

U*«8 

0*805 


II. Dbrivation or the Critbru. 


(4) Wo shall suppose that each of k samples, 2i, 2j, ... 2*. of two variables a 
and y has been drawn from some normal population. Lot rr, be the population from 
which 2i hfis been drawn and lob tho meoiiB of * and y in ir, be a, and 6i, the standard 
deviations <r« and <r„t and tha correlation ooeffleiunt 1, 2, ... ife). Thus, the 
distribution law of wi will be 


.( 2 ). 


_ 1 r(»-«i)\fcii!!.2s,(*-»,iir *'-n 

_V ffw* »*t»« J 

2vr<r,«!r,(Vi-pt* 

Therefore, the probability nf the joint ocourronoo of the samples 2( from their 
respective populatloua w,(i -1,2,... k), with values of ® and y falling in the intervals 
Cl. yaidi/i, (a-1, 2, ... nj, i-1, 2,... fc)will bo given, except for infinitesi¬ 

mals of higher order than dxi, and dy,,, by 


* ! 

■■ n (— 

N27r<rj 






e-^eiXeir 


( 3 ), 


* The data are taken ftrotn W. A. Shewhart’a Be<»u>mh Goninl of Mmvfaelurtd Ptodvmt, Macmillan 
19B1. Although they would hardly be adequate for a research Inveatigation in praotlee, they are auggeetlve 
and provide a good iUnetratlon oi method. 
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|9 = 2 jii 


+ (ail - atf s ^^ + (yi-bif _ 2p, + (i ci - tt t) (;/, - &()]' 


where x, and yi are the means, s^t and Syt the standard deviations*, ?■( the correlation 
coefficient ot x and y, and the number of individuals in the sample %t, and 

k 4M 

dXdY= n ri dast^dyta. .(6). 


We shall now consider the derivation of criteria for testing the following three 
hypotheses concerning the populations Tr^: 

(i) The hypothesis II that the populations vt are identical that ia, that 

= = Pt — p ..(6), 

at~a, ht = h ({ — 1,2,...^).(7). 

(ii) The hypothesis Hx that the samples have come from populations with the 
same set of variances and correlations but having means with any differing values 
whatever, that is, that (6) is true whatever may be the values of the means a« 
and 


fiii) The hypothesis that the samples are from populations in which (7) is 
true, when it is assumed that (6) is true. 


These are generalisations to two variables of the three hypotheses considered 
by ‘N’eyman and Pearson •(■ for the case of k samples of a single variablo; or they 
may be regarded as special cases of the more genenil problem whose solution has 
been considered more recently by Wilksf. Thus, it will only be necessary to indicate 
briefly the steps involved in applying the method of likelihood to detormino criteria 
appropriate in testing ff, Hi and Hi. In each case we must fix: 

(a) The class fl of admissible sets of populations tti (t = l, 2, ... h) from one set 
of which the set of samples is assamed to have been drawn. 

(b) The subclass to of XI to which the set tt* must belong if the hypothesis tested 
be true. 


Then we must find the maximum of G in (3) for variations of the population 
parameters under the assumption that the set -n't is (i) a member of XI; call this 
(7(XI max); and (ii) a member of ov; this we call (7(cw max). Then the expression 
for the likelihood of the composite hypothesis H has been defined to be 


^ 0(<«>max) 


.( 8 ). 


Let ua consider this X-criteriou for each of the hypotheses H, Hi and H^. 


* Here and thxonghovit the paper the sfcftndftrd deviation in a sample of n will be defined by the 
relation (a? - 2)®. 

t BiclUtin de I'Academie Polonaise da Sciences et des Lettres, S6rie A, 1931. 

X Loc. cit. 







«hB« 
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(i) ciriterion for H, Wo find that (7(11 max) occuni when 

...(!t). 

pi”"’, ((•« 1 , a, ... ii ( 10 ), 

and max) occurs when 

pfl .....,....,,( 11 ), 

CTjj* a® E’IKJ t4ia'+ **t'aS8 *hO'deO’^p a* *^140 «*< d* 

. 

k m 

M^jio »> S X (.Ti, - %)* »* Ns^ 

i^i ««.» 

X J- .(H), 

k m 

Hvm ^ 2i (r,. - fSj) (jh - Jj) 1= NsaHtari, 

/-In"! 

that ia to aaySo.Jo.Srf.^jfO^nciroaretho means, atandard doviationa and correliition 
ooefficiont obtained on oombining the N pairs of observatinna fVom the k samplw. 
Further 

Nviu ”% 2 (*u - ®i)* ” 2 
i«i 

^ .(15), 

i: M k 

iWu,- 2 2 (*w-»t)(y(.-J(i)“ 2 niSa«,^r, 

t»{ *011 /<*! 

* * 

i^Wavi» X ni (5)< - a5o)^ » S % (j{), ~ jfo)*, » 2 ni (^i - ^o) (i/t - i)©) 

£«1 <-1 tiel 

.( 16 ). 

We shall write for each sample (t - 1, 2, ... k) 

rnm - ^ (*(. - iSi)* - ^ (Pi. - ft)* “ Hj «„> I 

dBl .«1 [ 

Ml 

ftjUia,« X^(a:(»“ i^t) {yu - 3?()“ 

Plaoiag these vaiuoa m (3) and taking the ratio as defifisd by (8) we find, 


,.{17). 


where* 


li'yil: 


Xa- n 

|«ui orttl 
hlK v»(l 
tuo «I»I 
fun rs»)l 


«, 

S 

...(18). 

«,rt\.“(i-n*) .(19), 

»«V(1-V) .(20), 


* For conveuioiloe we shall call | vm 1 ihe geaeralisad variauae ol the nh sample with elements liavlog 
Mf-l degrees o( freedom. Similarly, jv^^pl, and will be genemliaei varlancea derived from 

the oombined samplas, with elements having fe ~ 1 and aV - k degrees of freedom resliectlvely. 
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(ii) Criterion for We find that 0(fl max) occurs for the same values of the 
parameters as in the case of JET, namely, those given by (9) and (10). G(w max) 
occurs when (9) is true and when 

= o-«n|,p = *)i2a .(21). 


Thus it follows that 




•(22), 


where is a determinant analogous to those of (19) and (20). 

(iii) Criterion for J/a. (7(0 max) occurs wheu (9) and (21) are satisfied and 
0{(o max) when the parameters have the values (11) and (12). Consequently 


^Ut 


' Ll^i:?o|J 


..(23) 


As in the case of the single-variable problem we observe that 

. 


,.(24). 


III. Interi^betation of the Criteria. 

(6) The Hz test. We note that the structure of each of the Vs given by (18), 
(22) and (23) differs from that of the corresponding of the single-variable 
problem only in that determinants of the second order matrices of. variances and 
covariances appear in place of the corresponding sums of squares in the single- 
variable case. '■ In other words, determinants of the second order now take the place 
of determinants of the first order. 

We shall first examine Xhi? testing Hz we have assumed that (6) is true 
and logically we should first consider the grounds for this assumption, if necessary 
by testing H^, The test of Hz is, however, related to R. A. Fisher’s tests in the 
analysis of variance, and it will be clearer to consider this first. 

A \-crifcerion must lie between 0 and 1, and if the principle underlying the 
selection is valid, as it decreases from unity towards zero we should be more and 
more inclined to reject the hypothesis tested in favour of some one of the admissible 
alternative hypotheses. How far do our intuitional requirements appear satisfied by 
Xu,? The ratio of determinants 


is of the form of .the ratio of Theorem I of the Appendix, if we set = Aij, and 
= ,y/^(yt-yo) = i)ai .(26). 

It follows that 

(а) 0 1; and when luij»| > 0; 

(б) a necessary and sufficient condition for Xaj = l is that xt — cci,^ yt = ya 
(t = 1, 2,... k)t that is, that all the sample means be the same; 




,.(25) 
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(f) a iH'rawmu-y mul mifficiimt ctmdition that Xh, •* 0 is that at Irawit otU! of 
thp ilitlBR'iicex .C( — .7|i, If, — I/O (t»» I, 2,... k) b« iiifiniU!. 


Ill call alwi lie shown Viy tlio tmlinnry mcthmis of differentintiini that Xy, cannot 
liavu nuy other iniuiiinirti but that of unity (occurinK wlien ji, •« . 1=0 ond y,» i)„) for 
any given valiteK of the v,j^. In fact tho niaxiinmn in the only slatitmary point. 
Tlierofiira, if we keep the intm-samplo variation the same, and allow the Bystem to 
vary fnnii one in which all of the sample means are cijiml to the other oxtreine in 
which at least one sample mean differs very greatly from the incan of the whole, 
A-n, will at the saniB time decreaue from 1 to 0. 


The ease where I I “ 0 . 

needs Rpecinl ennsideration. Tho determinant i» essentially of the form 
j Sfl«‘ j 

I Sj/m* I 


■ip) 


■m. 


whore 


( iln'l 


(ifl. 


ViV 


?/r>. 


which can vanish only when f(o = ci/i„. i.o. when o« -*1 “c—'/() where c i.s a 
constant for all i and a. which may be finite or infinite. In this casii the observation 
pnlnUi (*i„, t/io) for each sample lie mi a straight line, and tho lines itro all parallel. 
If c - 0 tho lines will bo hociaontal as in Fig, 1 (a), if c »■ i =0 they will bo vurtical 
as in (/)), otherwiso tlioy will bo sloping ns in (c)*. Hypothesis //, is oxoiiwlingly im¬ 
probable (and 0) unless those lines coincide, which will occur only when 

c(yu.-?/„), 

that is when 2( - So «o c (j/; - f/j). In this case •• 0/0, ami wo are really reduced 
to a single-variable problem, and could apply tho appropriate //j test for that cow. 
It appears thereforo that the criterion docs satisfy our intiiitiomU requiremontB, 
at any rate as far as the limiting values 1 and 0 arc oonoornerl. 


(8) Alternatives to X^,. In the onc-variable problem Xjj, is expressible in terms 
of 7)*, the squared correlation ratio, and hence also in terms of 1 — ij*f. In fact, using 
the present notation, and considering the ® variable only, 


’hi'" „ _« ®n« _ 1 „» 

"Ufl+fuin eUa + »Uiii 


.cm 


and consequently it is immaterial which of the two ratios is regarded as tho 
criterion, hi the case of two variables the oorresponding ratios will ba 


l®0inl _„s .s/.v r a /i>o\ 

Ri/ii+»eni| ’ |»«» + e8wl .^ 

but hero I/j cannot be expressed as a single valued function of As will 
be shown below, the sampling distributions of both ij and tl) are very simple 
functions, and it is natural to ask whether Ut might be used as an alternative oriterion 


* In tho diagram tho spots reprewat obsorvetion points (». y) and the oiicles reprwent moanB of 
samples. 

t AotuftUy s 1 - 
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for testing hypothesis decreasing from 1 to 0 as the hypothesis becomes more 
and more likely. It can he readily seen however that IT^ is not a suitable criterion. 
Suppose that the are finite and not zero, so that there is variation within the 
samples; then when This may occur, 

(a) When and for i = i.e. when the means of all 

samples tend to coincide, and hypothesis is probable. 



(6) But since | is of the form (28) it follows that it will also tend to zero 
when cBt — W(i-^c(yt — yo)t c being the same constant for all t This would happen 
when the sample means tend to lie on a straight line, and when, as suggested in 
Fig. 1 {d), hypothesis may be quite untenable. Clearly therefore is not an 
acceptable criterion. 

There are two other forms of alternative criteria which it is of interest to refer 
to here. On the assumption that the samples have been drawn from identical 
normal populations, it is possible to obtain from tbe data two independent estimates 
of both, _ 

(а) o-» o-j, Vl — 

(б) tr«o-yp. 


Biometrika xav 


24 
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CVwf {a), tf we wiile 6 = \ r.^j, 4‘ »ll*"" 

,,.V ft S 

. 


im) 


2.-.^W 

r(Jfc-2) ^ 


s '■'«# 


.(32), 


where A j« - p*Jl. Furthcniu'iti 0 unti 4> aw milei»;n(i«nU)< ilialrihuUid, 

and it may be readily shewn from (31) and (32), using thn aymtMii K (nr "ex|wted" 
values, that 

Hence ^ - js/jeijaj and ^ lie taken its iinit‘jsTKii>lile«timal«i 

aHa^iTy v^l -p*with elomeiita having jV-ifc and k— I thigreo* of fruedwn nwpctively. 
If we naw take the ratio of the two eBtimalee, or 


^ W 


/|tvi 

l-T V |o,„i 


it ia found from (31) ami (32) that 


.(34). 


Xf*-•[(*-2)1)J' *'"*'dt...(35). 

Tills is a Pearson Type VI curve; the 6% and 1^ aamplitig liinila for ifr could 
he obtained by taking 

...•■■•(313). 


and entering R A. Fiaher'af tables of * with 2 (i - 2) and 2 (JV ~ fc - I) degrees of 
freedom. 


The criterion ijr, will not, however, be suitable for testing the hypothesis fft. 
We may write 

1 tynif “ Saw* — r,„*) ..,...,..(37), 

■where s„, and r,, are the standard deviations and omifRoient of correlation of 
the weighted sample means. Then clearly, it would bo possible for •f to be unity 
and lu^;a| fixed ahd finite, while and either *«„ or In «u«h a 

8ituatian_ffji would be untenable and yet the two iodepondont eatiiimtes of 
<r* IT, Vl - p* would be equal. 

Case (b). It can be easily shown that and ar® two iadepondant 

estimates <r, Cjp, but thair ratio, say i(r', would again he unsuitable for testing H* 
for reasons similar to those holding in the case of ■f'. It should also lie pointed 
out that the sampling distribution of is extremely complicated. 


* a. 9. Wilka: loe. cit. p. 477. 

t R. A. Fisher; Statiitical Methods/or lUsearch Iforfers, 4th edition 1942. KdlnborgJi; Oliver 
and 
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These iUusttafcions bring out forcibly an important but often neglected 
consideration, A critical examination of the efficiency of any statistical critej'ion is 
necessary before it is applied to testing a hypothesis. The fact that its sampling 
disti'ibution is known if the hypothesis be true, doss not by itself justify its use. 
In the present case in using ffg, or we should be in danger of accepting the 
hypothesis H-i in certain cases when it is evidently not true. It is only the 
likelihood criterion, which appears suitable for our purpose. 

(7) The ifj test. has been defined by (22); clearly X^^ is of the form of the 
ratio & discussed in Theorem II of the Appendix, and it satisfies all of the conditions 
of that theorem. It follows that and consequently X^j 

(а) must lie between 0 and l; 

( б ) will be unity when and only when «Viju) (b j = 1 > 2 ) for all values of 
t and u, that is, when the variances and covariances of x and y arc respectively 
equal in all the k samples; 

(c) will be zero when, (i) — y/) for at least one value of t, 

where Ct is a constant for all values of a ; this means that the sample points in at 
least one sample will lie on a straight line, and there is perfect correlation in 
some but not all samples. However, if there be a c such that c 

for all values of a and t, \si bas the indeterminaat form 0 / 0 , and the points of 
each of the samples will lie on a straight line and the lines will all be parallel. In 
this case the problem is reduced to that of a single variable, and the appropriate JTi 
test could be applied; (ii) one of the deviations or yta — yt or both are 

infinite for at least one value of a and t (bub nob all values of t, assuming ] ^>, 711 > 0 
for all t), subject to the condition that the limiting values of the generalised 
variances remain finite and not zero as these deviations become infinite. Under 
these conditions it follows by the argument of the proof of (c) in Theorem I of 
the Appendix that becomes infinite while the remain finite and different 
from zero. The situation is a limiting form of that in which the variation is very 
much greater in some samples than in others. 

( 8 ) The if iest. Since \s is the product of X^g it must lie between 

0 and 1. It can be unity only when both X^^ and X^, are unity, that is to say, 
when the means, variances and covariances of a? and y in all k samples are respec¬ 
tively identical. It will approach zero when Xhi or X^a both approach zero. 

As in the single-variable problem, the three X ratios appear therefore to satisfy 
our intuitive requirements as criteria for testing H, Bi and ^ 2 ., foi" i^bey are 
quantities which bend to unity as the corresponding hypothesis becomes intuitively 
more probable (as far as the information contained in the sample is concerned) and 
tend to zero as it becomes more likely that- bhe hypothesis is false. "Whether tbs 
tests based on thes^ criteria satisfy the more fundamental conditions laid down by 
JNeyman and Pearson * we do not yet know. The problem of testing these hypotheses 

* J^hil. Trant. JRop, Soc., fier. A, Vol. 2SI (193S). 
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;ifi4 .[nahim ,! /ijiropriatefar /.• Snmjikj< of Tttrt VisriaMm 

will bo cmiipli'lwl by ifetcraiining the .wmiiliiiR »ii«ilribiiiiotiR «f ihc X’® «n the 
asKirmiition that the cm ri'RimtuUng hypolhofu'K «n< Irur, for willnosil Ub-m «i< have 
(111 nicaiia of toating itiB signifiMnce nf mi oixwrvetl vabio nf X. In llio fitllnwing 
wcitiim wo alisll firat give exprt.'SsiiHiS for the moimnilt ami then by in- 

verlirig the moment eijuatioria dhow how ihr frta|i«<iir}! rli»lriJ>Ml>nii« may 1 k< iibuimsl. 
The roHult is aimple only in the mm t)f ^or Xti omi mnnorn'ol vo.!m\a for the 
[inibiiliiUty integrals can he ohluilied only by some (oethixi of itp[in«i»r»tinn 


IV. The Miimkk'I' CoBFnciKNTO aku IiiuthikI’tioK!* «if thk Ceitrkia. 

(!l | The Mamad V-mffitdmUi. In the singtc-varinblK pimVilcni il, wa» fmintl to be 
cnnveiiiKiit to study the Miiipliiig tiialribulioin, of (RMiie frartioiifi! |>rivrer of the Ji's, 
rather than that of the X's Ihetnmdvca, owing Ui the exttcnw skcwni'M of thit latter 
tlistrihutions*. The mo of X*** waa miggraiksl largely k-canw in thi* ciuk 

I *" *A 

twhero tj’ is the nqmirtid cnrrulotion ratio) and hi«l a Mnipling dislrihnlinn of Tyiio I 
foi'iii. In tlio present bivariate caaa wb ahull Rml fur siniilar reasons, which will 
bi’Kiilim apparent as we proccwl, that nulne. mlvanlagw will bo guiiiwl by nsing th# 

power of tltu X'a. Thu momenta of Itip X‘« h«vn btHtn girptl by tmi< of th« 
writoraf in a rccont paper for the tsuic of an «-v«ri»t<! normal *y«U!in. If wb (iennte 
by Mu, Mik and Mv, the A-th moment eoefficienla about iem at xj^^, and 
resiteclivoly, wlian the oorreaponding hjiK)the«B« H, Hi and 11% »ri! tnie, than wa 
have at onoa from the paper just cited, fur the os* of two eoriBblt* (i.e. ii ■» t), 
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..,(311). 


Jlfto. 


* Of, J. Neyman and E. S, Peiriioo; d« PaiasaiM dm Ikim^t H dm 

Sdrie A. (1981), pp. 476--.17B, 

t 9. S. WilltB! liiomeirika, Vo!, xxiv (1933), pp, 471-404. In Ihlia papei* tbe pn&mliMAlons Afl. 
and Xpj 'were denoted by and rwpeoUTCly, 
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These expressions may he considerably simplified by. making use of the duplica¬ 
tion formula of the Gamma function which can be written 


r (a -f- (a -f 1) = 




22 . 


Applying this to (38) and (39) we get 

nr _^(N-^)r{N-k-l + h) 

“ r(A'-*-l)r(ilir_ 2 -i-/i) 

nhi 


..(«). 

...(42) 


and 


f (Af-it-l-t-A)”! 


Wi/ r {lit - 2 ) 


,.(43). 


(10) Ths Disiributions of La and U^. To find the distribution of = As, we 
use the relation 

^ _ ^yX-k-i+h(i _ tin (44) 

r{N -2 + h) r(*-i)J“, .^ ^ 

in (42). Accordingly, we find that the A-th moment of is is identical with that of 
ii, where the distribution of «is 

r(if- 2 ) 


*(1 -w )‘-2 


.(45). 


r(A-A-i)r(A-i) 

Therefore it follows from the uniqueness of the solution of the moment problem 
for a finite interval* that the distribution of Lt must be identical with that of ti, 
and is given by 

--t2*'-*-*(l - Lif-^dLi .(46). 




,.(47). 


'r(A'-A-i)r(A-i) 

In a similar manner, it follows that the distribution of Vi is given by 

(Pji = jr ^k)V(I- 2) . 

In both these cases the probability integral is an incomplete B-Funotion. 

(H) The Distribution of Li. Let us consider the sampling distribution of 

say. The A-th moment of Lx about zero is given by (43). If we multiply and 
divide (43) by P (iV" — 2/i: h) and then use the following relations, 


and 


V{N-2/c + h) _ 1 p ff-M-i+ft/i 

r(F- k -1 + A) - r (A- i)J„“ 


dv. 


.(48) 


IT r (?I( — 2 + hpt) 

(=1 __ 

r(F-2A + A) 


= r ('... - ui - Vb - ... - »t_i)»i-=+'‘f i IT («,w-3+'‘r, dvt) .. .(49), 

JoJo Jo i=i 

• See W. ateklofl: MSmtyiTea ie VAcatUnae In^iriale det Sciences de .S't Mterihourg, Vol. xxxiii, Ho. 9 
(1916). 









StKi Amb/.w Appropriate /or k Sampler of Two Variahhm 


wliere 4 == 1 - t'l - H - ... — V, (»=* 1, 2,... i-~ 2) and /j,*> y W " I, 2,... 1-), wc find 
that till! h-lh mram'rtt (A t). 1 . 2 ,...) of Li i» idenlical with tlml of 

>£1 “'■i-il"*..(50), 

where u anil the h'h are dislribuUal accoixliiig Ui tho funelioli 

t ,£1 - -fit.,)”* ’ n'lV'-* . (ni), 


where 0 « i( <; 1 , > 0 , and + b» + ... + » s 1 ami U ia a miislntil, d(>i«nding only 

on k and the n'a Therefore, it followa from the argument tisimJ in iwtahlishing the 
uniqueness of (48) that tins rtistribulion of ij i« identimi with that of 4>*. The 
prtiblein of liruHrig the distribution of ia cH|tiiv'iii™t to that, of solving (.50) for 
the a or one of the b's owl sulwtitilting in (.51) and integrating with nwiiect to all 
variables except i/>. This process ia exlremcly dontplicntol, even when tho p'e are 
all equal, that is, when Jii * m«■,„>” m »> ii; in thia «a»J wp can find an iixpriwiim 
for the rtiatribiitiim of the Li by conaidcriog a iraimforiiialion of »Wu. TIib now fnnii 
of ifu is fuuml by applying the tranarormntion+ 


r(jn*) 




rc*) r 




,(52) 


to rC^T-i - 1 ) and V(N — k— 1 + A) in (43), by writing r« «• A and smu - I — 1/A 
in the first and m ■» k ant! x <« a — 1 - l/k+lijk in the accoitd, Accnnlingly. we get 


whoro 


ptj 


) 

rtf 1 

ir( 


...rj 



r(»-*±‘)r(a-D.,.r(a.|) 
-rr(7~2)-~~- 


Distribution functions with momenta of this type have boon oormidontd by one 
of the authiira|:, from which wo can writs at onco os tho diatribiition of Li 
ii!+i)Wpa)-s , 

d/(/n)- CrXi«-M(l - V)« - aA-.'(((/„») 


X 



» -8 




* In tl)is oonueotion we uole Uml e simple nltomnllve proof of (n] In Theorem II of iho Ap{>en4ix ouJti 
be oonstruotod at once lor Uio einse wbera Lite p*s Are rational nmubars and Ibe a^jg am product momoniSj 
by flUowing ibat Lhe mivxitnmu of ^ U uuit^ lor variations of« and tbe n’a in the region oven* which (61) 
is deHned. Indued, for a given value of u we And that the only staLIona!? point wUh mp#et to the v'a 
ia tho true maximum which oooura where (f=l, a, ... fc-l). Therefore, which ia neomarily 
positive, has a maximum of unity, and tlnoo the range of 4> and L^ maalhe theBamo we lmve 0 ^Ir,*« 5 l, 
that ia, 

t Set’WhlttfUcer and Watson; A/orfem/{««fyaf«(4th. edltiou), p. 1H0, 

$ Wilks, he. fit. pp. 474—476, 
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X (1 - -1(1- '-1 ... 

-w 

Ic ft "t" 1 I * 

X [1 - 01 (1 - Lfy-\ - S[1 - (01 + 0,(1 _ 0i)| (1 _ ill)] - — ^ . 

X [I — [^1 + 0a (1 — 0i) + ... + &it-x (1" 0i) • ■. 

2ft— 2 

, , . , , V)]''T'(J0i,..(Z0j_i.(54), 

where (using formula (52)) 

n> _r(Ai-i-l) 

r r V ^ r* (« - 2 ) r (* - 1 ) /5«-“ ’ 

a slightly more condensed form of (54) can be obtained by setting 

(«=1, 2,...;!;-l). 

(l:+l)(l:+2)-2 , 

Thus d/(Xi) = (1 - Ur -2*- iL{Lx^) 


■1 fi ri 
X ... < 

. 0 J(j Jo 




lt-l_i «;_J 21-3 

X [(1 - <^0 ■ (1-^,)^’ (1-^,) * ■ ...(1-^i-r " ■ ] 

- 1 -- 

X [1 - (1 - <^){1 - £r‘)]-‘ [1 _ X/)] *.., 

-2 + ? 

... [1 - (1 - .^1 <(.3 ... <^t-l) (1 - ii‘)] " d<i,ld<i>i ... 

.(55). 

The distribution of Xi for two samples (X = 2) turns out to be 

^/(^)° dL, .(56), 


and the significance of an observed value Li can be obtained from the probability 
integral (67), which results from integrating (56) by parts. 


P(ix<^;)= fVw 

H 




This expression depends on the Inootnplete Beta Function. When i > 2 we have 
so far been unable to find any simple expression for df{Li), and some method of 
approximation seems necessary. Approximate methods are discussed below. 

(12) The Distribution of L, In a similar manner, if we let = L then the 
7i-th moment of L when ni = iij = ... = 114 = 71 is 

r(nfc-2) 

■^“'‘“r(ni;-2 + A)*^ F^u-a) . ' 







AnMym Appropriate for k Samples* of ftm VarinblcK 


and the {)i»lrihin.inii uf f, nm (mi expn-wied n» 


(i . .1i (» - ai - 9 




/,» _ it, 


f\ fl n ■ 
: ... 4>i 

Jti.a 


X 


g„, tt-aiti.-*)”! 

•ifi It* .jj. 


I 2 




.(S!)). 

i’or thfl ome fc«»3, (.50) becomea 

<i/a) - i'"K" 1" ^*)" ‘ “ ^'1 

The probability intepTul of (60) asBumes the form 

^“ r - r,TO, 

-(i-p)*] + s]^r "(1 -(fii)' 

Again, if > 2 Homo approximate solution appaara iicctsamry. 

We note from the diatributioBS of /-i and L that (S6) and (.50) are actually the 
distributions of the n-tli roots of Xa, and Xs respootivaly. 

(13) Approteimale Salulum for teding Ui. Wbon >2 it apjMJani iioeoBsarj* to 
employ some approximate method to caloulato the probability integral of the 
sampling distribution of Xg, or of ii—X^^. To establish the Iniat and simplest 
method of prooedure fuller investigation is roquirod, bnt we believe that the 
relatively simple form of approximation which has bean used in the single variable 
case is also suitable here. This involves the assumption that tho sampling distribu* 
tion of X) may be represented by the law 

■' riS ?S)' . 

where oij and ms are determined so that the first and Hooond moment ooofiicients 
of /(Xi) about Xi “ 0 have the values given by (43) for A •« 1 and B mspaotivoly. 
In other words we represent the distribution of Xj by a Type I curve having the 
correct terminals and first two moment ooeffloiente. In many pmoticftl applications 
it is possible to plan for the number of individuals in. each sample to be the same, 
he. for nt = n(<= 1, 2,... k). This is the situation considered in the illustrations 
which follow. The equations for determining nii and mj then become 

..( 63 ), 
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from which, since N = nk, we obtain from (43) 



Ma- ^ 

1 


{N-k-l){N-k) 

t 

r(« »-2) J 


For the probability integral of (62), we have 


,(64). 

.(65). 


P (ii ^ fi) = (mi, mj) .(66), 

which ig the Incompleta Beta Function. This may be obtained from the Tables of 
the Incomplete Seta Function* if mi and Wa are ^ 50 or by means of R. A. Fi8heFs 
A-transformation as has been suggested elsewhere'}'. If mi and ma are both large or 
nearly equal, (62) will approach the normal form and the ratio 

Zi - Mean Pi ii-JFu 

ViFia .^ 

cm be used as an index of significance to be interpreted on the normal probability 
scale. 


The probability integral of Z = could be obtained by a similar approximation, 
but in general it is likely that the hypotheses Hi and Hi will be tested separately. 


V. Pbactioal Illustrations. 

(14) Example 1. Relation between Tensile Strength and Hardness in Aluminium 
Die-Oastinffs. 

This example has been referred to above in Section (3). We shall proceed first 
to test Hi, that is, the hypothesis that there is no significant difference between 
the samples as regards variation and covariation in strength and hardness. A 
summary of the necessary calculations is shown in Table II; we have jY = 60, fc = 5, 
n = 12. The unit for w (strength) is 1000 lb. per square inch, and for y it is 
Rockwell’s E. 

From (22) we have 


Pr = 4f = 

and aa indicated in the table it is found that ii = ‘9065. From (64) and (66) it is 
found that if Sx were true}, then Mean Li = Mu = ■S89274!, Mia=: *792592, 




( 68 ). 


* To be issued shortly as a Biomttriha, publioation. 
t Biomtiriha, Vol. *xiv. p. 416.. 

J Brownlee's Seyen*Pigure Tables of the Logarithm of the Gamma Punction were used, 2Vac/s/or 
Computers, No. ix. 
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TAB1,K II. 

Slrau/ih (x) and llanlnem (y) in Aluminium TfM of Ih (bivarinte,). 


i. 

Sumw of 

iSuni* nf I'^ntd^bei 

iJe'itM5!fa?i®«*4 


(Sampie 

m.i 

Hf,,, 

« S ,r,1’ 

a »H J 


a«-4 

i 

. 


1 



i\4‘W 

w«-aH 


a 




IIKJ'401 


3 

a7'44« 

1S41-OT 

190‘Cia 

S43*<>S9 


4 


U73'44 

37a'ai 

lOR-rftl 

3*97 g41 

5 

aa-4.M 




t'imm 

.. 

Totala 

M aVPUft 


lacAV,*, 

i , 

!:i*»W44 


S vl “'««•‘jw " 

log ||liiK n *1 |fr«"n iMiiitwii <<W|J 

™l-a57S(n. 

nf oormlAtiDiil __ iVe,t, x.iBaa. 

wiUiiii jumplM } " Aj jUniu >• 

=>-04228, The oteorveh value of lu ia thereforo nisirer to unity Uiiut the mean 
value Bxpeoted in repoatod aamplea, anil tho ratio (67) i» only Therefoni 

there ia dearly no reaaon for lejeoting JSi. If, however, we were to procowi in more 
detail we should find ftom (63) that «ti •> 48-210, and m* «• 0-003. and by interpolating 
in the Tables of the Incomplete Beta h’anction that P(Lt< -{>065) «< -821. 

We may now proceed to teat Bt, the hypothoeia that naither mean Blreogth nor 
mean hardneBB differs significantly from sample to sample. Table III contains a 
summary oE the oaloulabiona in the form of an analysis of variaawi tnble. It i« seen 
that Xa“-68S6, while if Mi were true, the probability law for X* is obuiined from 
(46) as 

F (W » £.•*(! - hf ...(09> 

The mean of (09) io -9310 and the standard error* is -0330, so that the observed 
value differs from tho mean by more than seven times the standard error. By aetually 
integrating (69) it is found that P(£»<-6890) ■»-0000019, Et rauat olearly be 
rejected. To discover whether this Is due to significant differeaoe# in mean strength 
or in mean hardness or in both, we must consider the two aingle-variable problems 

“Sorwop -‘I 
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TABLE III. 


Strength («.’) and Hardness (y) in Aluminium Die-Gastings, Tests of 



DejJtBBB of 
Pieedom 

SutUB of 
Scluares (x) 

Sums of 
Squares (i/) 

Sums of 
Products (.T, 

Generalised 

Variances 

BotWRGll 

Samplea 

l=id 

A’iJi>m“306'O89 

882-77 

Wyi2,ft'= 214*86 

43-528 

Within 

Bamplc-a 

iV— i:=5r) 

636*165 

-A^V22a=7653‘42 

jVv,j,=16D7-52 

662-018 

Totjih 

W-l=.59 

jVv„„=812-254 

AL;j2„=83I6-19 

Wdi2o= 1912-38 

|r„-,hn60-7Y 


/^tlo” "3248, »32nt/2'22 d = ‘8797. 



Lstimatea of 
Variance 

loCie(eat.) 

Estimates of 
Variance 

logio (est.) 

Bcsfcwoou 

Samples 

= 70-522 

1*883786 

166-69 

2*219290 

Within 

Samploa 

fe! = ll-r)66 

1*063183 

y*-139-16 

2*143483 

Differeiwe 




1 -15129 X Bifferonoo 

■9'148 

z 

■0873 


separately. Teats may be applied to the squared correlation ratios ua and or 
R. A. Eisher’a ^-transformation can he used. The necessary calculations are shown 
in Table III. 

Using Woo’s tables*, it is found that is clearly signiScant while gy? is not. 
Alternatively, referring to Fisher’s ^-tables f wdth = — 1=4, ti 2 = W— /i: = 65, it 
is seen that the 5 % point lies at about 'i'l and the 1 % at about '65, showing, as 
before, that mean strength differs significantly from sample to sample but not 
mean hardness. 

The limited amount of teat records available would therefore suggest the 
following tentative conclusions: 

(n) Within the samples the relationship between the two qualities is stable, 
and represented by cra, = 3'401 xlC^ lb. per sq. in., a',, = ll'80 in Rockwells H, 

* ToMesSor StatiaticiaTU aii<{ BiomelrieiatiSt Part 11, Table IV. 
t .S’tfitistictti Methods/or Research Workers, Table YI. 












8T2 Amli/sm Apjiropriatefor k Samplex of Tiw Vnrmhicit 

'■*» = +(The first two valiica an; the Kiimn.' rm<l« of - A:) anii 

~ k) ruHpectivtfiy, and the last is the vslue of e, pvcii in Tahh* 11,) 

(h) While the variation in mean Blreiiffth from satiiph: to samjiie is intperfretly 
controlled, the variation in hanlnoss apfreaw no tmm- than might b« osjiectcd 
through chmiM!, 

From the pratslionl point of view this is nut an altogether satisfactory rcBiilt and 
further investigation into the anomaly (i) would be micBMtry tefore hiiKhiew could 
he ustid with oonfidenoE as an indo* of strength. 

(16) jUmmple 2. Relation bolween Length and HretuUh. af Hnimm Sfetdh, 

The data consist of standard measurtnoeiils of length and breadth of skull in 
millimetres obtained for UO adult males from each of 80 different ractM or groups*, 
i.e. iV — flOO, i»»»2[), and A"~30. That there would be cotmidenihle intcr-nu;ial 
variation for mean length and breadth was obvious, but it seemed Ui be of inlertart 
to exandno the hypothesis /fi, that is to say, to U«t the extent of inlcr-nicial 
iiniforniity in the relationship of length to breadth. Thiw ehaweters apjwar 
auflioiently nearly normally distributed within n. r«ai for the normid-thiafry tests to 
he applicable. Iiength will be denoted by x and breadth by y; a suinniary of the 
calculations is shown in Table IV. Wo find from thwe that 

- 0B8'3es ‘r X logIIey,|! »2-6444.20 

”?W7148 
Difference ihimi 
log id” i X difference «al'91304<0, /o“>’8197. 

From (84) and (66) wo obtain Mean Za “ Jffn --SSSSTS, M’,,--863317, ff,i,»'0n7. 
The observed Li is below the expected mean value, and the ratio (67) is - 8 fl. This 
is so clearly significant that, without further refinement in calculation, we (son say 
that ill is untenable. We must now examine whether thia look of uniformity is 
present both in the group standard deviations and »,,. and in the correla¬ 
tions r,,(. 

For the first problem Neyinnn and Pearson’s single variate test for Z/j may be 
appliedt. This involves the caloulotion of the sums of the logarUhma of the 
quantities ntm and of uw given in Table IV, sinoe in thia case 

n («,4)''*/(tii.v.) .,.(70), 

* foil 

where i = 1 for length and i = 2 for breadth. The calculations are shown in Table V, 
til, and Vgu being obtained from Table IV. It is found that were I/i true, then; 

Mean Li-^-me, o-i,= 0m. 

* We are indebted to Dr Ct. M. Morant for providing ua with thensiWMary soaresa of ittformatioa. 

t For an UlnstraUon of the use of this test, sec fifometriAa, Vot. xxiv. p, 416, 




TABLE IV. 

Length (x) mid Breadth (y) of Shtlh. Tests of Si; data for separate sampU 
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TABLE V. 

Length and Brmdlh of SkuUt. Tut* af fi\ {Singt»-mrutl«). 



LongUt {«) 

Breadth t»t 



|.«S 




log so 

i-aoui.'Hi 

1*3(11030 

5;:; I^l0({(»,„) 

lM4a79» 


log(»«.) 


1*340341) 

log A, 

Inmiaai 

I-BS7S1 a 

I>\ 

*»0QQ 

*8071 


Tho divorgonon shown by iho ralios is siffnificaiil,and il do«s not aooni nowissary 
to enter here into the npproximalu calculation of the prulmbilitioa /'(Li <"1I{K)0) 
and P (it < 'SOTil), (which arc both under '01), since l■xnmph^J^ have twwn discinaied 
olaowhero and it is hoped to publish shortly oonvenient table# for u«t with the tost. 

We muab now osamino the variation among the .30 correlation ciHiSicieut# 
2. ‘10): the beat method of proeodiire is probably iw follows: 

If ® and y arc normally ooirelatcd it is known that in nsiwatroi sarnplea of 
» that 

V 110K.(1 +r)- logid -r)l.....(71) 

is approximately normally distributed with aatandard ertorof 1 !•/ n-f *. GonBo<iuently, 
wo may tost whether k independent values of r differ only through chance fluctua¬ 
tions from aomo unknown population value of p, by calculating 

... mi 

Iml 

k 

whore »* ■=• 2 {ii/k), and entering the (x*. P) tables with k~ 1 degrtwa of Ihsaiom 

(i.e. «' .ai in the notation of Eldorton’s Table), In the prosent inataneo it is found 
that ;^;“=96'01, wbile —30, which fa evidently significant. X’ deviates from 

the expected value hy about 6'3 times the standard ertorf. 

We have found therefore that the covariation in length and breadth of skull 
within a race cannot be considered as uniform from race to race; further, that while 

* It. a. Pisber ■, affitroti, Vol. I, Ko. w. p. 18. On iUostrabion ot osfag this tel wiUi k vftlaea of r hs» 
bflBD given by L. H, 0. Tippett: The Methoit e/ SteetUtiee (1981), p. H8. 

t Tbifl Maalt le obtained by oeing tbeniie that whan/■»»'-1 is large, 1 la approxlmalaly 

normally diatrlboted about soro with nolt etandard error. 
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the standard deviations certainly differ significantly, the lack of uniformity is due 
ill much greater degree to the instability of the correlation coefficient. Having 
regard to the great variety in the data> these’ results were to be expected since 
a “ race ” is a loosely defined term, and the coefficient of correlation between two 
measures of size -within a group will depend upon the homogeneity of that group. 
The more similar the skulls are in shape the higher is t likely to be. In considering 
the possible value of the criterion Xj in anthropometric work, it should be remem¬ 
bered that, although the present paper is concerned only with the case of two 
correlated variables, the general theory developed by one of us* is applicable in the 
case of any number of variables. 

Although the difference in mean length and breadth for the different races is so 
obvious that a statistical test is hardly required, it may be useful to summarise what 
would be the formal method of approach: 

(1) Considering the two variables together it is found that and y) is quite 
untenable; therefore we should not proceed to test R^ {x and y). 

(2) R\ (®) and Ii\ (y) are also improbable, hut the differences in the standard 
deviations 5* and are hardly sufficient to invalidate the tests R%{(a) and -5a(y). 

(3) From two tables for analysis of variance similar to those contained in 
Table III, it is found that '6489 and *6294. If ifa were true for the case 
of a single variable, then Mean * *0484, and ^,8«’0124. Clearly, therefore, R% (») 
and 11% (i/) are untenable; that is, the 30 samples of 20 provide convincing evidence 
that the racial mean characters differ significantly. 

VI. CONOHJSION. 

Certain general methods of analysis ol multivariate data have been developed 
by one of ua elsewhere. In the present ■ paper the special case of two correlated 
variables has been taken, in order to illustrate (a) the process of reasoning under¬ 
lying the methods, (&) the practical application of the resulting tests, (c) their 
relation to other tests in use. The following points may be emphasised: 

(1) It is necessary to recognise that in many problems, hypotheses of the Ri 
type need to be tested, as well as those of the R% type. The technique of Analysis 
of Variance does not appear suited to deal with the former when more than two 
samples aro concerned. 

(2) In the multivariate problem it would be possible to deal with the variation 
of each character and the correlation of each pair of characters separately, but the 
application in the first instance of a single comprehensive test has several advantages. 
If, for example, on the evidence available S can be accepted, it is unnecessary to 
proceed to test H'land B%. Similarly,if (usingp variates) can be accepted there 
should be no need to proceed to the j). single-variate J?i tests and the ip(p-l) 


Wilks, loc. cii. 
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corre-labion teste. The .■aime Hitiiiiliiin arise* in tiealiiig v¥illi !{,. Kvcn when the 
comprehensive test is mil mttiafital, and it i* ncccasnry to apiily the scimraU! teste 
in order to Iwato the amirce of iliaturbance, relatively little lakiur will have been 
wasted in applying the EompreheiwivG teat first. For example, in the c«®« of two 
variables which hiw been illuslratrsd, the ciilcalatiott of log |%j neeried to teat Hi 
(two variables) invulvfi* little extra work when once ni'nj, ni’m and ««i» have been 
computed. But the latter quantities are in any coat! required if the mimplri variances 
and correWlioiffi arc to he coMkhsred separately. 

(3) The methods suggested for adculating the signifiratice of a given mlim of 
the X ov L criteria are arimittcrlly nut in final form. For canvenieriH! in pnictieel 
working, tablea to he entered with » and k arc needed, which would show certain 
levels of significance of these oritoria. The possibility of forming such tables is under 
conaidcratum, 

(4) It has been assumed throughout that the variables are normally distributed. 
Some investigations on the stringency of Ihia assumption are in tirrnmiss. 


VII. Appendix, 

To nssiat in the iiitorprotetion of Xj,, aiirl Xjj,** oriuria for twling the tairrenponding 
by|iotheaos //, and w* shall find it coovenioiit to prove iho fuitnwing tbnororuK. 

Thkoskm I, L«l Si; twl, it,... m)&a any ml of mil »«iat*wv, amt ht ike miUrix 

Mu dn 

II d„ A„ 

he real and pontive definite with d i 3 «s and 

I dll dial 

^__dj, dal 

j dn + Xi;ijt dn+Xi/iaijis j’ 

I dsi + Ii(ui|tt da+X^a® | 

where the nwmmu producU offs are mnmed- for k from 1 0) m; them 
{a) 

(6) a emmary md mt^ent contivtwa that •), when 

td;/|>0, i$ that tja'^0 S; >»!, % ... m), 

(o) a neeamn/ and mffiaenl mdilion that 4>»0 when | dg| >0, U that at km am of the y’» 
he infevUe. 

Paoop; Lot tlio dotoromaiilo in thn miuwrator and donominatof of ip b« called A and B 
rcapootiTOly. Then (a) can bo shown at onto by induotion, for anpiswo fi>d for k-l, then for 
i= (+1, £ onu bo written an Bi+gitx, whora B, is the voluo of A for it-t and ji*i is a jXMitivo 
definite quadratic form in y,,,+i and Therefore, setting f-0,1, i ,... m, we gat 

A>...>A,+,>A,>...S,J5oaid>0, 
whioh ia equivalent bo the proof of (a). 
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Tlic sufficiout conditions in (b) and (r) jii '6 obvious. To prove the necessary condition of (it) we 
observe that for /ii + i = Zf^ it is nGcea.sary that »ji,f+ i=i/ 2 ,(+i =0 since qt^\ is positive defiiiitoiii these 
two vanablen. Setting ?=:0, J, 2 , ... m, we see that a iieccsaary uonditicni for 

or is that »;jA-0 -2; 2, m), 

'fo prove tho iiecessary condition in (c), we note that at lea-st one member of the non-decreasing 
act li ... Bi ... muabbecome hifinite. Lot /?,■+,be the fii’st B which ia infinite, then clearly, 
B^... Bi^.,i.^ Bi^'i will also be infinite. But where is finite. Therefore must 

be positively infinite which can occur only when at least cue of the numbers jji.i+i and 172 ,i+i 
is munorioally infinite. 

Tho proof of tlua theorem for the case when A and B are determinants of the w-tli order can 
bo can’ied out in e.sauntially the same way as the one just given for two variahlos. 

Thkouum II. Lut ayt (t,y=l, 2 j t=\i% ...h)he an,y set of real numbers in which a^ii=ajnfor 
and suck that the muiriW |loyi|| is ‘positive definite, and let A = \ A ij\y where 

k 

.(i), 

and the p*3 are posiiivo such that 2pi — l. Then, if 


we have 

{a)0^6 41i 

{b) a necessar)/ and sufiicknt condition that ^«»1 wiien |a^^{| >0 (i = l, S,... h) is that 
S', t, t'^l, 5, ... h)‘, that is, that the mairiecs l|at^(|l be identical. 

pRaoB“. I’oi' tho one-variable ciise, that ia, when i=y=:l, the theorem simply states that the 
weighted geoinotrie mean of a aet of positive imnibcra cannot exceed the weighted arithmetic mean 
of bliQ sot, and that the moans can be equal only when all of the numbers are equal. The proof 
for this case can be found in a number of advanced algebra text-books and will bo iiasumed. 

The sufficient condition in (b) is obvious. Thus, let us con.sider the necessary enudition. Kor 
convenience let 

<f>=^A~0 .(m), 

ji 

whore e'=nd,’’i and d,= la.„|. 

{s:1 

Thou the theorem roduooH to the problem of showing that 4>'^0, whore the equality will hold only 
when tho matrices 11 j [ arc identical. Consider the minimum of (p for vai’iationa of the a's. If 


it cxistH, it will bo given by tho equations (i = l, 2 , ... k), 

= 0 .(Iv), 

0 .(V), 

. 

By ft straightforward combination of the first equation for all values of t, 

A.a=^nas.Jt .:.(vii). 

(=1 
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Kiiiiilarly, wilh I 0 (v). 

. 

Fmm (vi) ^. 

But fr«»m the mm of ft single varifible {vi'i) sihI <»»i) ctw Imld mily whm» 


.(viit), 

..iM). 




(Jail limir eommon values «ji and 433 itw^Uvnly. 

Plaaing th^^^scli valu^ iii (ix) wlncJi miwt hold f«ir aJI vftUfWn of ti„ and 4^* w<! gut at imm Uiat 

(I, fw !, 2*... lii .......(si). 

the cnmmnii value 1 ms wig. Thorefore (iv), (v) and fvi) am .>«itiwfir<l »»nily when the inalnces 
llo^fll aro hleutical. The matrix of arnsncl order dtwiTaliviiKi nf ^ with peftjseet the niyf nan Ise 
shown to ks jiositko tlcftnito when fiv}, (v) aiid <ri) am witisfiwl, ll'h/il k |miliv« 

dehnito, Thun, </} has a true miruiniim,ahiil since Uietninimuin (f m i«r*Kit]ve{r«lfrtl]own 

atonco. Thu gOMraliaation of thin thcomra tolhectanowlinm^^'t^], 2.... m in ntmtghlforwaid. 






ON A METHOD OF DETEBMINING WHETHER A SAMPLE 
OF SIZE n SUPPOSED TO HAVE BEEN DRAWN FROM A 
PARENT POPULATION HAVING A KNOWN PROBABILITY 
INTEGRAL HAS PROBABLY BEEN DRAWN AT RANDOM. 

By KARL PEARSON. 


Probability integrals have now heen tabled for the following curves, all of which 
occur frequently in statistics, either as accurate or approximate distributions of 
statistical quantities; 

-I A' 

(i) y = yo^ ^I I'I'e " normal ” curve (probability integral provided by Shep¬ 
pard's Tables*). 

(ii) (Pearson's Type I, TaNes of tfieIncompleteB-Fmctionf). 

1 - (Pearson’s Type II, ditto). 

/ / 

(iv) 1 / = yo / f 1 -I- ~A (Pearson’s Type YII, “ Student’s ” ^-Curve, Tables of the 
Incomplete B-Fmotion), 


^ / (t!\P 

(v) y = y^e~ a (l +-\ (Pemon’aTypelll,Tables of the IncompleteT-Fmction). 

(vi) y=yo - a)”!/®”*' (Bearson’s Type VI, by transformation to the Incomplete 
B-funotion). 

(vii) y^yt,e"ii‘‘x-'^ (Pearson’s Type V, by transformation to the Incomplete 
P-function). 

(viii) y-yi,e~^/'' (Pearson's Type X, Newman and Qlaisher’s tables! of the 
Exponential Function). 

In these and a number of other oases the probability integral can be found or 
easily computed, The probability integral of the T,(x) Bessel function curve has 
also been provided by Miss F. N. David§. The sole outstanding case among the 

//, , llt\” 
er’^coa’’0d6 


Pearson curves is Type IV, y = yoe 


, where a table of 


' Biometrika, Vol. ii. pp. 174—190, or Tahlafm Statinticiam, Part I. pp. 1—10. 
t PubliBhed by Biometrika, 1983, 

J Gaml). Phil. Soc. Trane, Vol. xin, tart iii, pp. 146—272. 

§ Bio?ni‘tri){a, Vol. xxiv. pp- 344~346, 



880 


dcmral Criterion for Random Sampling 


for vaUum nf n h is im(Uir«l. By aid of tlica*; probatiilily integral Utblcs tiny 
single value of a vuriatc jr, BupfjotKjd ta Wong U) one of them! curvta can have its 
probability iiitegnll p, determined, which measarus the fOKiueney of valiu» arising 
tut great aa or greater than l«t ua siipjioae a sample of «iwi n conhiitting the 
variates »i, *», 4 '«< ■■■ »■<, fe, to b« drawn from a distribiiiion j»^{a:) mid let 
■■■ Pt, their rwpectivB probahility inlegrala, What, will be the 

distribution of these probahility intograla f 

Now p has a definite value for each value of a and by definition of the prolrability 
integml 

p-j* i^(a!)cfe..(1). 

* ft 

where «=>« is the start of and the whole area ^(«)cfc« 1. 

Ja 

Now the frequency with which p, oceura may lie rcpreacnletl by f’lp}dp, but 
this is the same as the frequency of *•=■ :ji(x)ds:, or 
F(p) dp ^ (*) dx, 

hut by (i) dp — <f> (*) dx. 

Aoooirlingly ^'(p)’" 1, or the dittribuUon/or theprobabililp inUffraUuf tmp fretjumviy 
curve is a recianyle on the heuus poiOlop"”!*. 

We note that this is not a discrete but a ijcrfeotly contimious dlatribution of 
frequency. Since all the a's ace suppoeod to be obtained by random sampling, all 
the p'a will likewise ho a random sampling dialribution, and i’l the prolrability 
of that random sample ocourring or one with the individual variatew having a 
greater probability, will bo given by 

Pi..,»”'PiPa ...p,...p,» n ip,). 

Wo now add: la this on improbable sample 1 In other words we enquire: What 
is the probahility of a sample with as great as or a greater value than Pi...n 
ocourring? We need to find out the sum of all the samplis) with a probability 


• BsyiM' h/l»Hiail« of llio roolaagaUt diilribnUon of probsbllhi». sllbtmah II eldarlj «l«« cot niiiily 
to all tirobablUtloa, oarUinly dooK apply to all probability latopral valuor. 

t The roodor inuat naatiro blmaall at thia point that va aro adoptifl| melliods ol troalTtlent with 
wllioh ho la olreody familiar. That la to oay, wo iro ealoadiiig the antomect be ta aooMilomoil to aio 
with regard to the probability Inleoral for » alnglo valuo i,: for It p, Im oatronraly »m«ll, ha orgoiM 
that it 1« rcoaonoblo to snppoae that ,t, wa» not a random Mmpio from the ourro ho boa a»«d tooorapule 
Ub probability Integral. Now p, io ibo ohonoo Unit a oorbiin rarialo x, will not eaoMd a value 
p, that a aocond varlata .tj will not esceod a valno {, ond >o on. Then, alnon r,. are auppooed 

to bo independent random samploe, It followe that fi..j,~p,p,...p, 1« the otinnoa that tbo oomblned 
ayatem jr,, r.,,... *„ will not ereoed the eyeiom x^, x„ ... x„. Wo tiuin tnm live problom tonnd «o to 
apeak and aek what other aerlee of a:|, at,,... #„ will give aprobabUity exceeding That la to eay, 

we divide op the poseiblo Hold of p,, p„ ... p/s by a contour oorfooe whloli soparat™ the aob.flold, of 
Pi. Pa, —Pi’‘ wWob glvea leae eombinod probabilitlee from tboeuh-Beld wbldhgivwgraolarptobabHUioe 
than ft the eob-fteld of lees probabilitlee be very email, then we judge that it ie onroesonable to 

suppoee the obeetved J,, r.„ form a random oample from tbo ayetom or ayaWma of dlattibaUoii 
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To answer this we rausb first solve the following problem ; 

We have a system of n rectangular axes in Euclidean space and a poin t , xa. 
This point is constrained to He in the “»-cuhoid” with all its edges equal to unity. 
A surface is given by the equation 

Aji —ArXj... . .(I'jhis, 

which may be termed the “ n-hyperboloid,” we require to find out what volume of 
the m-ouboid is cut off by the n-hyperboloid. 

Let us denote the volume of the «-cuboid inside the hyperboloid by F„. Let 
us assume that 

y ^ (i . (log,A„)» (log,X.„)» iw-i 

-- Sr~+- + (-l^ (n - 1)! j 

......(2). 

Now add another variate so that 

... rr«an+r = Xfi4.i. 


If %+i be made constant the section of the (n+ l)-hyperboloid is an n-hyperboloid 
and the " volume ” of this is given by (2) above. We must integrate these strips of 
" volume ” from = X„+i to 1 and accordingly 





1 ^ I'l logA»+i . (log.X„+x)'‘ 

-jy- -t--2l- 


+--^-(log«^«+i)") . 


upou whioh we have based the caloalation of theit probability integrala. We do not assert that our test 
is the most stringent test, but that it is a very general and often easily applied systematic test of a given 
hypothesis. It may^ indeed, be doubted whether any test is the most stringent throughout the whole area 
in whiohit has become customary to apply it. We may say of most tests, as ui the present, that they may 
disprove any hypotheais, but that it they merely render a teaeonable probability for the hypothesis, we 
cannot be certain that a more stringent test may not exist which would render the hypothesis very 
unlikely, or that a second hypothesis may not have a still greater probability. 
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or, if (2) (inkls fur V„, it will imlti for K„ti. Bill for n “2, Xj, mud sfairly 

« I - XjfJ -~loj(i,X*). 

Hoiiw the fomiilft hukla fist l'> and will iherefore hold for f^xuid »ioii by iiuliiBtion, 
and is thus true. 

We mm Micurdiiigly that 

F»«« 1 — X sum of Krst n Usnns of the uXjKinwitial twriiw for 
But the first» terms of the exptinenlial jasries e* 

-/.'•(l-ffn- l.n-J), 

where / denote# the inBornplele r-fitncliun ratio. Thus 

F„ - 1 - (1 _ / _ I. _ l.,g, x„,) 

-/(u-f,~Iog,X,)...(3). 

Since X,, rnuat idways be less thiin unity the inwiiiplote T-function mtin i« real. If 
vre use the. TMea uf the IncempUUi r-/’imo(foii*, wo must look out / (ii ~ l. ii), whow 

..(4). 

vn vnlogjoB 

Now let ua return to uur original problem. W« have a aamplt'. of « variatea 
... «„ taken from a population following a given oraupiwial law of distribution 
of which we know the probability integral. The values of this for tmr n sample 
variates iri,»a.... ®„ are respectively pi,p«,... pn- These probabilities follow a rect¬ 
angular distribution. If we taka X,”ipip»...p,—the probability of the ooeurrenoe 
of the particular independent set of probabilitiespi.pi,... -then the probability 
Pi^ of a combination occurring with a probability valua n* groat as or greater than 
X,, is given by 



or if be the probability of a lower probability oociirring, 

.">• 

where / (p, tt) is the function tabled in the Tables of tJte hwumplele V-Ftmelim. 

The effectiveness of this method of approaching the problem of small random 
samples lies in the facts, (i) that grouping the individuals of small samples to obtain 
a (P, test is a somewbat hassardous proceeding when n is small, (ii) we do not 


H.M. jStftUon«rj Offio«, IQiiS. 
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make fche somewhaf; rash aagumption that binomials {p -{- g')® in which, p is not 
nearly equal to q, and 8 ia small, may Toe replaced by a normal curve. 

Given that the probability integral of the supposed (or real) parent population 
ia known, then we find without any approximations or hypotheses. 

If be very small, we have obtained an extremely rare sample, and we have 
then to settle in onr minds whether it is more reasonable to suppose that we have 
drawn a very rare sample at one trial from the supposed parent population, or that 
our hypothesis as to the character of the parent population is erroneous, i.e. that 
the sample wi, ... a!„ was not drawn from the supposed population. 

This “settling of what is reasonable” occurs not only with the (P, test^, hut 
with the application of moat criteria in statistics. It is not peculiar to the present, 
or, as I propose to call it, the (P/Xn) test. 

A table of for n = 2 to 30 by units and — logio Xn from 0 upwards by *125 or 
*250 can be formed from the Incomplete V-Fv,n(^on Tables, and when published will 
expedite the application of the (P, test. Such a table is completed, and will 
shortly be published. 

Another very important attribute of this (P, X^) test may now be mentioned. 
Let us suppose we have any number of parent populations each following its own 
law of distribution, then if Xg be an individual drawn at random from the 8th 
population, its probability integral will be also a random sample from a rectangular 
distribution. Hence the individuals flji, <ra, ... need not be drawn from the seme 
parent population, but may be drawn from any number of populations, one or more 
from each. Their probability integrals pi, p%, ... pn will all be random samples from 
a rectangular distribution and may be combined to serve as a random sample of n 
from such a distribution. Our (P, X.^) is accordingly a test of randomness, and 
not a test of whether the series of individuals have been drawn from a single 
particular type of distribution—^^-dietributiou, cr® distribution, normal distribution 
or what not. If the sample of n gives a highly improbable result, then we doubt its 
randomness. This want of randomness may arise because the selection of them or a 
certain number of them has nob been random, or because their probability integrals 
or some of them have been calculated on the basis of a hypothesis as to their parent 
population or parent populations which is in itself incorrect, e.g. a sample of xh 
might have their probability integrals calculated from a normal curve, whereas in 
fact they were really a random sample from a Type I curve. The probability integrals 
would not then appear as a reasonable random sample from a rectangular distribu¬ 
tion, When WG conclude that our sample of probability integrals is very improbably 
random, we must turn to other sources to detiermine whether it is owing, to the 

* There exists a rolatioD'between the (P, {-Pi ^n) for which, I think, aome explanation 

must bo forthcoming, can be louxrd from the I (p, ni) Tables by taking 

• .:.( 6 ). 

Hence if we take oat the oon'seponding to n'= 27 i,+ l and x*= “SlogjaX^/logme, then 
e^ual 5 and thus within thoix range the (P, x®) Tables may be need to find Qx,,- 
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m’tainri bt'tng ta lui r^rmiieciim bypothesiiiiia t« th<! pfm^nyU dkt.ribiitione 

m the taia <*f which we have compuUM! oar probability int^grak*. 

An a result of the above wo sen that thin n^w (/*. X„) molhod onmblcw ua to form 
wwiihaerf tente, «omii of the da may k; moanw, tifebers «Uii<lartl deviations, othore 
Eorrelation tvoofficients, otc. ote. All wo need rln. if thowti are unwrmlatod, 

ia to ealaulate thoir probability iatogmls from the appropriate dintrihutiona uttng 
when noosMary the moat probable v^uea. m dotermine*! from the aainplea. of the 
oonstanti requirod in the immntal diatributiona. lUiistratimm of »tich otjmbined 
tcnfcB am gi^'on below. 

If we suppMO tliD probability mtograla, p, (««* I, % ... n), ^ ^ miifortnly 
distributed, for example, by dividing the range 0 to 1 into n equal sections, and 
placing a value of p, in the centre of each of them, so that pt tekcM the value 
(2s i)/2ii, then the corresponding x* be 7A*rtt, and 1. There k »ome- 

thiag difficult about this. The result si,greeR with the mathematical expectation,“one 
ball in each compartment," but the boKUt of the ia rottlly twi norixiwt. The 
probability of the result must de|)end upon wh^rs the pk fall in each oomp^irtment. 
Isjt us conaider what hapixma in the coiTtiapondiiig c®«o of 

Wo have 

- (2a - I) ^ (2»)! 

* This dilomroB m to nuidoraaiNW OMurs m fSr oa 1 can ip«ci fn mo«L pablUbiri <««(«, wa Muriuaa 
M hypcVbMlB ibftli th« Ivo saniplas weni drawn from lb« mu»<i aormsi pojMiiatbn, nad find it YIM7 
ItDprobabte, lbi« may iwally bit da« to blu la tisa bUdag of ooe or olbor «imp]» and not to the ab«maM> 
of QormAllty. Only furibtr koowlodgo or UtvMUsatlon oan Uod io a dl«arimian.tiua bolweon the tvro 
powdbUltiM. ]Por examiile, we have the mMLoe and ataodard devlationR of iwn ft&mplee. sad we with io 
Moertaln whetUoc their parent popnhttloas ore dlgerentlaled. We adopt lh« s>tosa la doing so we. 
make two hypotheean. (1) that of aomuii dUttihutloae, (U) Unit both e&mptee ore truly random. Heaeo 
we have at Ituift three poealbiUtlee. (a) that one or both parent popuUUooe here cot normal diatrlbutlona, 
(b) that one oc both, oamplee ore not random and (e) that the two eamplea do not oomo trom the Mnoe 
normal popolatton. It ooeme to me ^t many ooett of the u»t, when tlmy iget lut improbable result 
uBume BtziUgbt off that (c) mast be the origin of it, end do not quMliou the poMtiMUty of (e) or 
being the oooroe of the obiorved improbaUUty* The Pf^ teat Is no worse (or no bettor) than the otb^ 
toets fn tblfl rwpeot, l.a. that we have to oonslder whether the observed waul of randomneM la the 
distribution of Ots probabUUy integrals in due to the hypothteb on to the satnro of the dtstribnlion 
oorve or to want of the other randomnMa in the proooss of sampling. It is ttafortnaato that the sane 
word “randomness” has to bensediit iwoplaooBin the same JnvoiiigRUoii. The wsatof^rondoianew'* 
in the distribution of probability Integrals may or may not bo evldenoe of wont of mndomnciM in the 
sampling. 

t Another point Is common to o^er teats as well os our pmeeat test, although at tlnme the point is 
overlooked, namely a result may—to speak poradoxioally—be so highly probable as lo be wholly im* 
probablo. My memory carriw me book many years to a memoir I read in mamisoript. It oonoeiaed 
the distribution of a {diarooter in over a thousand offspring of oerialn sole of patwots? the ohotaoUr 
being treated os involving dve or six MendeUan foetora. The olaaslfled oflipriag distributed thamoeWea 
absolutely ooourately aooordiug “ to die mathematical expeotadoa”i but the odds of oourse against aucdiL 
an ooourrenoe were Immense, and Oils was potutod out to Uie writer, Tho Tnemoic afterwards appeared in 
print, the "improbable high probability” having dlsAppeared, This development not only oonvluoed 
me of the elasticity of Maadellan categories, but led me to realise how great ie the risk that a biologist, 
ignorant of mathematical statistloB, mayhe^essly rap in his enthustasm for a hypothesis- His results 
may be “too good to be true.” 
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® = + + . ■(!)■ 

■^PP^y^^g Sterling’s Theorem to the value of e , we find for the asymptotic value 
of J(, 


Wn-^co 


= Vn — 


Jog2 


2 v^x-434,2946 


.(8). 


Accordingly we have the following results, the first two being obtained by linear 
interpolation from the TaJiles of the Incomplete V-Function and liable to an error of 
a unit in the last decimal of Pi„. 


n 

u 

I (tt -1, «} 


R 

10 

100 

000 

1000 

00 

2- 08479 

3- 06400 
d-96561 

23'34B23* 

31*627631 

00 

1(4, 2-08479) 

/(9, 3-05400) 

/(99, 9-96561) 
7(499, 22-3452.3) 
7(999, 31-62763) 

7 (<» , 03 ) 

'6018 

•5008 

-5004 

-6002 

•6001 

-5000 


Thus we see that Pn, rapidly approaches the value -6; in other words, in an 
absolutely uniform distribution of the probability integral’s p, there would be as 
many distributions above as below this value. This is what we might a priori 
expect, but it is suggestive in endeavouring to interpret the relation of P,^ to P»>. 
We will return to this point shortly. 

In order to determine the values of the incomplete F-funotion for 99, 499 and 
999, recourse was had to the E method of p. xvi of the Instructions as to the use of 
the Tables^- This method is peculiarly advantageous in the present case both 
practically and theoretically. 

Ifp = n —1, and v ='^nu’=‘^p+ lu=p +d', 
r- , ,,, ,s 9yi- 185ya-1- ISOya- 4y4 . ,j 

fi.’/i + 10y» — 16ya — I + 2Syt- 30ya + 2yt ^...(9), 


where 


and 


Six-- 


-tr-v 


r(p+i) ’ 

(p + 

r(p + i) ' 


pP^-P 

2'’"r(p + i)' 

(j,+3)i>e-(J’+''i 

' r(P-+-i) ■’ 


Ve = 


^3 = 


„ -0197,5309 -0072,1144 -0003,8564 

(i= -6666,6667 + + - 


p + 1 

gives the distance from mode to median. 


(p+l)« " (p + l)“ 


* DiflerB by bve units in the last figure trom the aiymptotio value, 
t Asymptotic vftlue. 

:f Tablet of the Incomplete V-Fimction. 


.(10) 
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Woiking So four figure* ntily tin- fiml two nr three U-rms m (H] niitl tlic, first 
two in (10) siiffirc when /i is tif the tinier I(Hi anti nwre. arnt tin' values of the y'n 
are euaiiy tletennitMsd. Now !i>b;i + rf' awl the aaynilitatir mine of 

B — Vjui »• thift/n-—— I 

\ 2Vrix-4{M,KS!4V 

M I 4~ M _ —^ 181 e ^ 

^ r •8Ba,5890y ^ 

Thu# «■ a very sirmll quantity, i.e. approaches •(JJ32+, and sitice i/j i* of the 
ardor ’01 to '02 even the second term of (fl)otily influenerM the fumUi dtxiinal plftce, 
and we oae how the approatimation to ’hOOf) ariBes. 

Now while the value of P** reinaiiia the siniie wherever we plaoi; the /.), in the 
n divisions, the value of }\^ will vary according to ihuir fxwitinn in those diviaiotw, 
and it sesnui very proper that it ahmihl. Wo will uoiiRirliT lima* cim-n rtf thu p's 
for n ~ S. Instead of taking the values pi« •!./;» »’3. ps “ ’5, p* »■ •'! and “ '*) we 
will; 

(A) (five tho p's larger valura close up to the iKiundaries of the divisimis, 
namely: pi«• Tf), ;ti »'Mfl, pa *• •Sf), pt »> ‘TO ami p»»■ 'hi). 

(B) Give the p's smaller values close up to th« opijosiu- iHimidaries of tins 
five divisions, namoly: pi <•» '01, pa»» ’ 21 , psm'itl, pi* '(if ami pf'Hl. 

(C) Take values drawing up the p's closely to the contra! valiio •■’iO, namely: 
Pi “ '19, p> ” '39, Pi “ 'SO, p4 “■ '61, p*"" ‘81. 

We have Vn logic e ■» '971,1120, and accordingly 

(A) logX„-~I'400,0875, u-l'SOati, Qi„«.'7+«(i. 

(B) log 3-371,1820, tt~3'47147. Qa.-'1H2, 

(C) log\„=.-T737,3970, u-1'78908, Qi,-'0287. 

Now we notice that while P**— 1 for all those oasca*, Q*, —while in none of the 
three oases giving an improbable result—is far from ■giving idBiitical iimuaures for 
the three distributions of the p'a When we move thn central point* towards tho 
greater values of p„ i.e. in (A), wa find that 76''/, of cases have a less degree of 
probahility; when we move them towards the lesstir degrees of prolmbility, i.e- in 
(B), we find that only about XI */, have a lessor degree of probability, and finally 
when we endeavour to concentrate towards tho centra of the entire range, i.o. in (C), 
wo find tho intermediate valuo, namely about 88 of cases have a lesser probahility. 

This illustration will 1 think suffice to indicate some advantages of the Pi, teat 
over the P** lest. 

lUuairation 1. UseofiheProbabUHylnttgraiframihi TahhofthsMormalGunB. 

The mean length of life of 15 samples of five electric lamps is provided by 
E. S. Pearson. 

* This is quits apart from the quesfioaable repiauing of a hiaotuiai by a aormsi curve in such a case 

aa (l + iW‘. 
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TABLE I. 

Length of Life of Lam.'ps in Hours*. 


Sattipld 

No. 

-1 

Mean 

Btandai'd 

Deviation 

Sample 

No. 

Mean 

Standard 

Deviation 

1 

1295 

440 

9 

1716 

385 

2 

2005 

435 

10 

1660 

460 

3 

2446 

580 

11 

1936 

560 

4 

1.900 

346 

12 

1760 

280 

5 

2570 

290 

13 

2176 

466 

0 

1980 

510 

14 

1570 

505 

7 

1990 

446 

16 

1670 

380 

H 

1990 

315 

— 

— 

— 


Is it reasonable to suppose that these 15 five lamp means have been drawn 
from the same normal population t 


In order to answer this question we must determine what are the motsit probable 
values to assign to the mean M and the standard deviation S of this supposed 
common parent population. liOt the samples be v in number, and of different 
sizes Uff tlie meafi and standard deviation of the zith sample being and Sf, Then 
the most probable values of M and S®, will‘be obtained by making the following 


expression a maximum: 

A’ = n (n,) -.-Ji—r e 
\'/2trYS'’ 


L ‘n—J—' 


1 



.( 11 ), 


Taking the logarithmic differentials with regard to M and X we find 
S «t (rtit — = 0, 

t=l 


M — "s — , where N = S (n,) .(12), 

«=i 


thus M is the weighted mean of the sample means. Further, after differentiating 
and collecting terms we find 

_ 8n,{st’ + M) ) . 


Clearly (12) and (13) simply amount to saying that the best value to give ilf and X 
is that obtained by pooling all the individnal values in the samples and finding the 
mean and standard deviation of the combination. We may note here that if our 

* TahUs of the Incomplete B-P«nction, Intrpduction, p. In. 
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hypothesis wore that i:mr mmplea were drawn from iiidopisniient parent populations, 
but with the same variability, wb should havo to niplsce the M in (1!)) by M, and 
differentiate with reapoct to every df,. This gives im Mi «■ »i,, nnd 

.(14), 

i.e. the weighted mjuans of the variances. The Iiypntlnssis that M, varies from 
sample to «mplo may iiidieate, however, a secular change in Mi and so involve 
correlation batweoti succoasive samplos, which has not ten allowMl for in (11) 
where the samples tire oonsidcred independent. 

Wo proceed to find M and X for the data of tiie electric lamps. The needful 
calculations are provided In Table I. If we hove determined M and 2, then the 
m'B are distributed normally witli a mean M and standard deviation Xj'/n, so that 
we have only to look up (jlf~!»,)/(S/*/n) in the table of the normal probability 
integral to oblian the sarloa of probability integrals, pi, in column (fi) of our table, 
Great care must be taken to regard the sign of (M — n) as the areas must 

all bo measured from me and of the nonoal curve. 


TABLE II. 


(ft) 

It) 

(e) 

(d) 

(') 

(/) 

hr) 

w 

(«) 

Sftmple 

No. 

Moftn 



•t 

*.* 

mxfJS) 

Pt 

loewf* 

1 

1896 

-616 

378826 

440 

193000 

-2‘8t^ 


4-716,0033 


2006 

+ 98 


435 

188226 

+ -aoo 

•06630 

1+18,4799 

3 

2446 

+ 333 

280225 

680 


+ 2*222 


(•9»4,St6B5 

4 


- 10 


346 

11D026 

- -04 2 

•48362 

T-684.4144 

Q 

2670 

+600 


290 


+3-742 

'Bit 7 rM 

!’980,5899 


1980 

+ 70 


810 


+ *201 

•01447 

T-TWiiWO? 


■EM 

+ 80 

6400 

446 


+ -m 


f-709,3760 

8 

1990 

+ 80 

6400 

310 


+ -339 


t •790,3730 

Imlm 

1718 


38026 

386 

148926 

- -810 

•30897 

Hi KVf«TiTlK6^l 



-280 

07800 

400 


-1-080 

•H007 


11 

■£m9 

+ 86 

626 

66C 

S13600 

+ -104 

'64141 


IS 

1760 

-160 

22600 

280 




t'483.0863 

13 

8176 


70826 

466 

216220 

+ 1-101 


I'!I30,7»1 

U 

1670 

-340 

■Mia 

006 

S66026 

-1-419 

*18031 

I'101,4377 

16 

1870 

-240 

67600 

380 


- ‘997 

•16983 

I'S03,U4« 

^aum- 

ir-1910 

^ 8um«99987 

^Slira..l8e,81i! 

- 

log X,- 

-a-647,H434 


I'=.99,837 + 189,812 - 289,749, Vnlogr,o»-l-e8S,0163, ^-.638*518, and S/Vh-SMO'7Sei. 


Thus M= 6081,906, and we require /(14, 5'O81,0O6)i we find this from the 
Tahles o/the Jnoomplete r-jbnetion to be’88209. Hence ='138: or, the number 
of mote improbable seta of 16 samples is 11 *8 '*1^, 
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We cannot on the result of this teat assert that the lampa’ lives were certainly not 
samples from the same population. 

Illustration 2. Use of the Incomplete H-Funotion Table to determine the Proba¬ 
bility Integrals. We may use the data of Illustration 1 to exemplify this method. 
"Student" deduced* that if M was the mean of the parent population and mi the 
mean, Si the standard deviation of a sample of size nt, then the distribution of 
= («!(— M)jst is given by the curve 

... 

We require the probability integral of this curve, and various tables have been 
computed for it, either for St or some modified form of Sf I personally have found 
nothing so comprehensive and convenient as the Incomplete ^-Function Table. 


The probability integral is 


+" __ dz 
(1+«“)*’“ 


(1 + 

(T^/Wo (TW")' 


Put 


= 5- Of 

1—iC l + «“ 


then p (n, ^) = -6 |l + | ir~l (1 — daoj^ W (1 — dajj , 

But the ratio of the two integrals = J (» — !)) or the incomplete B-function 
ratio, the quantity I^ {p, q) tabled in the corresponding book of tables. Thus we 
may write 

p (n, z) =-5 (1 + 4 (4, i (a - 1))} 

= il2-7i .(16). 

1 +*'* 

The reason for this change of expression is that the Tables of the Inoomplete 
T-Punction are provided for p>q. We must remember, however, as especially 
important that we have got to allow for z being negative. Accordingly we take 

p (n, + z) = l-jl 1 (i (.n - 1), 4) 
l + z 

p(n,-z)= il i_(i(n-l), i) 
l+s’ 



For present purposes linear interpolation into the B-function table will suffice. 
The following table indicates the needful work. M remains = 1910. 


Biometrika, Vol. vi. p. 8. 
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(temral CrUermn/or Random Sampliwj 


TABLE m. 


Nij. 

- M 



1 

-'rr.ri 


leg Fj, 

1 

-^(11 ft 

440 

-- l*3a773 


•a-nmu 


3*:f88,811}3 



43f» 


HMfOD 

•95Hrt 

‘im* 

i vKMViaw 

3 


ABU 

•fCKKliUl 

(•HSOiM 

•A4tt3» 

•0?7« 

l-wsi.uiia 

4 

- 10 

345 

- 0‘08ft89 

1*00004 

>im8io 

•4015 

I-KM.sarw 

b 


m 

+S‘S75fitt 

0*1 i«M 

■IBISS 

•»»»7 

I'BflU.SfflT 


+ IQ 

510 

+ 0*137S0 

1 >01004 


•0355 

l-Wtt.liriB 

7 

+ ao 

445 

+(i-i'r97« 

1*03838 

•IHIROJJ 

•0753 

i 'BiSKaiWT i 


+ BO 

315 

4‘a‘a63«7 

1*00450 

>93&40 ; 

•7304 

I'SBK.ain 

» 

- lOfi 

m 

-OCiOMU 

1 *25053 

•795H4 i 

'im 

l-oki,n-ii 

10 

™aoo 

400 

~ 0‘505S2 

I*31»47 

•7.57ftH 


U 


5(KJ 

4-0'CH404 

1*001»» 

•OOt'Ol 

>58*11 

l-TUl.tWM 1 

IS 

-IfiO 

m 

-0'ft337l 

i*a«iw* 

•77701 


S'09»,8'WS 

13 


Am 

+0'W19«» 

1 >38477 

•754Hf> 

■SI 83 

iixm.is-? 

U 

-MO 

50fi 

-0*07387 

, 1 >45380 

*6K8O0 

flSHO 


Ifi 

m 

SKI 


l*.30«8il 

•714H5 

■omia 

J'wojraa 


Aabofore -l('3Bl,#KM«li»gX„, 

Thus «-S'fla57M, tuid ©*,« 1-/{H, S’SfiSTfl). 

where the latter function i« the T-funotion ratio. Inttirpolatiitg- linearly from the 
IncompUte V-funolim TaiU, we have 

Q„«l-930‘tl»-0696. 

Thus some V ”/„ of series of sample would pro/ide a greater dogroo of im¬ 
probability. 

l>r Egon S. Pearson has applied to the sarao data in the Introduction to the 
Tdblee of Hie Incomplete 'B-Funolim a third test, namely a modification of Fisher's 
tost for determining whether the regression of one character on a seeind is a hori¬ 
zontal straight line, This involves tho computing of t;*— iS and the 

determination of I'l'® Tabke of the Incomplete B- 

Funciim, Thus as in our lUtalration I tve have to dotermine tho most probable 
values of M and S, but there is only one value to b« found from tha table, not 15 
from that table, and one from the /iroompirt* r-/unirtt(m Table. In this case 
^«a. " 344 i 9 and we have Q*,i "> f tm (30> 7)w.'0162, or there are l'62 7„ of oases 
only more improbable. It will be soon that this result is more stringent than 
either of our previous tests. Can we find a reason for tbisl Fisher’s teat is based 
on a triple hypothesis! (i) linearity of regression, (ii) homosoedastioity of arrays 
and (iii) their normality. Now the approach to a normal distribution of means is 
fairly rapid even for distributions got absolutely normal. Further the formulae (12) 
and (13) for M and S*, while we have deduced them Atom a normal distribution, 
are most reasonable formulae to take in non-normal distributions, and lastly no 
assumption is made as to homoscedastioity of arrays Accordingly we might 
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anticipate that our test in Illustraii^on 1 would cover a wider range than Fisher’s 
triple hypothesis does, and so it appears from the result. 

Again in the ^i-test of the present lllvstration we do suppose that each sample 
is taken from a normal distribution, and that all these normal parent populations 
have the game mean, but we do not insist on the standard deviations of all 
these parent populations being the same. The probability integrals of the several 
Zt can be combined, aa they are random selections of pt between 0 and 1. Thus 
again the hypotheses involved do not seem so stringent as in Fisher’s case. 

With regal'd to the comparison of the tests in IllusiraiionB 1 and 2, it is not at once 
obvious why the selection from v normal populations haying the same means but not 
■necessarily the same standard deviations should be more stringent than the 
selection from v populations having the same means and standard deviations but 
not necessarily strictly normal 

Illustraiicn 3. In an experiment^ in which a certain number of children were 
given raw milk for four months and the same number of children of closely the 
same age, stature and weight were given pasteurised milk for the same time, the 
following system of mean growth differences, standard deviations of those differences 
and the ratios (^’s) of those differences to their standard deviations were obtained. 
The numbers are sufficiently large to admit of our computing the probability 
integral of z from the normal curve table: 


TABLE IV. 


Boys, 

No. 

Raw Mean— 
Baateurisod 

Standard 


Probability 


Central Ago 
in •yeatfl 

of 

PaXTB 

Deviation 
of Difleience 


Integral 
o£ i,=p, 

login J >1 

6| 

73 

- -066 

•064 

-1*22 

•888,7676 

1-948,7882 

72 

76 

-t-'022 

•053 

4-0*41 

•340,9030 

1*632,6308 

si 

71 

-*003 

•052 

-0-06 

■523,9222 

1*719,2669 

9| 

77 

4--on 

•066 

+0-20 

•420,7403 

1'624,0U1 

io| 

60 

-t-'002 

•067 

+0-04 

•484,0466 

T-684,8872 



(The uniia are inches.) 


Total 2-609,6872 


Thus: logioX6 = l'4>90A128, Vnlogioe = v'6 x434(,2946 ='971,1120 and accordingly 
u^TB3475, 

The volume within the 6-hyperboloid = I (4, 1'63475) ^ "262, or the probability 
of a set of values of z with a less probability than those observed is *738. That is 
to say that if the system of ir’s were really drawn from normal populations about 
74 of the cases would be less probable. We cannot accordingly assert that 
there is any difference in growth in these boys according as to whether they took 
raw or pasteurised milk. 

* E. M, Elderton, “The Lanarkshire Milk Experiment,” A-niials of Sugenieg, Vol. v, pp. 326—386. 
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lUmtraiion 4, In the exjjiirimetit referred Us in the provioutt lUiatralim the 
fallowing reaull# were ohtoined in the same manner far the Weight of Girls when 
Raw Milk seas ttdminiBUirnd and srheii no milk was given, the pairs h«ing taken 
of closely the «me Age, Stature and Weiight. 


TABLE V. 


OtRUU 

Nti. 

B4W 

—-- 

Ht«ad«>rd 


I^b&bUity 


DftDir&l Agij 

of 

MUk^ 

I>«vUtian 

*1 


1»K.bPi 

in yfeikita 

Pair* 

OOVtTOl 

of niffenmM 


ol 




144 

+ 0'13 

2-os 

■oo 

■470,077» 

i‘fi77,a7«l 

7i 


128 

+ M2 

B*41 

-48 

•322,7S«1 

£'»(»,K771 

8 


m 

+ ?•{)« 

S-68 

3-00 

*rX)3,343y 


Q\ 


laa 

+ ft'62 

2*77 

s-a*? 

•(ai,i7(« 

2'm,wui 

10, 


ns 

+ 11-80 

3-27 

.3-67 


4-SBlj03H2 




(TA« aft ounm.) 


Total 

]d-8(H,3879 


Thus: loguX 5 »o + 9T08,B121, Vnlogjos••‘STIAISO (mil accordingly u>”9'37648, 
and the volume inside the hyperboloid » / (4, 0'87O4B) •» -999,1)922, or the proba¬ 
bility of a sat of s's oeeurring with as great as, or a greater improbability than this 
set is only -000,0078. We should accordingly argue that the taw milk feeders and 
the oontcols can only be, with the highast degree of improhability, random aamplea 
of the same population, i.e. the raw milk accelerate the growth of the girls 
(ospeoially the alder girls) in weight. 


Illustrations, Use of Probability Integral of Oorrelation Coejicisni. A number 
of coefficients of correlation, n, rj, n, ... r^, are found from samples of sizes 
%, r!,, ... m, ... Uu. The corresponding means and standard deviations for the 
samples, the variates being ai and y. are £, p, o-^, o^j; a-„, a-y/, ...; 

»i, V‘> <rx„ (fri,; ...; Su. 5u/ ’riu' ‘’’Hu- correlation may oomo from a parent 
population means m,,, standard deviations 2*,, 2^,, but these parent popula¬ 
tions are supposed to have the same value of the corrolntion Oooffioient p. What is 
the most probable value to give to p, and what is the ohan<» that Ibo populations 
from which the u samplre are drawn really have the same correlation f 

Wa suppose the distributions in the oaso of each of the tt parent populations 
to be normal, and we will take (Sln,«W, The distribution of the tth population, 
if -ive suppose a,,, y,,, to be any member of it, will be 



U 





If we take the product of such expressions for all values of a for the tth sample, 
we find that the chance of such a sample arising from values of m and y lying 
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between ost^ and + and ^ta + similar values for the iit other 

pairs of coordinates may be thrown into the familiar form 

( V‘ - - 1 -.. 

V2^S»,V (l-p”)*”' 

xe~ HI-P^) I s^; J 

.(19)- 

We have a similar value for each of the u sets of samples. Now we suppose 
ohe u seta of samples to be independent and further nothing known about the 
constants of the M-parent populations except that they have the same p by hypo¬ 
thesis. Accordingly we have to make the product of u expressions like the above, 
a maximum by choice of the 4^ + 1 variates yt, (t = 1, 2,... u) and p. 

As they are independent, we can differentiate the single values like (18) to deter¬ 
mine the values for the first four types of variates, but we must differentiate the 
combined product to obtain the value of p. We have at once = WLy, = yt- 
Inserting these w© have to maximise the expression 


1 





W J 


“n*‘ 

0=1 


(**io *!';») 


,.,( 20 ) 


to find the proper values of and %y^. If we take the logarithm of this and 
differentiate with regard to S«, and Sv, we find, after dividing out a factor, 


^+i-pHsv 


O’® <7^ 

and accordingly by subtraction =tjp = ; or, since the standard deviations must 

he positive, 

,.( 21 ). 


g“«< 


2“ “l-pr, 2“„, 


We have now to differentiate the product of « expressions like (20) with regard 
to p, where after differentiation we can make use of (21), The required expression 
as far as p is concerned is 


1 

(1 - p»)i" 


a(i-p»)<fi”‘b\ 2-'., J 


< = « 
n 

^=1 


B=«t 


Assuming that it is allowable to consider the double product independent of 
2*,, Sd, and p we have, by taking a logarithmic differential with regard to p, 


0 = -^P- _ 

" (1-py (l-p*)“*= 

Biometrika xxv 


y‘ r g“»,, g*»i 


1 _i_ 1 

i+i-psri 2.,s„ ■ 





Qeitered Oriterinnfor Jtaudbm Sampling 


Now making uk! of (21) we find, since S n, - 1 ¥, 




Our (ai) agmoB with the (B) (jquation of Mr Bnuidoor's (11)* and our (22) agresg 
with hi« (11) (G), if wci take the «impl» case of «"«2, whsn ¥»»» +Sj, 


Ketuming to (22), let im write 


¥ .. 


.(23),, 


or, /i, ia the weight mean of the nth powers of the ri's. Aeeordittgly we may write 
our equation for the moat probable ralna of p in the form 

p<«Pi + p{p*-p’) + p*{p»-p') + p*Cp*"p‘) + p‘(/^--p*) +. 

Thie equation allows us to make rapid approximatioiia to the value of p, aceotding 
w to what power of olie correlation coofficiente may for a practieal purpose be 
oonaidered negligible. Thus 

p,««• mean of the ri'a, 
pi“Pi + prfMa-pi*). 

pt» Pi + pj (p« - PI*) + pi* (pi- pi*), 

p* » Pi + pi(p,- Pi*) + pi* (p. - pi*) + pi» (pi- pi‘). 

and 80 on ........(28). 

The following example ia taken from the paper by & 8. Paeraon and S. .S. 
Wilka in the outrent iasuof: 

It is assumed that the frequency of Head Length and Head Breadth in akulla 
follows a normal distribution. Samples of 20 skulls were taken from 30 different 
races and their correlations oaloulatod. The dimonsiona of the skulls end their 


TABLE VI, 


EooioJ Oorrelotion Ooeffioimls for eifual mall Sainplts <rf Thirty Ram. 
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standard deviations for the 30 parent populations are supposed unknown; hut 
undoubtedly differ significantly. The problem is whether the correlations baaed 
on these small samples can he considered random samples from parent populations 
having a common correlation coefficient* It is unnecessary to repeat the names 
of the races here, as if the problem were to be considered in earnest, we should 
not take all the equal to the small number 20, but use all the skulls available 
and weight the n/s, using formulae (22) and (23). 

The first four moments obtained by adding the powers given in Barlow's Tables 
(Edition, Comrie) are as follows, due attention being paid to the sign of ; 

Pi = -2489,6667, pj --1668,5010, pj=-0904,4030, pi =-0677,0455. 

Hence pi = mean, r, = -2489,6667. 

Thus we have 

pi“ =-0619,8440, pi>=-0164,3206, pi‘=-0038,4207. 
pa = -2489,6667 + -2489,6667 (-1568,5010 - -0619,8440) 

= -2725,8507, 

whence P 2 “=-0743.0262, pa“ =-0202,5378, 

pa = -2489,6667 + -2726,8507 (-1568,5010 - -0743,0262) 

+ -0619,8440 (-0904,4030 - •0164,3205) 

= -2761,1603, 

whence pa’= -0762,3951, 

P4 = -2489,6667 + -2761,1608 (-1568,5010 - -0762,3951) 

+ -0743,0262 (-0904,4080 - -0202,6378) 

+ -0164,3206 (-0677,0456 - -0038,42071 

= -2774,2504. 

We may therefore take as the most probable value of the correlation coefficient 
in the series of u parent populations to three decimal places, p = ‘277. 

Starting with this value of p we have no-w to find for the 30 values of r, given 
above, their probability integrals. Miss David's Probability Integral Tablef for 
the Correlation Coefficient will enable such values to be determined. Meanwhile 
she has provided the values for p = -277. The probability integral table for this 
value of p runs as follows; 

Thus, if the samples were all derived from populations having the same corre¬ 
lation we should only in less than 4 "/o of cases get a more improbable result than 
that observed. It is thus unlikely that the thirty races have the same correlation 
coefficient between Head Length and Head Breadth. 

Messrs E. S. Pearson and S. S. Wilks, by applying the approximate method of 
Fisher, obtain a = 96-01 and a probability ;P*»<'000,030 that the correlation 

* A friori the hypothesis of common eoirelation is extremely unlikely, for if these races were pro¬ 
duced by selection from a common stock, that selection would modify the correlations. 

t Kanusoiipt Table shortly to be published. 


26—2 




ooefiSoientB between head length and head breadth are not the same for all the 
thirty races. I am not prepared to state whether the extreme difference in this 
case is due to the teat applied being really more stringent, or to the foot that 
Fisher’s approximate a-test for r can give exaggeratedly improbable values in the 
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case of outlying values of r such as those of + ’946 and - -592 attributed to the 
Guanohe and the Turk. 

Illustration 6. Use of the Incomplete T-Function Table to find the Probability 
Integrals. We proceed first to indicate the F-function expression for the Probability 
Integral of the Standard Deviation a of a random sample of n drawn from a 
normal curve of mean M and standard deviation %. 

The equation for its distribution is 


y 


= y»{. 


Take ® = } 






xa-a -k 


- 


e \-siM [*] 


,.(26). 


n-8 

y = ye X ^ e~*dei . 

Therefore the probability integral in the form ready for entering the incomplete, 
r-tunction table is 


.(27). 




If we suppose tho means and standard deviations are due to randoln sampling 
from a common normal population, then we have, by (12) and (IS), ' 

(»st) <=« 

S (ntmt) S n, (.?/ + (m, - Jf)“) 

= and 2^=^:^- j -. 

If we apply those results to tho data in Table I we have 2“ = 289,749 and n, = 5 
for all values of t. Hence 

ieWr) 

Taking the values from column (/) of Table II we find 

TABLE Vin. 


e 

w=d(7168,907 



I 

«=8,s/163,907 

^ ni 

l0gp„_ 

1 

1-iailQ 

‘4973 

1*696,6186 

9 

■00432 

•3656 

l‘6e3,0062 

‘2 

M6447 

■4863 

1‘086.0103 . 

10 

1*29098 

•6447 

r*736,1674 

li 

2*05238 

■7855 

1*896,1462 

n 

1*91328 

•7523 

1*876,3911 

4 

•72G17 

‘2741 

r-437,0090 

12 

•47832 

■1480 

1*170,2617 

5 

*51310 

•1649 

1-217,2207 

13 

1-31919 

•5562 

1*74.5,2310 

0 

1 *68688 

•6059 

1 *816,8376 

14 

1*65681 

•6452 

1-809,6644 

7 

1*20816 

•5093 

1-706,9737 

16 

‘88099 

•3538 

1*660,8627 

8 

•60537 

■2110 

1*325,3104 






S(logp„^'}^lag\,= -S-V66,3691, V»ilogioe»l'68S,01Ei3, m=3-42233. 


Thus: 7(14, 3'42233)= '3512, or some 65% of aeries of 15 samples of 6 lamps 
would have a more improbable set of standard deviations. 







:i 1 l 8 Qi'iicml Cniei'ion for Random Sampling 

[Unslmlian 1. Iti Illmtraikm I we have oblainei! the probability integrals of 
l."i toHto of riioiviia and in the hint illuHtratinn of 15 testa of stainlard deviationa. 
As we have seen, probability integrals may be, combinoii, ami this is jKjnsible here 
benansf there ia im eorralalion in samples from a normal jKi|mlation between mean 
raid Htamlnrd deviatiini. 

The combined lug X„ » - a‘5«,8i34 - 5'7SU.30a I. 

- - 14'a04.2125, 

raid -i-'n logio e - VtlO x '434,2945 = 2-:)7«7,2895. 

Accordingly: u “B'OISIIH, and 

1 (n - 1, u) = I (29.6 013.38) =» '7189. 

and l~ [ (29, G'Ol 338) -■= '281, or there would be samples of 1.1 drawn from a nonnal 
surface some 2H‘'/„ with more improbable sets of means and standard deviations 
than occur in this sal. of 15 eamples of five lamps. Thus from whatever standpoint 
we regard the problem, we have not aucceoded in condemning the hyjxithuaiB that 
the 15 Bamplea of live lamps each may liave been drawn from the aiirne normal 
population. 

But there is a ccmaiclcrable elilferoHcu in the combinnd jr-Umt and tho com¬ 
bined A„-tcal (i.e. Qau“’ 070 and Q**"»'281). Wo have alreiwly pointed nut that 
the s-tGst only involvca the popnlationa from which the individual r’a are 
obtained having the same niotm and being normal; these iwpulalions may have 
different standard deviations, and if tho selections from naeli of these distinct 
populations be random, their probability integrals for e will all follow a rect¬ 
angular distribution and may be combined. On the other hand our combined tost 
aasumea normal parent populations with the same mean and the earns atondard 
deviation. Wo should thus expect it to be more stringent than the s-test; 
actually it is less. But this may be accounted for by another factor whieh arises 
hero; the x-test associates every difference of moan with a definite Standard deviation. 

Ill the present illustration tho 15 standard deviations, s,. of tho samples might 
have boon assoclatod with any ono of the 16 differences of mean, m, - M. In this 
respect the oombinad tost of this illustration seems to be less stringent than tho 
j-tost of Illustration 2. 

Accordingly we ought to bo very careful in considering a tat to state tho 
hypothesis we are testing on as wide a basis as it admits in regard to the methods 
employed. 

Thus in Illuelraiion 2 we are not really testing whether the 16 means come 
from a single normal population with the same mean and standard deviation. We 
are testing whether the 16 means come from 16 normal populations with tho same 
mean and possibly different standard deviations. If the result were such that we 
rejected the latter hypothesis, the former must he rejected for it is involved in the 
latter. But if the latter be reasonable, it does not follow that the former also 
may ho, 
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la Illustrations 1 and 5 we have made—the hypothesis that all the 15 samples 
were drawn from the same normal population, and calculated its mean and standard 
deviation as the most probable values on the basis of the data provided by the 15 
samples. But we have not specified that the 15 standard deviations are to be 
associated with special values of the differences of, the means. Had the result 
come out highly improbable we should have rejected the wider hypothesis, and 
accordingly the narrower, which ia included in it. 

One point may he noted. The probability of a worse result for the means 
=5*6488 and for a worse result for the standard deviations w‘li79. The combined 
improbability of a worse result for both, as these are independent, = '0765, which 
is of the same order of probability as the ‘0696 provided by the .^-test in 
lllustraimn 2. The correspondence is possibly of no significance. 

If we take the 30 probability integrals provided by Illustrations 1 and 5, and 
distribute them in five subranges of *2, we find 



0*0—0-2 

0-2^-4 

0-4~4J-6 

0-6—0-8 

0-8-1-0 

Expected 

6 

6 

6 

6 

6 

Observed 

6 

6 

7 

8 

3 


The =s 2'3333, and the corresponding Px» for five groups = *676. 

This may be compared with the PArt«*281, as indicating the weakness of the 
assumptions on which the P method depends for a small number of groups and 
a small total frequency. 

Illustration 8 . Application to Linea/rity of Regressions. In some recent work 
by Professor H. Huger the correlation tables for Weight and Vital Capacity in 
28 age groups were reached and the values of r, nx yt '^y.a calculated for each 
of these groups. From these values the functions and 

= —r*)/(l —r*) were tabled. The distribution of ^ on the assumptions 

made by Fisher of linearity of regression, with homoscedastic normal arrays, leads 
to the curve 

.( 28 ), 

where n is the size of the sample and a the number of arrays ; and accordingly 
the probability integral of ^ could be found from the Tables of the InooMplete 
'B-Funotion as long as «r — a — 2 ^ 100. 

Unfortunately in the data we have referred to this condition ,ia only satisfied 
in one ease; in the others — a — 2 is in eiceas and often considerably in excess 
of 100. We therefore replace in (28) the second factor by an exponential term, 
and we have, if ? »| — a — 2) the distribution . 

= 


,(29). 
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The probability integral will nccmtiingly be I (iCii — 4), «), whore 


« 


I («-_«-2). 


and I (p,«) is the incomplete r-fnnetion ratio to be sought for in the TaUen of 
the Ineotnplde V-i\nction. This is fcuaiblo itp to 104 arrays, a number unlikely 
to be roquired, 

The render must boar in mind that a is tho number of arrays on which tj is 
computed, and wo must distinguish a,., corresponding to from corre¬ 
sponding to pj, 

The prablem baforo us is the following; we have 2S tables and 28 values of r 
and say i.e. Weight em Vital Capacity. May tho 2R regression linns of Weight 
on Capacity be considered as a system, which doss not differ from straight lines 


TABLE IX. 

Renremon of Weight on Vilof Vapacil;/. 


P^oup n” I i fvj s Pi IsKpj 

1 fl~12 lot 13 - •847,6080 - '004 SmOOOO 

5 is~16 331 16 8'6 314 -0(17,7070 S'OM.OID# 4’i0943 *088 2'832,60S9 

3 10 341 16 6'0 SS4 •008,(1630 6'0«l,01fl6 3-01603 •Sat r'464.a449 

4 17 S88 14 6 S7a •031.4678 4'81)a,9706 1-74716 -022 2-31S,4227 

6 18 380 16 .1-6 303 •040,2608 6-009,0186 8-39S19 -618 I'TOB.SOT 

6 10 310 18 7 890 •066,6070 5-666,«642 8'846M -446 I'(M9,3349 

7 SO 389 17 6-8 370 -OIS.IKM D'477,2860 0-88564 -993 1-998,0408 

8 21 321 10 0 303 -067,4079 6-291,6086 3-89070* -83,6 1-371,0670 

9 82 289 10 e 271 -009,2077 6-201,6080 0-47404 •»99{e4) t-O00,ai36 

,0 23 .310 17 8-6 897 -063,0081 6-477,8860 3-41608 -W 1-380,0369 

1 24 870 14 0 200 -067,7608 4-898,9706 3-69698 '128 1-107,2100 

.2 26 223 17 6-6 804 -063,3770 6-477,2360 2-36048 -808 t-783,603(i 

13 86 224 16 0 880 -049,6476 6-S91,603e 8-11317 -(170 1-828,0748 

14 27 196 It 6-6 178 -076,0910 6-1)90,0106 3-08138 -430 1-033,4086 

16 98 188 15 0 170 -086,6810 6-261,6020 2-76807 -409 1-011,7333 

18 29 180 15 6-6 169 -090,6816 6-099,0106 3-804.38 -231 t-.3(!3,6120 

17 30 198 14 6 182 -068,2014 4-808,6796 2-63595 --US* 1-016,4240 

18 31—32 IW6 17 8-6 880 -081,0746 6-477,2260 4-23308 -080 S‘003,0900 

19 33—34 280 10 8 808 -036,9607 6-201,6020 1-B2866 -786 T‘804,80D7 

!0 36-30 260 10 6 272 •066,4162 6-291,602(1 2-80992 -356 1-660,2884 

81 37-38 306 10 0 248 -036,2094 6-291,6020 1'008«0 -831 1-619,(1010 

112 39-41 316 16 0 301 -040,0176 6-291,6026 S-20878 -600 1-782,4780 

83 42-44 207 14 6 261 -022,8722 4-868,9796 1-17186 *282 1-460,2401 

24 46-47 190 10 0 178 -066,8809 6-291,6020 1 ■87977 -760 1-884,2288 

26 4 8 - 6 1 222 18 0 204 ■023,4022' 6-291,6028 0-D0668 -884 l-046,4623 

20 62—66 147 16 6-6 130 -097,3283 6-090,0196 2-48139 -476 I-676,693e 

27 60-01 186 14 6 170 -066,0070 4-898,9796 1-90882 -673 1-828,0151 

28 62-81 163 17 6-6 144 -100,1917 6-477,2266 3-94804 -118 T-071,8820 
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inorB than "would reasonably be the result of random sampling ? In other words 
are the 28 ^ s as based on the 28 1^’s a random sample from the distribution 
curve (29) ? 


For the tth sample, we require the size of the sample, the number of 
arrays of Weight on Vital Capacity, the a,-a„.,-2 and the 

p = i(ay,j,-4) of the incomplete r-fimction, and lastly the value of 


u 


V2(q^.,-4)^’'' 


Hence from p and u we find the probability integral pf of the sample and record 
its logarithm. Their sum gives the required logiaX^, 

Thus we find/(2'f, 6‘45606) = '8748 and sets of 28 tables between Weight and 
Vital Capacity for age groups like the above, if obtained as random samples from 
parent populations with a linear regression of Weight on Vital Capacity would give 
a less probable set In 12'5 % of cases. Our results therefore taken as a "whole do not 
provide strong evidence of non-linearregressionin the case of Weight on Vital Capacity. 


Illustration 9. Random Samples of Correlation Goejioimt from a Normal 
Population of eero Coefficient. The following system of racial correlation coefficients 
for Cephalic Index (100 B/L) and Upper Face Index is given by Tippett*. Applying 
an approximate method he concludes as follows" 

"Thus the combined experience of Table XLIII [this corresponds to our Table X 
below] lends no support to the view that the two characters are associated even 
after making allowance for the possibility of racial differences," p, 143. 

It seems worth while investigating whether the methods of the present paper 
confirm Tippett’s oonolusions. 


TABLE X. 


Correlation Coefficients of Cephalic Jndem with Upper Pace Index for thirteen Races f. 


Index 

No. 

Bace 

Size of 
Sample 
nt 

Goti-elation 

Ooeffioiedt 

Tt 

Index 

No. 

Nace 

Si^e of 
Sample 

Tlj 

Correlation 

Coefficient 

rt 

1 

AustraliauB ... 

06 

+0'089 

7 

Polynesians ... 

44 

+0'0O2 

2 

Nesroes 

77 

+0-182 

8 

Alfourona 

19 

_ 0-302 


Duke of York"! 


-0-093 

9 

Micronesians... 

32 

-0-351 

i 

Islanclers J 


10 

Oopts. 

34 

-0-147 

4 

Malays 

60 • 

-0-185 

11 

Etruscans 

47 

-0-021 

5 

Fijiftus 

32 

+0'317 

12 

Europeans 

80 

-0-198 

6 

Papuans 

39 

- 0-365 

13 

Ancient Thebans 

152 

~ 0-067 

• 


* Tke Methods of Statistics, p. 142, 1931. 

t Several of the groupa are scarcely ontbropolf^ioal auitiea, but the series will serve as an example 
of mBthod. 
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We will first find the most probablo value of p. the correlfttion of the parent 
populations, if they all hwl the same coefiBcient. Applying the method of p. 894 
above we find, if 

„ _ .060,9878, ® - •024,4218, 

N Jf 

. _ .002,7894, -OOl ,177 9. 

Hence we deduce 

Pi -060,9878, p, -062,2504, p, = -•082,2763, and pi»-■062,2772. 
Accordingly ws find us the moat probable value for p 

p-- 06228. 

It cannot therefore be asserted that the moat probable valiu! of p us indicated by 
the data is zero. It looks aa if there existed a small negative correlation between 
the First Cephalic and the Upper Face Indices. 

Let UB first try what the series leads to when we replace this most probable 
value of p by p - 0. In this ease the frequency distribution of r as a salettion from 
a population having zoni correlation coefficient, p «■ 0, is given by 

* ...(80), 

and accordingly, the probability integral is given by 

pn,< = |^ (1 — (1 — (ir ..,..(31). 

This can he reduced to the incomplete B-funotion mtio by one or other of two 
transformations. 

(i) Take r* = ®, and we find 

Pn,r “ 1 - i/i-p (i (n - 2), J), if r be positive, 

"»(71 — 2), i). if r be negative. 

(ii) Put J (1 + 7') ■« ffi, and we reach 

Pn, r “ /jn-hi (i (" “ 3). 4- ~ 8)). for both signs of r. 

We shall make use of the second transforraation as more readily lending itself 
to interpolation* into the Incomplete 'B-JPuncHon Tablee. 

* I have oonsidcrod it sdcquute Cor 4 )reiwut parpuses to intorpolsto lluoftrty tnto the Tablmqf Ihi 
IntampUu B.PiiiioMon, but oveu with thi« ulmpliBoiitioa the aotermlnntion of (p + J, p + J) muBes 

floniG little trouble, wheu we ere ueiog that part of the tablee wherein p ie only given to the unit; 
further we here to remember that Ii(p, g) ie only tabled for p>g, eo that we must find when g la >p, 
Lip. Sl trom the relaUon X^lp, g)=l-J',_,(g, p). The requielte formula ia the following, where 
0=1 "S and d, the tabulating interval of a:, ie here unity; 

d^{p + i, p + i)=10 (djilp.p) +1- (P+1, p)+l*(p + l, p+l) + f*(p +1, p}} 

+i* IL+e (P. P)+1 - fr-i-alP + h P) + 4+e (p+1. P +1) +l'»+e (p +1, P)}. 

Here all the incomplete B-fauetion ratloe wUl be found in the tablee, ae p Je an Integer. 
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TABLE XI. 


Pi Test for Tippett's Data. 


Index 

Number 

Bize u{ 
Sample 

Oorrolation 

Value of p 

rt 

Logarithm 

t 

«; 

rt 

(S'funotion Value 

Numerical 

Value 

of B 

1 

60 

-}-'0a9 

7:6Ma(32, 32) 

•761 

T'8ai,3847 

3 

77 

+ •182 

/■™»(37-6, 37-6) 

•948 

1*975,8911 

3 

53 

- *093 

i-iHS (25-6,2.6-6) 

*266 

1-406,6402 

4 

60 

-•185 

/.,„,5(2e, 29) 

*079 

2*897,6271 

5 

32 

+ ■217 

(10, 16) 

•117 

1*068,1859 

fi 

39 

-•265 

/•MM (18-6,18-6) 

•060 

1*778,1513 

7 

44 

+ •002 

Z«|»(21, 21), 

•606 

1*703,2914 

8 

19 

-•302 

J^.940rt(6*5j 8*5) 

•1043 

1*019,1163 

9 

32 

~ -251 

As,„(10, 16) 

•083 

2*919,0701 

10 

34 

-•147 


•203 

1-307,4960 

11 

47 

-•021 

/.m.6(22-6, 22-5) 

•445 

1*648,3600 

12 

80 

-•198 

/.*,„(39, .39) 

*039 

2*591,0646 

13 

152 

-‘007 

L.«(b(V6, 75)» 

•207* 

1*317,0181 


logX„=8um log7962, VlSlogic«=1-.666,8711, m= 5-‘11986. 
Chfuico of more improbable 80 t 8 *ssi— /( 12 , 6*41986)* *048. 


Tippett applying a normal curve of standard deviation --T=i= instead of (30) 

vn — 3 

finds a for 13 lying between 17 and 18 (17’26) which leads to a P=»‘14il, or 
between the T and *2 levels. It would thus appear that our test is more, stringent 
than that applied by Tippett, or the difference may be due to the approximate 
nature of the method used by him. Not being a very enthusiastic advocate of *02 
aa a fit measure for rejection of randomnesB, I avn inclined to doubt whether *048 is 
to be taken as sufficient evidence that the series of correlation coefficients are 
random samples of populations with zero coefficients of correlation. 

Illustration 10. Ootn'parismi of two Hypotheses. We have already noted that, 
apart from the replacement of binomials by normal curves, the test suffers under 
the disadvantage that it gives the same resulting probability wherever the 
individuals may be in the same set of subranges. The (X^, test allows for this, 
and accordingly is far better suited for answering the problem of whether a 
Hypothesis A is or is not more probable than a Hypothesis B. 

We will illustrate such a comparison by Tippett's data in Illustration 9. In 
that illusti'ation we have taken Tippett’s hypothesis that the data are random 
samples from parent populations having zero correlations. This shall be Hypothesis A . 
We have seen that the most likely value of the correlationisnot zero, but a correlation 
measured by — *06228. We will ask what is the probability that the thirteen samples 
were drawn from parent populations with the correlation of the variates measured 
by the coefficient — *06228. This is our Hypothesis B. 

* Obtained appioxinifttely Ivom corieBponding noxmal curve. 
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To answer the problem retjuirea ua to determine the probability integral for 
p=» —'00228 of thirteen aamploa ranging from aixe 19 to size 152, The lablea of 
the probability integral of r aa sampled from normal distributions are not yet 
sufBoieiitly advanMid to cover this wide field. Only the sample of 1!) falls within 
the present range of those tables. It seemed best to adopt a uniform proeess for 
all cases, and accordingly the following method was used. It is known that from 
about n=r20 onwards an exoellanb fit to the distribution curve of r is obtained by 
aid of & Pearson curve* having the same first four moment eoefficiontaf aa the 
r-distribution. The nssulting curves belong to Type I: 

y =» Jo (Oi + (oi - ...,(32). 

and accordingly the probability integrals may all be found from the Tables of 
the Incomplete B-Pmeiion. In order to reduce these curves we need to find; 
(1) mi < mt, these ate found from the ft and ft; (ii) the range 6, this is found 
fram rt, ft and and (iii) the distance d of the observed comdation coefficient from 
the start of the Pearson curve. This must be reduced to d' by dividing by the 
range 6, for entry into the li-function table. 

In daterinining the incomplete H-function ratio we must remembor that aa 
lit ia always greater than mi' wo must look up in the tables not /,i'(mi'. me) but 
.ta equivalent l-Ji-s'Cmi, «ri')"p«. The probability integral thua obtained ia 
the probability of the ooourrenoo of samples 'with a greater improbiibility than the 
observed sample. Table XII gives the values of the constants of the ourvea, the 
oorreapotiding pfe and their logarithms and finally the value of u with which wo 
enter the Incomplete T-Fmclioa Table. This gives by linear interpolation; 

= 1 -1 (12, 3'674,963) = 1 - 'SfliO »■ '4360. 

Thus by the hypothesis that Cephalic Index and Upper Pace Index have a 
correlation coefficient equal to the most probable value provided by tho whole set 
of experiences we obtain a probability rather more than nine timea aa great aa that 
provided by tho hypothesis that the correlation coefficiont ia really zero. To those 
who have had experience of the correlation between cranial charaotera in Img series, 
the fact that small oorrelationa between such may be significant ia liimilm'. 'Phere 
is accordingly no ground for aasuming that booauao we have four jKwitivo and nine 
negative small correlation cooffloionts it ie a reasonable by potheaia that the correlation 
cooffloient between these two obaroe-tora ia zero. 

But here I reach my main oriticiam of the method now frequently atlopted for 
testing hypotheses. Arbitrary values like P»'01 or i’=s''02 are taken to indicate 
the improbability of a hypothesis. A hypothesis ia then found to have aP^'Oi 
or '06, and it is stated to be thus shown to be reasonable. A conoluaion ia then 
drawn from the hypothesis, which is taken aa a physical principle, for examples 
that no difference exists bet'ween two populations, or that a correlation coefficient 
ia zero. No attention is paid to the fact that another'hypothesis may prove more 

* Mometri'ka, 7ol. xi. pp. 832—686, or TtihU* for StaiUtioiam, Fort H. pp. olvii--olxi, 
f Jiiometrika,, Vol, xt, pp. 887—888, or TabUifor StatiaUoimt, Part II. p. oIxIJ. 
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stringent* and indicate a difference between two populations, or show that it is 
more rcMonablo to suppose the correlation coefficient not Kcro. 

Ultiatraimi&. Oomparuanof two Hypoikesta. I will take a further illustration 
of such a cornpariBon which will also cast more light on the difflcnltios I feel with 
regard to small samples. 

The following thirty observations given in column (b) of Table Xltl are a 
random mniple and wo take a« our Hypothesis X that the parent population had 


TABLE XIII. 


Test for Normalily »n Parent Popnlaiion, from Sample. 


p 1 & 

H 

ft) 

ObaervA' 
tlon Xi 

(<=) 

Deviation 
from Moan 

M 

r,72 

(«) 

(.n 

1 

2,^ 

-410‘0 

-1*485 

•CHIWi 

a-H37,6«H4 

2 

050 

+1i06*ft 

+ *373 

•((454 

f-«09,«2B0 

3 

617 

+ 72-6 

+ *267 

•8014 

l-77»,U»4 

4 

33 

-411*5 

-1*457 

•0728 

4-t«*l,3,’iKO 1 

ft 

SIO 

-234*5 

- *830 

•20.33 

1'308,1374 

0 

(141 

4-106*5 

+ *606 

•7568 

1-378,9811 

7 

477 

4* 32*6 

+ *115 

•6458 

1-737,a'(3» 

8 

31B 

-180*5 

- *448 

•3971 

1-514,08(19 

9 

416 

- 26*6 

- -004 

•4980 

I'Bfl9.ie09B 

10 

277 

-167*6 

- *503 

•3760 

1-579,8803 

11 

632 

+ 87-8 

+ *310 

•6217 

T-793,9801) 

12 

496 

4* 21*6 

+ *070 

•-'5303 

r-72-l,BglB 

13 

071 

+ 226*5 

+ *802 

*7887 

l-H9(i,0UR 

14 

505 

+ 160'S 

+ *533 

‘7030 

1 *84 ({,9553 

IB 

162 

-292*6 

-1'038 

*1503 

1-170,9990 

16 

088 

+ 643*5 

+ 1*924 

•9728 

3*988,0238 ; 

17 

420 

- 24*6 

- *087 

•4653 

f-8(!7,7331 

18 

625 

+ 180*6 

+ *039 

•738U 

1*808,4093 

10 

3H0 

- 56*5 

- *190 

•4333 

1-839,78H7 

SO 

171 

-273*5 

- *968 

•1905 

1>221,4142 

21 

968 

+523*6 

+ 1*863 

*9681 

l-«Bo,9a)a 

22 

728 

+ 283*5 

+ 1*004 

•8423 

l'*926,486« 

23 

949 

+ 604*5 

+ 1*786 

•9629 

r-983,98l3 

2-1 

178 

-269*5 

- *943 

*1728 

1-2:17,9437 

25 

120 

-324*5 

-1*149 

•1263 

t*007,99U 

20 

144 

-300*5 

-.1-004 

■1437 

I'l&7,450« 

27 

37 

-407*6 

-1*443 

'0749 

J'872.iria3 

28 

044 

+499*6 

-91-768 

•9616 

1-1)82,9403 

29 

2H0 

-156*6 

- -sso 

•2912 

1-464,1914 

30 

603 

+ 68*6 

+ *207 

•6820 

f'7fl-l,023O 

Moan“a444’5 

2 » 282*49328 

logioX,- 

-12*739,7252 


-= •4203,8869,67. /(n-1, «>-i'{29, r)’3556,8616)--476Sl. 

V301og„« 

* For illuatiatioQB in degrees ot atringenoy of different testa, aeo Biomelrika, Yol. xxiVr pp. &05 el leq. 
t Found by linear interpolation from Bbeppard’a Tables. 
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a normal diatribution. The mean, M of the observations is JIf = 444*5 and their 
standard deviation S = 282*49328. We -will adopt these as probable values in the 
parent population. Column (c) of Table XIII gives the deviations from the mean; 
oohunn (d) expreases those in berms of the standard deviation, column (e) gives the 
Xmobabiliby intogrule pt, and column (/) their logarithms the sum of which is 
12 739^7252, Accordingly since 1/Vnlogioe = "4203,9269,67, we require to find 
I (29,6*3666,8616) from the Tahlt of the Incomplete V-Wnnetion, Interpolating by 
means of S® (i.e. to third difference accuracy), "we have 

Pa,( 29. 6*3566,8616) = *47551, and Qx„=-52449. 

Thus between 62*/^, and 53 of samples from the above mentioned normal 
population would have a less degree of probability than the observed sample. 
Shall we therefore assume it reasonable ” to suppose the sample drawn from a 
normal population ? I fear many statisticians will say that it ia, and not hesitate 
to draw any inferences that may be based on such an assumption. I doubt, how¬ 
ever, whether the use of the word ^'reasonable” is proper in a case of this kind. 
There are possibly far more probable h3rpothes63 as to the nature of the parent 
population, which might lead us to base very different conclusions on the nature 
of the sample, for example that the range of possible observations was narrowly 
limited, or that the frequency of the parent population was not such that small or 
largo values of the observations occurred with relatively small frequency. We will 
take a second' hypothesis, Hypothesis B, that the sample has been drawn from 
a rectangular population. The maximum range os shown by the sample 
= 988 ~ 25 n* 963. This is most probably the modal range of samples from the 
parent population = (“a - 2) hjin — 1 )* = f| 5, where b is the range of the parent 
population. Hence 6 *» x 963 *= 997*39286. This seems a good value to take for 
the range of the parent population. TableXIV, column (h) gives the observations; 
(o) the probability integrals; (d) their logarithms, with their sum, leading to the 
incomplete F-function Pa^ = / (29, 6*2168,6177), the evaluation of which by 3® 
interpolation from the Incon\plete V-Function Tables is equal to ‘77905, and 
Qx^ = ■22096. 

Accordingly almost 22 of samples of sets of observations from a rectangular 
parent of the above range would be more improbable than the observed set, and 
the Hypothesis A is seen to be much more probable than Hypothesis B, although 
if Hypothesis B had been first tried and its probability, *22095, computed, many 
statisticians would have been content with its “reasonableness,” and not have 
proceeded further. Now the 'Strange fact is that the observations were actually 
taken as the first three figures of the first six seta of five on sheet XXIV of 
Tippett’s Mandom So/mpUng Numhers^ and may therefore be supposed to form a 
random sample of 30 from'a rectangular parent population of range 1000. Our 
new method should enable us fairly readily to compare the probability of different 
hypotheses. But the main point to be noted is that because one hypothesis has a 

* JSiowwtriJIta, Vol. xxiii. p. 894. 
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TABLE XIV, 

Test for Ractanguktrily of Parent Population Jrom Sample. 


Index 

No. 

Obeerva- 

tlon 

w 

o,jss(b) 

-■-997-80afl6 

kg,. Pi 

r'? 

Index 

No. 

- 

Obeerva- 

lien 

(V) 

Pi«(6) 

-i-IW 7-88286 

(4) 

lOBuPj 

1 

25 

•0201 

S'.7»»,«7.17 

16 

mu 

•BBOfi 

I-&B5,898S 

% 

rm 

•flflU 

I'741,46«8 

17 

4S0 

•4211 

1-824,1862 

3 

m 

•.*il84 

1'714,6650 

18 

626 

■iKoa 

1-798,9804 

4 

33 

•03.11 

2-6I9,«!i60 

10 


•3000 

I •861,0848 

n 

210 

•2105 

1 •323,2621 

SO 

171 

•1714 

i^234,0108 

6 

041 

•6427 

1-H08.0083 

21 

fHlH 

•0705 

I ■988,096.6 

7 

477 

•4762 

X'e79,(JO90 

22 

728 

•72fl« 

1 •8(13,2834 

a 

316 

•a3IBH 

I-Sal,{il8.1 

23 

049 

•0516 

i-B7«,4(W8 

9 

416 

•4191 

1-022,3177 

24 

17H 

•1785 

I •2.61,0382 

10 

S77 

■'im 

I‘443,»789 

26 

120 

•ItKKi 

H!«t),2866 

u 

m 

•5334 

I-727,0»30 

26 

144 

•1444 

l'1.69,6(m 

la 

400 

*4072 

l'O0»,»OS8 

27 

37 

•0371 

S-.6fl9,373B 

13 

671 

•0726 


28 

044 

•9405 

I’1)70,1S0« 

H 

5i)5 

•6986 

1-776,8832 

28 

288 

•280H 

1 •402,0984 

J5 

152 

•ISS'l 

1-182,6810 

30 

ft03 

•504.*J 

1 ■702,8890 

Pt values rotainml ouly to four ploces 


• 14-788,2047 



6'ai08,5177)--77806® 


««6-ai68,Q177 

ywltigije 


very considerable probability end a higher probability than a aeoond, it does not 
follow that it is reasonable to suppose that hypothesis to hold and another to be 
false, and hence draw oonolusions from the former holdingf. 

The effect of using email samples is to render it quite probable (probability 
»• '60 about 0 that a sample 'was drawn from a population differing very widely 
from the population out of which it was actually extracted. In short the fact that 
a hypothesis is even very probable in the case of a small sample by no means 
demonstrates that it is a "reasonable" hypothesis, and that accordingly inferences 
may be drawn from itj. All in fact that the present test and other tests besides 

• It t to (onna tom S*=A1>«, 11 moils ll78-5W,86e iod Bui IU» 6 k loss thin tho 

obeervAtioa 98S aad gives one pjrobiibili^ velue »1’0096, > 1 1 

t The gTMier probability ot the uonu&l liypothssU U bare explioablo booftuee vre bstva two ooDstAnts 
to ditpose of, vrhlle in the ctaee of the rootnaglo, wo have only made use of the mmge, meaeuring It from 
tbe zero of observation. It is not very eaey, short of approximations ot oonsfder»ble length, to deter¬ 
mine the best ” aentre*' end the beat range of a reotengoler population from a i^ven sample, and clearly 
any attempt to do so movee ue away from the true parent population. 

t I have elsewhere {Bionutrihat Vol. xxiv. p. 871) indloated that given two parent popoUUons as 
divergent in dietilbution as the normal and rectangular, it ie not possible to deny the truth of one or 
other hypothesis unless the sample approaches 100 to 150 In magnitude. 
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cun *iu:hiiive if several hypotheses are found to have considerable probability 
is 1)0 test their relatius reaaonableness, and even this may deceive us, as just 
exemplified. 


Canclnmcms. 

(i) A vei'y general test, the test, has been discussed which seems to the 
writer to involve fewer Fipproximations and aaaumptions than the test. Ho would 
emphaaiae its advantagea in tbia respect in the case of small samples, where it 
appeara to him that the application of the P^i test may well lead to erroneous con¬ 
clusions, for it fails in stringency. 


(ii) The P).„ is not claimed to bo a test of maximum stringency, but as having 
a very wide field of application, especially when the constants of unknown parent 
populations are given thoir most probable values. The method which proceeds 
from these values seems to him as effective as attempting to find tests, which involve 
only sample values. 


(iii) The i'i, test involves determining probability integrals, but tables of suoh 
integrals am now largely available and more will shortly be published. 


(iv) It appeals first to the principle of independent probabiUties, to ascertain 
tho probability of more improbable individual ooourrenoes, and then starting from 
this prolwbility measures the probability of all sets of ooourreneos,—not necessarily 
greater in each individual variate but more improbable as a whole set. 

(v) A number of illustrations are provided to indicate the breadth of the 
method, and in partioular its value in the comparison of hypotheses. 


(vi) The writer endeavours to emphasise a point which has, he thinks, not always 
boon sufficiently regarrled, namely that because a set of occurrences is found on 
a selected hypothesis Si not to be very improbable by test A, it does not o ow 
that that hypothesis may bo safely regarded as applying to the occurrences. A more 
stringent teat if may show Si to be very improbable, or either or both tests, A m 
B, may show another hypothesis if> to be far more probable. In other wor a a es 
may suffice to allow ns reasonably to reject a hypothesis, but only ri^ y (.an 
generally in tho cases where there is large previous experience) justi ea us , 
accepting the hypothesis as a rule of oonduot, or as a mode of extracting ur 
information from our data, 


(vii) Lastly, emphasis should be laid on the point that while 
integrals for a gjven investigation should all be measured in one “ ’ 
direction may initially be either direction. In other words, a very mg 
calculated to arouse our suspicion as well as a very low Pk„. Bea y 
needs to be borne in mind with nearly all tests, in particular with the r-, x ■ 
Px* is a probability integral of the curve measured in a P”ticular ^ 
there is no more valid reason for initially measunng it in one and n FP 

direction, than in the case of the normal curve probability integra , a , 
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she Ilf the sample is not too small, approaching^ r.era, or A* approaching- itnity 
is as definito a warniiig m x* ''®ry '‘‘>'8® approaching zero. Those con- 

aideratioM iito equally valid when we consider P*,, which should approach the 
valiii! -5 with increasing size, of sample if the probability integrals are truly random, 
but marked deviation either way from this value is a warning that Kimething is 
improbable either in the sampling or in the hypothesis from which the probability 
integrals have been deduced. 

The presen t paper would have been impossible without the use of the Incomplete 
B- and T-Functian Tables. The author has gratefully to ooknowiedge the aid in 
computing work of Miss S'. N, David under a grant from the Deimrtment of 
Scientific and Industrial Research. 

Note, added Deeemlm' 6, U)B3. 

After this paper had been set up Dr Egon S. Pearwm drew my attention to 
Seetion 21T in tlie Fourth Edition of Professor It A. Fisher's Siatistml Methods 
for Ressaroh Workers, 1932, Professor Fisher is brief, but his method is osseiitially 
what I had thought to be novel, Ho uses, however, a x’ method, not my incomplete 
P-function solution; this explains the relation referred to in the footnote on ji. 3H3 
of my paper, As my paper was already set up and illustrntos, more amply than 
Professor Fisher's two pages, some of the advantages and some of tho difficulties 
of the new method, which may be helpful to students, I Imve allowed it to stand, 

K, P. 



MISCELLANEi, 

(I) The Dtstrlhution of pj in samples of 4 from a Normal Universe. 


Br A. T. JIciCAY, 

The estunated value of {(i., is tliG atatiabic 

«=,;■—p. 

Let UH employ the orthogonal triuiaformationa 

2a'i= ‘fi + ’/s+l/A+'/t 

2.i's=.-yi+y2-y:i+y, 

^rj= -!/i~!/t+!/a+!/A 

2 i|= yi-ya-Va^Vi. 

Ill 3 3 

noting tliat£tv‘»Jyr*, 2(a:,-,i)=Sy„ etc., then 

18S(«,,-:i:')i = {(yi+y3+y3)*+(yi+Ki-2/a)‘+(yi+y2-?/;|)' + (y3+2/;i-yi)^} 


.( 1 ). 


.( 2 ), 


,..,(3). 


Sinuo Iho exproaflion on the right-hand side of (3) is cyclical and uniiUored by a change of 
sign of any variable, we may infer that 

10s(jV-aO*=dtyiHyaHys7-h«(y,iy2Hy.ry;iH,rfyi^).(4). 

Giving suitable values to llie variables, we can raidily find rl=4, 5 = 16 , whence 




.( 5 ). 


Now since the expression ou the right-hand side of (1) lias foiir yariablos but only three 
degrees of freedom, we should bo able to osoeidain tho range of fluotiiatioii of ft by ocusidei'ing 
bho expi-oesion (ftj, Write yi*- A', yj’= J', ; then 


, xr+YZ+zx 

fA-t-r-t-A)'* 


( 6 ). 


DiSforontiatiiig partially with respect to each of tho throe variables in turn and enuating to 
xoio, we derive 

Y(,¥-X)+Z{Z-X)=0^ 

x(X^r)+Z{Z-r)=ol .(D, 

X{X-z)+r[r-Z)=oj 

from which it follows that there is a bnniing value when X== Y= Z, Further, since 

52d, auft gsft -2 
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when }'«« ^a)ia>0, we win cfincludn that 

. 

iri^R[KW:tiv« of tb(! charfiflUjr of fclio imrenl uiiivw'W), 

Let im now return to our lu&iri iiroliloin. Wo »oo from (ft) that it ia iww-wMry Im intrgralr. 


..L. e~^ .(10) 

(a>r)» 

over ft triply inlinito hold conditioned by 

. 

Tranaform to polar ooowlinattM by writing yi*rco«^, • aw<#>, strain & .«in hnncc 

Wluatioii (10) beofinieH 

..(IS). 

(2w)' 

and condition (11) rcduowj in 

ifl < . oo«’(/) < wH* Aw...(13), 

whore and a<«;S<2ir. 

Integrating out tho r.toi*w in (IS) and writing ooRd»» -x. Sd» in (W) »md (13., we tnay 
derive (2/»r) dt.d^ in place of (18) and 

w < .1 .-®(I< w-f Aw .(M), 

wlioro now 0<.r<l and 0<4>^fr/3 indicato tho limits of the fiold of InUKration which is in bo 
uonditloned by tho Itnit inccpiality. The moments of the diatributinn of co elHiut the origin Hto 
thus given by 

a i**/* /I 

/ {**(l-4:»)+|{l-.jB*)’sm**}*d5;ifff«fr .. 

(\ JQ 

By expanding the integrand by the binomial thoonutnand i>orfi)miiig tho iuttjgration tonn 
by term, wo find 

1 L.l, . .ft. lr(fr-i)i;r(i*+S) 

.irti-5)i(-(i-i)r((:+3)^ ) 

+a'2‘ ..i»(2iy J .' ' 

lloiioo »'***'-A, w tlmt if /i refers to tho raoments of iS# jvlKiut lUu 

moan, pa«0-1210fl, --OWfifi, /^«i013JM27(f, 5,»0‘33878, /At«2‘30045. 

llotnnjing now to (13) end tho reninrla which prvuodca it, wo ixmoludo that if \h tho 
distribution whioh is being sought, then 

li (ip) « ^ dijjw-1 / _ dx _ _™, ny\ 

where the limits of the integral are such thatx runs ftroui 0 to 1 nubjoct to the (Mindllion 




...<17), 


{»-*«+»•} 


In order to find tho aiipi-opriate limite, wo ooosider tho family of curves defined hy 


.(10), 
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and j-lujwrj in thn f<>ll*>wiiig diagratn. We note from Eqtiation ( 18 ) that only values of X iu the 
unbluu-leil part, of t\jc diagram arc coiisiatent with our requiraments. 



Tlmre arc plainly two caaOH bo consider. 

Cojw (i). 

Lot tho curve m«-vko*J A. \»\ rogavdod aa a typical curve foi this cose. Then bhors are two 
indepondout raitgfis which satiafy our oonditimiK, i.e. 

(1) 0^1 

and (2) 


Ctu(e{i\)> 

Hbi'© tre take i? os a typical curve, which shows that there is only one poaaible range, vi>:, 

(3) 

By writing \»0 and Xw^ iu Equation (19)> wo readily find 

h ■-^(1 +I ,.(20 

(I'I'Sn/i “ 3m) f 

If now in (L7) we change the variahle by,writing a^^t, we conclude 


/!0 * 0 S « i.(®1) 

■ .(*2), 

J It 

wluire 7'’(0 = {«{«'-l + <^)(4-(l-0''-w+<-<“))'"'-'...W 
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Iviit US tlow luako tlio wulKstitiition 

.-....(24), 

ilicii . 


wi'itiug i () “-JJwji «i=.siu « wbojj ic we Ihid 


f/i (/'•)* 


a a-nfl fti'i . 


wljnij .(20) 

iW 


,<n 


1 .. 11 . 

2jr J -.Kfi 


wIjojj ..(27). 

KubstituUng :k*«Tr/2+itf, ami noting ili&tsin wb deduce 

ri(()p)t«-- .-- I ^ , II ig .(21^) 

^ 7r(l-3jo)Uo (2coK£-2c«wrf^t 


J ('■'■ 

"■/ii ii 


rff 


Kllr- Sj+i(l~3ir)lcoKU 


. m 


The (irat of tlH!«o iiitegrulN (28) i»* a Mciiler Integmi, hmico 

’’ 'i^} . 

wlidil utid -yssfllw- 

The W’leoiid integral (20) may Ikj writt45ti 

,(,{»)-- ’ ,r .,.(aUi 

w(9»~2)‘Jo (l+(«wto>)* 

tile integrftucl of wliich otui Iw ox[Muidod by the binoinia) thw>rom and iiitcgraUKl Urm by term 
to yield 

: y.) i<“<ii . 

Wo note in paasiug tliat this last equation may also bo written 


. 

whero (J iroproaontH tho Li^ondro Function of the Hooond kind. 

By writing (^•—I) in cniimtions (30) and (32), we finally find Uiat Uio dislrilmtion of 
iu aainples <if four from a uoniml univorso ia given by/(jc), where 


whui'oy »»(9 j; -17)/(7 


“2 (to-T t)* O' ^ *' »*) 


wlion 1 

when .(39), 


Tho ohiof cliatiwteviMticM of thm distribution are ahuwn in the aocoKajj^ying diagram. Owing 
to tho extreme iHHiculty of calculating tJie vaJiios of the hyi>or-geometrio funcUnma tin's Inul to 
bo ornittod, so that tlie two curves have znoroly boon ekotolied hu Slmuld, however, it prove 
desirable to have an exact knowledge of the form of these curves, the procedure indicated in tho 
previous paper* would most likely prove of considerable assiatanoo. 


fiiomelrika, Vol. xxv. Part* i andzr (1988) (Miacellaneiv). 
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(il) A Wote on the DUtrlbuHon of Bange In Samples of n. 

Ht A. T. UoKAV, M.So., iSD E. S. PEARSON, D.So. 

In ft i-WBUl iJftixir* wio of the piwiDfc writore ha* pfovidod a tublo giving certain ^reentage 
limits fop the dtotributioo of nrngft In nftinples from a normal population. Thoae hmite were 
obtained cm Uw ««uinptlon that tho diatribution could bo adotiuatoly represented by Pearson 
ourvtM Uftving the (ippropriato moraant ooolBoiiinta. Tho thooretioal treatment m Sec ion ( ) 
Wow, while following tho gonoml method of approach provioualy employed, leads to certain new 
roaiilte rogardlng the form of tho rniigc ourvo at tho terminals, and also provides the enact 
dlatribtttioii of rangp in tho caaa of aamploa of 3 from a normal population. In this latter case, 
thomtoro, it matoa ponniblo ft ohook on the aoouraoy of the publiahed table. 

( 1 ) Thm^e^iG&l TreaWmi* 

Let ^.bo a random Bample of » from a universe defined in the interval (- 6, n) fo 

x by tho probability frinotlon . q. 


* E. S. Peareon, BiamctrUdt; 'Vol. xsrv. p. 416. 
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Til luul tire dintrilmticm of tlio niiigo, i.o. Uio tmmi-.ri™l vaiuo of tlin liiirwliiiiT, lasUiren tire 
graiti!«t mill li>iu<t iil«i'vatiotw iii a random uniinile of n, wc rwiiiiro In iiitfgmto 

dni.-.ib:, ...(2) 

ov’<‘i' nn aiiphtprintc* 

r:iiiiKiili!f liny pair of viiliiiia J'l and .r, mlci'tisd from the group "f >i- Tlifii lire .■..nijmmid 
prolmbility that thojio two valucH avo Um exttwnea nf llm gnatp, .r| laiiug llii^ liwt aim .rg tUu 
gft'jiUiHt, anil at tht! mim time givo a valud of ihtt miigw lyinK lR!tw®!ii }& ami w+fiw;-. nmnd 
by int<^r{itiiig thw c^xpreKaiuii (2) <‘V«r all [kw^iIjIc valuoa «f j’l mul x-^, silVycKit the wmlitumH 

xi<x^<Xi -I, .. . 

ami J 

Sinat, lniweverj ttie pair of vilIuch .*■[ amt Xj can l»c imlecLod lu — 1) cliflurent ItiR Utlal 

probability required !« to lni derivt^l by multiplying the iraitUa (tf the iuU*gi'ati(Ui by ii {n ■" 1). 

TInm if this rwiuirtsd distribution fiuiclion i« 0<»ph wc liml 

i/i (ir) 8ir-il (u~ 1) J^/(iti)/i.r,) (I'VW. 

wlimi tlic llrnita of the intogralB for xi and are chom;ii) tit Hatlsfy tim juM'nuui Cioitiitiuii of 
Equation (g). 

u» now transform tho variublw by tlie Hubalilutioiin 
(xa-.i-d-Ksli, 

(.Va+Xi)«Ws^jJ. 



Thtin condition (:}) niquii'i,w that we integrate throughout the ahadtsd wtrip In the diagram. The 
liinita for a avo thovofore » and « +A«, while thoao for r are ~ h mid {« s/2 - ii). Hence* 

.(5), 

or substituting and 

\«-3 

^ '^''7 . 

where the range for to is from 0 to (a + h). 


..(6b 
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\. niMlriljnlUm gf tliR Uuugc in ftamiiLcH of n from a Rectangular Uiiiveree*. 

In thin oawo,/l.r)«* I, n wWenou 

<fi*^ic“->(2-w) .P). 

2. Dialriliutiuu <if tliu )i(Uigu in MamploH <>f n from a Straight Linu Universe. 
Tftka -“.r} 

•»0 4?<:0ftini>l, 

th)»l /»i®n ami //sal, than after a aimplo integration and roduetuin wb find 

a ' W-1) + V+i) - l-TTir-}. 


Kmm/)^p a. Thft dintribwtiun of tho Kaugo in sampleo of 3 from o. Normal Universe. 

n«»3,/(,r)>« and a»»fi"«oo iu Kquation (0), whence 
sfUir 

/I""’ /!!!/■’'''**. 

Putting .r«« CV+<) und changing the order of integration, we get 

<#. IZ„ j". *<^1-... 

fw/a , 

“ }. 

(writing w«V|y) . 

The il'th moinoiit, fn., of thia diatribution alwut the origin is 

JL [‘ r'"'"»-«>/»r . (12). 

Ja n^2j9 ) a 

Writing y«a«K/jc, ohangivig tlie order of integration and integrating for tv in the last equatSon, 
iv« Ihtd 

aH^xe.r^^+i^ ^. . 

7r^2 Jv (1 + 2^“)**“’*'®* . 

Sub«tiUititig *’*w(l/^2) tati $ (u the [attor integral, wo ftimUy derive 


;u*«^x2*+>r ... 

To obtain sotno idea of the churaotor of tho range cur\’o in the neighbourhood of its toi'minals, 
f'oi’ the £vi^o 'lit whioh the parout univeree oxteiids from —a? to +-co, we oan approxima e aa 
follows, • 

Supposing w is very large, the term 

Tliis has already been given by J. Neyjnan and E. S. Peareon, IHomettikdi 
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nf Equation (0) tenda to unity, thuH wo Infer that 

(f}iw)m>n{n-l) j **.... 

l^rovlded w ia large onuugh. On tlie nUier Iiaud^ when w i» very hiowII, wi* iniay wHio 

J i-yji 

whence we infer that 

(li{wy=>i{H^l)vf'-'‘ j t/WJ" ..C>B|. 

provid(Mi M IB umall enough. 


There tIoe« not appear to he any ready rnoanA of dolcnuiiihig the fit'ctiracy of the approsi- 
matioua (15) .and (Ifl), hut it i« i>o««5bl« tlml they may l>c of asKialanco ili aelecUtrg aanitable 
appitixiuiatimi curve, when pn^co^iug tu find a rango diatrilHiUon by indirect niethwlf*. 

(2) Applicalitm in the Ca4« of Suin^ile* of ^ from a Nomud Popu^atim. 

I’Hiiig Etpiation (ll) Uns oifUnatoa of the fraqiieucy curve, ware obtained with the help 
of tiihlcs of the iiontml curve. Thc«e onlinaiCiM have Wn comittunMi in Table I with Um*MS 
previounly oalculatod from a i'earaem Typo t curved. It will 1>6 wiwn that Lhn great^mt mlative 
lUffoi’onou oucurK at tho utart of thn curvea. From the practiml inunl of view, we am wmofumed 


TABLE L 


Comparison of ordinates 


. J(A) true iimreiic^i ruju/e ettn^ (n ® 3). 
((B) JiUed Pearson ourm. 


Eaoge 

Ordinalea 


OidlnalMK 1 


Ordinates 

A. 

11. 


A. 

B, 


B. 

•1 

5*5 

3dl 

V7 

42*1 

4V2 

3'3 

9*1 

m 

•2 

10-D 

9*2 

V« 

40*6 

30*4 ! 

a *4 

7*R 

H*3 

•3 

10'1 

15*2 

VO 

38*« 

37*5 

3*5 

B'T 

7*1 

•4 

21M 

2V1 

2*0 

36*5 

30*3 

3'fi 

B-7 

O'l 

*5 

25-7 

20*5 

2*1 

34*2 

33*1 

37 

4*H 

.5*2 

•0 

SH'S 

31*3 

2*3 

3V« 

30*0 

3'H 

41) 

J-3 i 

*7 

33*7 

35*4 

2*3 

29*4 

28-0 

3-8 

3*4 

3<8 i 

•d 

30^0 

3y'7 

a*4 

27*0 

20*3 

4*0 

2'H 

30 

*D 

3D'a 

4V4 

9*5 

M-t) 

24*1 

4*1 

S^3 

2*5 

VO 

‘tva 

.|3-» 

a*a 

22*2 

2V9 

4*2 

1<H 

2'IJ 

M 

43*3 

44*5 

27 

SO'O 

18-a 

•1-3 

1-S 

l-o 

I'i 

14*4 

45*1 

s*e 

17*8 

17*8 

4*4 

V2 

1-3 

1‘3 

44-0 

46*2 

2-9 

‘ 15*8 

15‘9 

4*5 

1*0 

I'O 1 

Vd 

44'« 

44‘fl 

3*0 

13*9 

U-l 

4*0 

0*8 

0’8 I 

vri 

44*3 

43*9 

3*1 

IS-2 

12*5 

4*7 

0-6 

O'M 

V6 

J3m 

42-7 

3*2 

10*« 

II-O 

4*8 

0*5 

O’S 


N.B.—The unit for range ia tho population standard deviatloiij and the curvoa are calculatod 
ao that tho area under each is 100. The^ails of the curves extend of course l>©yoncl 


Loc. cit, This curve was made to start at ws=0, nod given the correct first throe motnant 
ooeflloieutfl. 
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with the Mkfit nf error hi itORtiion of.the iwreentage limits calculated from the approximate 
oiirva rhw may Ikj man in Tahlo TI, where the limits are given for: 

A, 'I he true tsurvo of Equation (U), obtained by quadrature and backward interpolation. 

11 1 lis I’oaraoii curve; the Htnits arc taken from the row, 7i=3, of the publislied table*. 

A Norimd intrve having eorroct mean and standard deviation, namely ?a=l-6926 


TABLE II. 


Percentage limits/<»' range (n « 3) calculated by various methods. 


Curve used 

Lower Limits 

Upper Limits 

0-5 X 

1”/. 


10°/o 

10 X 

ox 

l“/o 

0-6 7, 

A, Truucun’o 

'13 

'IS 

*43 

-02 

2-90 

3*31 

4'12 

4*43 

B. Poaraou curve 

■17 

•2S 

•45 

*63 

2*92 

3*34 

4-10 

4*36 

Ch Korinal curve 

-'00 

-•.37 

•23 

•66 

2'B3 

3*16 

3'76 

3'98 


Tho largiwt dlflbrenoo between A aud B (of '07 */♦) occurs at the upper 0'f> 7^ limit, the second 
largest (of *04) at the lower O'O */, limit; otherwise the difforoncoB are *03 or less. Since the 
approxhiiAto method niigiit be expected to give least satisfactory agreement for this case of 7i=3 
(whore the distriUitiou cuiwo for range has groatost skewness), these reaulta seem to confirm the 
opirnou pro-vioiwly given when pubiishiug the tables: "the addition of a 3rd decimal place in 
the liroite would clearly bo moaningloSH, but tho roteution of the 2nd decimal appoam worth 
while t." 

Limite calculated by using a normal curve (C) have boon shown in Table II to emphasise 
tlio fact that while tho Poarsou curve (B) may not lead to mathematically exaot limits, it 
provides! a far more aocumto and useful approximation than can be obtained by the crude 
method (0). 


(3) LimUing A’m/i o/<j!)(w). 

Finally it seomcid of interest to make a trial of the terminal formula (15). When the 
pwpuhition sampled is normali we have 


Whence we obtain 


.{17). 

^ if}(w)diP^n{n~'Ti) j ^^<i»=n(n-l)xi(l-aa) .(18)? 


wheffo^pw a* ia in the notation of Sheppard's Tables. 

V* 


Loe, cit. p. 416. 


+ Loe. cit. p. 405. 
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Fur //a»3, \vt5 olitnin fruin (18). 

A.. ■05(.'i'7.Umitli -ai (1 "ij (O'ft'V ) 

H- ji'.'jy 4'lft 4’4(i 

ihn Uist. two nf which yrr in very rlo’<o a}?i’<»inenl w»tli Mic tiMui limits ijiven in Table U. 


For iirid n«< IlH), thts fullnwlng coiii)iAH«otiM urn nhbuiKHl.' 


n®sB0 
^* = 100 


KfptMioii (IH) 

fi-HO 

«*:n 

n'r)a 

Table A uf previoua jiaiwr 

5fl4 

«-38 


Kqimtiuii (IH) 



ni>3 

Taldn A of ju'cviima 

01j8 

i5*(« 

RHR 


'VJ 


In fchoBG ciweR Uio true pfwitinn <»f the limitH Ih not of cioumi kn»wt3. It wwmhk, hownvnr, 
likely tliut fur the. miiintion (IHj may low! hi an n|i}jros;iiiinti<m of ooiwtclRmhln pi-iictical 

value whoii limitfl arcs n^juinHi Ivoyoiid Um range of Unwe talilod, e,g. oil,her f«fr or 


(iii) On a Recurrence Relation oonneoted with the Double 
BeBsel Funotlond and 7'rj,T,(‘f). 

Hv tIONHTANGE M. KKillY. Ihi.D. 


A rooiirroncfl relation ia nwiulrod for 





wlinw 

v'>r 2- . 


and 

. 


whore 




thoiiuml)ors(xxxvii)and (xxix) referring to tins definition of mid Vi^ in ProfonBor 

Karl Pearaen's imitor in Bumtlriht, VnL xxv. i>p. I5ft -178. ' ’ 

Wtt have by (xliii) of tha Bamo paper 


Also 


Write 



. “ - 27^1 W - (" n..,. 

l<itBgmtii>(5, 





-{>‘+Z-i)^n.r^ . 





Miscdlanea 


421 


llnilijiljing {.vliii hit) by c-p' wo have 

'' 'I. 'a ' Is;!.1 + ( 2 I - if ■''} ’^ £. „.1 W 

“■ k 1 **■ (iii - if ~ -J- 1 ) 4 'Vi. '»-i s * '^n-1, T,-1 


I ntflgniliiig 


■'' 1 .'» * :ip - 1 's-l l,( 2 o - 1 )» " )]/■ “ 


2 i .-2 

** 


2p“- 1/o rfi ^Vi,'j-l W * 
■j 4,_t, tj-i + (pj _ j’ji - /j * ^>1-1,■'1-1 * 


21/-1 '”^'1-1,'1-1 + 2„ _ 1 ^' 1 - 1 ,'!-l 

“ ^Ti-1, >1-1 + {{d'ZTf ~ i;;^) /„"" ^ 

.W' 

lining (1) to oliminatnj ,^_j{.i;)dj;woliavo 

-U'"V2p-ljj 


A, -I,. 1-1+ 




„ ’■'“J's 

'' 2p-1 


■(nj 




2p 




_ /'iirsV 

W-v 




Writing 


n-ri Ti-rj^ 
n+r, 2 p-1 


1 -p* 


I* “ '^'I-It'1-1 ■*' 1 - K* ^^11.** 

+'?.z4( 

whi«U iti tbs rotiuired twiimnco tormiila. 




1,0. •'to't I'T^ 


■ 1 + 




